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Abstract

I examine the role of time-inconsistency, modeled by hyperbolic discounting, for the dynamics
of asset prices and the wealth distribution between agents. Naive time-inconsistent investors with
recursive preferences overconsume and have a lower effective elasticity of intertemporal substitution
(EIS) than otherwise similar investors who are time-consistent. In both survival and overlapping-
generations economies with i.i.d. consumption growth, I show that the suboptimal consumption and
saving decisions of the naive time-inconsistent investors endogenously generate long-run risks in the
consumption dynamics of the time-consistent agents. As a result, the presence of naive shortsighted

investors increases the risk-free rate, volatility, and risk premium in the economy.
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1. Introduction

A vast body of experimental and field economics literature shows that a large proportion of people prefer
to experience immediate rewards, avoid immediate costs, and revise their plans to postpone unpleasant
activities (Loewenstein and Thaler, 1989; Ainslie, 1992). For instance, people may prefer a 7-day holiday
now rather than a longer 10-day holiday a month from now, but at the same time they are willing to be
more patient in the future and choose a 10-day vacation in 13 months rather than a 7-day vacation in 12
months. Importantly, this short-termism is also prevalent when making financial decisions. As a result
of their time inconsistency people may plan to start an aggressive savings plan next year, but when
next year comes, they tend to overconsume and save too little, which can have important implications
for their long-term wealth. Programs such as Save More Tomorrow (SMarT) raise awareness and aim
to alleviate this bias, inducing people to commit to higher savings rates (Thaler and Benartzi, 2004).
Economic theory has proposed time-inconsistent preferences captured by hyperbolic discounting as a
possible way to model and study such shortsightedness, represented by higher impatience for near-term
trade-offs compared to future trade-offs (Phelps and Pollak, 1968; Laibson, 1997).

Even though empirical evidence shows that approximately 50% of people are time-inconsistent
(Halevy, 2015), theoretical models usually include a representative investor with time-consistent prefer-
ences. In addition, existing models rely on the assumption that investors give a much larger weight to
the distant future compared to the near future, which is at odds with the short-termism documented in
experimental literature. For instance, the long-run risk model by Bansal and Yaron (2004) that manages
to match stylized asset pricing features reasonably well, relies on the assumption that persistent long-
run risks exist and investors are highly averse to them, which is captured by a high level of elasticity of
intertemporal substitution (EIS). As a result, investors require a higher compensation to invest in risky
assets, which increases the price of risk, volatility, and risk premium in the model to levels observed in
the real data. It is therefore important to understand how time-inconsistent, shortsighted investors who
are less concerned about long-run risks affect asset prices and whether they reduce the importance of
such risks for matching asset pricing data. This paper aims to fill in this gap and show how the wealth
share of time-inconsistent agents affects equilibrium asset prices in the economy.

To study these effects I construct a general equilibrium model with two agents who are endowed
with recursive Epstein and Zin (1989) and Weil (1989) preferences. One of the agents is time-consistent
using standard exponential discounting of the future streams of consumption while the other one is
time-inconsistent and shortsighted, so she uses quasi-hyperbolic discounting, characterized by higher
discount rates in the short-run compared to the long-run. The quasi-hyperbolic discounting gives rise
to a disagreement between temporal selves as in Laibson (1997) and Harris and Laibson (2001). Self
t+1 has a different plan for valuing future consumption than self ¢ and the agent plays an intrapersonal
sequential game between her selves to optimize her utility. In addition, I distinguish between two types

of time-inconsistent agents based on whether they are aware of their bias, as in O’Donoghue and Rabin



(1999). The sophisticated time-inconsistent agent realizes her bias and corrects for it, while the naive
time-inconsistent agent is not aware of it. I consider the cases when consumption growth rate shocks
are independent and identically distributed (i.i.d.) and when there are long-run risks to consumption
growth, as in Bansal and Yaron (2004). I also show the effect of time inconsistency in two economic
settings: a survival economy where investors have infinite investment horizon and one of the agents can
be crowded out completely in the long run, and an overlapping-generations economy as in Blanchard
(1985) and Garleanu and Panageas (2015) which ensures long-run stationarity. Since the consumption
evolution of each agent in the model cannot be expressed analytically, I employ the numerical method
of Collin-Dufresne, et al. (2019) using backwards recursion in order to find a solution.

I find that both sophisticated and naive time-inconsistent agents have a lower effective time discount
factor than a time-consistent agent and as a result, keeping all else equal, their relative wealth share
in the economy decreases over time. Since time-inconsistent agents are relatively more impatient,
they require a higher compensation in order to postpone consumption and therefore the risk-free rate
increases with their wealth share in the economy. In addition, I show that the naive time-inconsistent
investor who is not aware of her bias consumes a steady proportion of her wealth regardless of her
wealth share in the economy and the level of the risk-free rate. This consumption behavior reveals an
interaction between her time inconsistency bias and the Epstein-Zin preferences she is endowed with,
which is not present if she has standard CRRA preferences. Intuitively, the willingness to substitute
consumption across time driven by the Epstein-Zin preferences induces a substitution effect, driving the
agent to decrease her consumption and save more as she gets wealthier. The time inconsistency bias of
the naive agent, however, induces a wealth effect which counteracts this mechanism: she believes she
will be time-consistent in the future with the same preferences as the true time-consistent agent and
that the two agents will share the aggregate consumption proportionally to their initial endowments.
Consequently, since aggregate consumption growth is i.i.d., she believes that her consumption-wealth
ratio and expected consumption growth rate will remain constant as her wealth share in the economy
increases. As a result, she consumes a steady proportion of wealth regardless of her wealth share and
she has a lower effective elasticity of intertemporal substitution (EIS) than the time-consistent agent,
even if both agents are endowed with the same EIS.

This result has two important economic implications. First, since the expected consumption growth
rate of naive agents remains constant across different levels of her wealth share in the economy, it
generates a persistent component in the expected consumption growth of the time-consistent agent.
This represents an endogenous source of long-run risk, even if aggregate consumption growth is i.i.d.
Under the preference for early resolution of uncertainty such long-run risks are positively priced. An
economy with i.i.d. consumption growth dominated completely by naive agents has a 3-5% larger risk
premium than an economy without naive agents. In an overlapping-generations (OLG) setting the
effect is even more pronounced. The reason is that the individual consumption growth may contain a

persistent component, in case one of the agents has a lower EIS (Garleanu and Panageas, 2015). Since



the naive agent has a lower effective EIS than the time-consistent agent, this gives rise to long-run
risks. Even though such risks manage to account for many asset pricing features, Bansal and Yaron
(2004) assume that they are given exogenously, while their existence remains debatable (Cochrane,
2007). Given that naive agents are shortsighted and less averse to long-run risks, it is striking that
their presence gives rise to such risks. Thus, instead of decreasing the importance of long-run risks
in the economy, the presence of time-inconsistent agents provides evidence for their existence and new
potential sources of them.

Second, the fact that naive agents have lower effective EIS helps to alleviate the concern that long-
run risk models require a very high level of EIS to match the data. According to Epstein, Farhi, and
Strzalecki (2014), the EIS parameter used in the model is too high, inducing a very strong preference for
early resolution of uncertainty. This implies that agents would be prepared to give up more than 30%
of lifetime wealth to resolve upcoming uncertainty, which they argue puts a large weight to the distant
future and is too extreme to be realistic. However, I argue that even when naive agents are endowed
with high EIS, their effective EIS is low. In the presence of long-run risks time-inconsistent agents in
the economy lead to an even larger increase in the risk premium as their wealth share increases. Thus,
instead of having a negative impact on the importance of long-run risks in the economy, naive agents
lead to a higher equilibrium risk premium.

To further understand how time-inconsistent agents affect the importance of long-run risks for asset
prices, I show the dynamics of the model when such risks are exogenously assumed, as in Bansal
and Yaron (2004). In this setting hedging demands appear as a result of the different preferences
of investors. The time-inconsistent agent who is less concerned about long-run risk is ready to bear
a larger proportion of it and sell insurance to the time-consistent agent against it. Thus, in states
with low consumption growth the time-inconsistent investor loses a larger share of her wealth since she
pays out insurance to the time-consistent investor. The time-consistent agent in turn gains relative
share. Since she is more averse to long-run risk, she requires higher compensation for it, driving the
risk premium up in recessions. The opposite effect prevails in states with high consumption growth,
which generates countercyclicality implications for the risk premium in the economy. The effect of time
inconsistency preferences, however, counteracts this mechanism. Both sophisticated and naive agents
lose relative share to the time-consistent agent in expansions as well as recessions, and as a result the
model generates a procyclical risk premium.

Taking into account heterogeneity in terms of time inconsistency sheds light on the wealth dis-
tribution between time-consistent and time-inconsistent agents in the economy, and their economic
importance in the long-run. I find that in a survival economy sophisticated agents are crowded out of
the market only after more than 500 years. In a stationary OLG setting they share the total wealth in
the economy almost equally with time-consistent agents. Calibrating the time inconsistency parameter
to estimates found in experiments (6 = 0.8 annually) leads to extreme outcomes if the time-inconsistent

agents are naive, however: they are crowded out of the market in 35 years even if their initial share



is 99.99%. Since experimental estimates might pick up the risk and uncertainty related to receiving
rewards in the distant future or unexpected liquidity constraints that agents may face, this parameter
can be an overestimate of the true shortsightedness of agents (Halevy, 2015). To alleviate this concern I
use more conservative time inconsistency levels, § = 0.9 or § = 0.98, and find that in the long-run naive
agents hold 10% or 37% of the total wealth respectively, depending on their time inconsistency level.
Even when their bias is strong and they hold a relatively small portion of the total wealth (10%), naive
agents can still affect asset prices, leading to a 10-15% increase in the risk premium upon the baseline
model with a representative time-consistent agent.

The novelty of this study is exploring a new line of heterogeneity in terms of time inconsistency in a
class of asset pricing models featuring recursive preferences that have shown potential in resolving asset
pricing puzzles. Even though accounting for heterogeneity is plausible and can lead to interesting inter-
actions among agents, these models typically analyze a representative agent. The reason, as emphasized
by Collin-Dufresne, et al. (2019), is the complexity in solving such models and so far there are only
a few studies incorporating agents of different types (Borovicka, 2019; Collin-Dufresne, Johannes, and
Lochstoer, 2017; Garleanu and Panageas, 2015; Pohl, Schmedders, and Wilms, 2018, among others).
These papers have mainly focused on studying investors who differ in their beliefs and preferences.
However, the effect of time inconsistency in such models has not been investigated yet.

In addition, this paper contributes to the literature that justifies the existence of long-run risks,
which are difficult to show empirically (Hansen, Heaton, and Lee, 2005). In the model by Bansal and
Yaron (2004) long-run consumption risks can account for many features of the asset pricing data, but
they are modeled using an exogenous process. Previous literature has documented potential sources
of such risks. Kaltenbrunner and Lochstoer (2010) find that optimal consumption smoothing induces
long-run risks, even if technology growth rate is i.i.d., while Garleanu and Panageas (2015) find that
a persistent component in individual agent’s consumption growth arises in an overlapping-generations
setting, even if aggregate consumption growth is i.i.d. This paper gives an additional source of such
risks and provides more evidence for their existence in the presence of naive shortsighted agents.

The rest of the paper is organized as follows. Section 2 presents the model setup and the economy
in which I study the effect of time inconsistency on risk sharing and asset prices. Section 3 presents
the numerical method used to find the optimal consumption allocation between the agents. Section
4 outlines analytically the equilibrium wealth sharing dynamics. Section 5 presents the asset pricing
implications of the model. Section 6 discusses the long-run survival and stationary outcomes, and

section 7 concludes the paper.



2. The model

2.1 Agents’ preferences and demographics

I consider a discrete time general equilibrium model with heterogeneous agents who have recursive
preferences. To study the effect of time inconsistency on wealth distribution and asset prices, I model
two types of agents ¢ = {C, I}, time-consistent (C') and time-inconsistent (/), who can also have different
risk aversion, elasticity of intertemporal substitution (EIS), and subjective time discount factors. In
addition, I distinguish between two types of time-inconsistent agents: sophisticated (.5) and naive (V)
as in O’Donoghue and Rabin (1999). The sophisticated agent is fully rational and realizes her time
inconsistency bias as in (Strotz, 1956), while the naive one is not aware of it. In the next subsections I
describe the individual preferences of each of these agents and derive their intertemporal marginal rates
of substitution which I use in section 5. to study the asset pricing implications of the model. In section
2.3 I extend the setting to an overlapping-generations (OLG) model based on Blanchard (1985) and

Garleanu and Panageas (2015), which brings long-run stationarity.

2.1.1 Time-consistent agent

The time-consistent agent, denoted by ¢ = C, has Epstein-Zin preferences suggested by Koopmans
(1960), Kreps-Porteus (1978), Epstein and Zin (1989), and Weil (1989), and she solves the following

optimization problem:
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where Il is the marginal rate of substitution of consumption at time t. We; s is the total wealth of
agent C, defined as the sum of current and discounted future consumption. Epstein and Zin (1989)

show that the value of wealth can be expressed as follows:

be
Wey = —— . 3)
(1 - Be)CE
The investor optimizes dynamically by maximizing her value function V¢ that depends on current
_1
consumption Cc ¢ and the certainty equivalent Et(VCO{ tC+1) “c of her continuation value function Vg ;41.
The time-consistent investor uses standard exponential discounting, where the time discount factor is
Bc, ranging from 0 to 1. Under Epstein-Zin preferences the elasticity of intertemporal substitution
(EIS), denoted by %¢ in the literature, and the risk aversion level, denoted by 7¢, can be separated.
Throughout the paper I use the following simplified notation: pc =1 — 1/ and ac =1 —y¢. 1

assume a concave form of the utility functions and thus the parameters v¢ and ¢ take only positive



values. Hence, pc < 1 and a¢c < 1. Solving the maximization problem, we can find the stochastic

discount factor for agent C:
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Note that equation (4) holds for every state of the world. The first part of the stochastic discount

pc—1
factor B¢ (%) captures the intertemporal substitution between time ¢ and ¢+ 1 which depends
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Ve 41 (that depends on the shocks to aggregate consumption €;11) to the ex-ante expected future utility
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on the time discount factor Sc. The second part ( — ) compares the ex-post utility
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2.1.2 Time-inconsistent sophisticated agent

The time-inconsistent agent, denoted by I, is short-sighted and gives a stronger relative weight to
consumption the closer it is in the future. In contrast to the time-consistent agent who uses exponential
discounting, both the sophisticated and naive time-inconsistent agents use quasi-hyperbolic discounting
(Phelps and Pollak, 1968). As a result, their short-run discount rates are larger than their long-term
ones.

The sophisticated time-inconsistent agent, denoted by .S, maximizes her utility by playing a sequential
intrapersonal game with her future selves where the solution yields the subgame-perfect equilibrium.
I use a recursive formulation of her value function and optimization problem, similar to the one with

horizon-dependent risk aversion defined by Andries, Eisenbach, and Schmalz (2018):
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where dg is the discount factor that the agent uses in the short run in addition to the time discount
factor Bg. In comparison, the time-consistent investor uses a time discount factor B¢ for both the short
and the long run. The range of the parameter dg is between 0 and 1, where 1 corresponds to time
consistency and lower values correspond to higher levels of time inconsistency. The continuation value
function Vg, .41 represents the value self ¢ gives to future consumption, that differs from the actual
value function that self ¢ 4+ 1 will optimize Vg11411. The first subindex of the value functions and
consumption denotes the time at which the agent makes a plan about a given variable and the second
subindex shows the time at which the value takes place. For instance, Vs 1 denotes the value function

at time 1 according to the plan that self 0 makes at time 0. Equation (7) shows that the time discount



factor that self ¢ plans to use in the future is greater than her current discount factor (Ss > dsfs). In
other words her short-run discount rate (—Indgfs) is larger than her long-run discount rate (—In f3g).
This means that self ¢ gives larger relative weight to immediate consumption Cs;; at time ¢ than she
plans to give to immediate consumption Cg; 41 at time ¢ + 1.

Deriving the first-order conditions of the optimization problem (5) — (7) in Appendix B, I show that

the stochastic discount factor of the time-inconsistent sophisticated investor is given by:
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Note that for a time-consistent agent the planned value function equals the actual one Vg; 11 =
Vsi+1,t+1 and the optimal consumption Cyiq:41 maximizes both the planned and the actual value

functions. Since Envelope theorem holds in this case we have:

pc PC
1 OVeGim 1 Vet

— — = C&iton (9)
= =0t
pc OWeiiv1  poc OWeii1,41 Lt

The sophisticated time-inconsistent agent, however, realizes that the continuation function planned
by self ¢, Vst 41, differs from the actual function that self ¢ + 1 will optimize, Vg;y1+41. Unable to
change her type and realizing she will overconsume in the future periods, she incorporates this in her
plan for time t+1. Hence, the planned consumption and wealth will be equal to the optimal consumption
and wealth that self ¢ + 1 will solve for (Cs¢4+1 = Cs¢+1++1). Therefore, in her optimization she takes
into account the optimal consumption Cg 1141 that maximizes the actual value function Vg 41 441,
instead of the consumption planned by self ¢, Cs; 41, that maximizes the continuation value function
Vs tt+1- This means, however, that the optimal Cs ;1141 does not maximize the continuation function
Vs.t,++1 and the Envelope theorem cannot be applied to the following term of the stochastic discount

factor: )
1 OVES
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In order to express the stochastic discount factor in terms of the optimal consumption Cg ;41441 of
agent S at time ¢ 4+ 1 I explicitly show how the agent adjusts her stochastic discount factor to account

for her time inconsistency bias:
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The last term (%) represents the adjustment term which ensures that the agent allocates

sufficient resources for her overconsumption at time ¢ + 1. Since she accounts for the fact that her

marginal utility of current wealth at time ¢ + 1 will be lower than the one self ¢ expects, she requires a



higher compensation for any unit of consumption she postpones from time ¢ to time ¢ + 1.

2.1.3 Time-inconsistent naive agent

The naive agent, denoted by N, has the same specification of preferences as the sophisticated agent
(equations (5) — (7)) and believes that she will be time-consistent in valuing her future strings of
consumption. Unlike the sophisticated agent, she is not aware of her time inconsistency and she wrongly
assumes that her future self ¢ + 1 will optimize the continuation value function Vi ;41 according to
the plan of self t. Thus, instead of realizing that at time ¢ + 1 her self ¢t + 1 will optimize the following

actual value function:

P
VNt41,041 = [(1 — BN)CRN 41411 T BNONErp1 [(VN,t,t+2)aN]"N] , (12)

she optimizes the value function planned by self t:

1
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Thus, in contrast to the sophisticated agent whose planned consumption equals the optimal consumption
(Cstt41 = Cst414+1), the planned consumption of the naive agent Cv¢+41 will be different from her
optimal consumption Cx ¢+1,¢+1. In Appendix B I show that the stochastic discount factor of the naive

agent is given as follows for each state of the economy:
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where Cn 441 is the consumption that the naive agent believes she will have at time ¢ + 1. This is
the optimal consumption the agent would have had, had she been time-consistent. Note that Cn s +1
maximizes the continuation value function since the agent does not adjust for her time inconsistency

bias and thus the Envelope theorem in this case holds.

2.2 Pareto problem with recursive preferences

The two-agent Pareto problem can be represented as the optimization of a social planner who maximizes
the weighted sum of utilities of the investors of both types at time t subject to the market clearing
condition that the sum of consumption equals the exogenous aggregate consumption C;. As shown by
Lucas and Stokey (1984), Kan (1995), and Backus, Routledge, and Zin (2009) a recursive formulation
of this problem exists. Applying Theorem 3 from Lucas and Stockey (1984) it follows that the Pareto



optimal consumption allocation between the agents is given by the following Bellman equation:
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where Vc*vyt is the so-called promised utility to agent C at time ¢ and Vi;(Crie, Vor) is the value
function of agent I. Since there is monotonicity in preferences, the utility-promise constraint is binding
and hence, the constraint can be replaced by Vo (Cot, Voit1) = Ve

The outcome of the optimization is not determined by the social planner’s preferences, so either of
them can act as a social planner. In that sense the problem is equivalent to finding the competitive
equilibrium that is Pareto optimal for both agents. We can view this as maximizing the utility of agent
I at time t subject to her own consumption Cr;; and the promised utility to agent C' at time ¢ + 1,
V(jt 11, that is the aggregate utility over the remaining horizon that agent I promises to agent C. Agent
I can increase her consumption at time ¢ up to the point where the utility of agent C' at time ¢ does not
fall below the promised utility V% ;. Thus, agent I can either choose to have higher consumption Cf ¢,
at time ¢ and lower utility V711 at time ¢ + 1 by promising higher utility to agent C' at time ¢ + 1,
or alternatively agent I can choose to have lower consumption C7;; at time ¢ and higher utility V711
at time ¢ 4+ 1 by promising lower utility V(jt 41 to agent C at time ¢ + 1. The promised utility V(?t 41
that was chosen at time ¢ will serve as a constraint for the minimum utility agent C' will receive at time
t + 1, and so on until the terminal date 7". This means that the promised utility at time 0 determines
the initial endowments of the agents and binds the consumption allocation of the agents between the
current and following periods, and between themselves.

I solve a normalized version of the model with the value functions and consumption of each agent
divided by aggregate consumption. I denote v;y = V;;/C; and ¢;+ = C;;/Cy and hence, the value

functions can be written as:

| | e
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where the market clearing condition is ¢y ¢ + co = 1.

Under the assumption of frictionless complete markets the equilibrium requirement (presented here
in a normalized form) for solving the maximization problem is given by the first-order condition — the
marginal intertemporal rates of substitution of the two agents must be equal for each state and over

each time period. The equilibrium condition for a time-consistent and a sophisticated time-inconsistent

10



agent is:
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Detailed derivation is provided in Appendix C. Analogously, the equilibrium condition for a time-

consistent and a naive time-inconsistent agent is given by:
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Given a Pareto-optimal allocation, we can find the equilibrium prices and hence, all competitive
equilibria can be determined. However, we can only estimate the initial endowments if we are given
an equilibrium condition, but we cannot find the equilibrium given the initial endowments. The reason
is that the current period value functions (in particular the utility that agent I promises to agent C,
V) that implicitly serve as initial endowments depend on the future value functions and consumption
allocations that are unknown. This poses a challenge for finding a closed-form solution of the model
since the consumption sharing rule I solve for depends on the future value functions that are unknown.
Therefore, I employ the numerical method of Collin-Dufresne, et al. (2019) using backwards recursion

in order to find a solution.

2.3 OLG setting

In this section I extend the setting to a discrete time overlapping-generations (OLG) model based on
Blanchard (1985) and Garleanu and Panageas (2015). At each point in time a mass A of agents is born
and a randomly chosen mass A\ of all agents die, such that the agents face a hazard rate A € [0,1] of
dying and the population remains constant. The size of the population is normalized to 1, so newborn
agents start with an initial share of the total population A and a (1— \) share of each generation survives

t—s

every period. Thus, agents born at time s represent a A(1 — A) part of the population at time ¢.
Summing up the shares of agents born at each period from —oo to ¢ equals the total population size of
1 at time t:

zt: A1 =M% = A% =1, (19)

S=—00
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where )

two types of agents in the economy, time-consistent and time-inconsistent, whose individual preferences

L (1= X)% is a geometric series which sums up to 1/\. At each point of time there are
when they have infinite investment horizon are described in the previous subsections.

The total wealth at time ¢ of each agent born at time s is denoted by W;; , and is comprised of the
sum of her financial wealth F;; s and labor income H;; ;. At every period ¢ every agent born at time s
has the same human capital and receives an equal amount of earnings y; ;s = %wYt per capita, where Y;
is aggregate output, w € (0, 1) is the fraction of output allocated to labor income, and 1 — w is paid out
as dividends. Labor and goods markets clear and in equilibrium aggregate consumption equals total
output C; = Y;. The total labor income of agent ¢ can thus be represented as the discounted sum of all

future earnings:

1
z,t,s E Z yz,t,s E Z t S)iwot (20)

The financial wealth is the difference between total wealth and labor income:

1I
Fi,t,s = Wi,t,s - H’L,t,s = z,t,s E Z t (t S) wct (21)

I assume that there exists a zero-profit insurance company that provides agents who survive with annuity
payments AF} ¢ (a fraction X of their financial wealth F} 5) in exchange for receiving the agents’ terminal
financial wealth at the time of death.

As in Blanchard (1985), at birth newborn agents do not have any financial wealth, but only earnings
Yss = %st per capita, representing their total wealth W; ;. Since the newborn agents of each type
are equally skilled, they share the earnings allocated to them equally and the wealth of newborn agents

of type i is given as half of the total labor income wW; per capita.

1
Wity = §WWt7 (22)

where Wy = Wy + Wey.

Then the ratio of the total wealth of newborn time-consistent agents, for instance, relative to the total
wealth of all existing time-consistent agents at time ¢, Wcy, is:

1
Wepriin — 3@0Wipr

1
= —w =
Wei41 Weirr 2 Wit 2

%% 4% 1 %%
It+1 +Woirr w (1 n I,t+1> 7 (23)

We i1

where W11 and W1 can be expressed in terms of the value functions and consumption of the

agents. Note that since there are no intra-generational differences among agents of the same type, their

Couv141 _ Cor1
We,tt1,641 We,i41

consumption-wealth ratios are equal ( ) . Hence, the ratio of consumption of newborn

agents of type i to the total consumption of agents of type i equals the ratio of wealth of newborn agents
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of type 7 to the total wealth of agents of type i:

C W, 1 %%
cr+tttl _ Worriit v <1 T ”H> (24)

Ceut1 Weta1 We 41

In order to find the equilibrium condition in a competitive economy, both individual and aggregate
optimality must hold. Hence, I start by solving the optimization problem of each individual investor of
a certain type and generation, and then aggregate within type over generations. I show the aggregation
for the time-consistent type of agents. The case of time-inconsistent agents is analogous. An individual

time-consistent agent born at time s optimizes the following problem:

1

Le5%
Vees = max [(1 — Bo)CE, , + (1= NBoEs VS, ] “C] ‘ (25)

CC,S,S7WC,t,S

IT

s.t. CC,s,s + Es |:1—It(1 - /\)(tS)WC,t,s] < WC,5,57
S

where (1 — \) represents the survival probability of the agent. The probability that the agent will

survive until time ¢, t — s periods ahead of her birth s, is thus (1 —\)!™* and she discounts future utility

taking this into account. Once we solve for the first-order conditions of this agent we get the following

stochastic discount factor from time s to time t¢:

ac—pc

-1t
E _ gt Cots \¢ ! H Veis (26)
Hs ¢ CC’ s,8 . E. VaC %

" J:S+1 ‘]_1[ C?jvs] ©

I rewrite this equation to express consumption at time ¢ with consumption at the time of birth s
and sum up the consumption of each agent of type C' who is alive at time ¢, weighted by her population

share in order to find aggregate consumption of time-consistent agents in that period Cc:

pPC—aC
pc—1

t S
—s —(t—s) LIy \ Pe 1 Veujs
CC,t — Z )\(1 _ )\)(t )CC,s,s (Bc(t )Ht> c H C,i - ) (27)
S j:5+1 E]—l [VC,?,S] ac

S§=—00

Similarly we can write consumption at time ¢ 4+ 1 and combine with equation (27) to get the total

consumption of agents of type C at time ¢ 4 1:

pPC—aC
1 pc—1
410 pc—1 Vo
Copr1=(1—=N)Ccy (Bcl Erl) 7;“ e + ACC 41,441 (28)
t EyVeii]ee

Intuitively the first term gives the consumption of the already existing agents at time ¢ + 1 and the

second term represents the consumption of the newborn agents. Dividing both sides of equation (28)

13



by C we can solve for the intertemporal marginal rate of substitution:

ac—pc
flarss _ g, (Gorn )™ (Ve ) [ L (1 \Comum)| ™
I Ceoy Et[Vgtcﬂ]% 1—A Corn

The consumption share of the newborn agents of type C relative to the aggregate consumption share

. . . C,
of agents of type C can be expressed in terms of the wealth shares as in expression (24): CC’;%T =
Wett1,6401 ’
We i1

Note that the last term of the stochastic discount factor (in square brackets) can take negative values,
turning the whole expression negative. Negative stochastic discount factors, however, imply arbitrage
opportunities and cannot be a solution to the problem. Thus, I express % in terms of wealth

shares and require it to take positive values. Hence,

WA

Wet1 > - (30)

This requirement puts a natural bound on the wealth share of the agents, that has an intuitive economic
interpretation: the minimum wealth of all agents of a certain type must be larger than the wealth share

of newborn agents who are endowed with positive and equal initial labor income (“—2/\) by definition.
Similarly we can express the stochastic discount factors of the sophisticate and naive time-inconsistent
agents as follows:

— as—ps —
Mg ¢41 — 5585 (CS,t+l7t+1>pS 1 Vs.t.t41 < Vs ti41 )ps [ 1 <1 B lAw (1 n WS7t+1,t+1)>:|PC 1
Hs,t Cs,t,t Et[(VS,t H_l)as]% VS,t+1,t+1 1-A 2 Ws,t+1

(31)

4 aN—pN -1
v _ 550 (CNMH)’)N L4iA%2S S [1 (1 W (1 + WN’”““))TN(?)?)
Iy, Cnott Ei 1 [(VNp41)0N] N 1-A 2 Wit

2.4 The Economy

I assume that markets are complete and aggregate consumption is exogenous and given by C;. In the
baseline results I consider an economy where the only shock to consumption growth rate is an i.i.d.

shock e¢41:

C
gt+1 =1In ( é,:l> = [+ 0c41 (33)

I also consider a Bansal and Yaron (2004) economy where the dynamics of the log-dividend gq ¢+1

and log-consumption g¢;y1 growth rates contain a persistent and predictable component z; and are
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determined as follows:

C
gt41 = In ( gi_l) =pu+ T+ 0ocpy1 (34)
t

Tyl = Pt + PelCi1

9d,t+1 = Pd + Gzt + Pa0ULL1 -

I study the case when economic uncertainty ¢ is constant and the unconditional mean consumption and
dividend growth rates are equal (u = pg). The shocks €441, e;41, and uy; are ii.d., mutually inde-
pendent and standard normally distributed. The parameters ¢4 > 1, and ¢, > 1 allow for calibration
of the dividend volatility and its correlation with consumption. As in Abel (1999) ¢, represents the
leverage ratio on expected consumption growth. I calibrate ¢4 = 4.5 and ¢, = 2.5. For the purpose
of numerical convenience I use a Markov two-state regime switching model and I represent the log

aggregate consumption growth and log dividend growth rate as follows:

Gir1 = s, T OEE4 (35)
Gdt+1 = pPd+ Ox(gey1 — 1) + PaoU41. (36)

There are two possible states of the economy at time ¢, recession (s; = 1) and expansion (s; = 2). The

average consumption growth rate depends on the state s;, where pu; < ps:

M1 ifstzl
Hs, = ; 37
o { pe if sy =2 (37)

To match the consumption growth moments from the Markov two-state regime switching model with
the moments implied by the Bansal and Yaron (2004) parametrization I first assume that the states s;
have a constant, symmetric transition matrix:

pP— (38)

P11 1—pn
1 —pa  po2 ’

where Pr{s;11 = j|st =i} = P (i, ). The states switch independently of the shocks ¢; according to this

matrix. In addition, the state is conditionally known:

Ei[gir1] = E [gev1lse = 1] = pa- (39)
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The unconditional probabilities of state 1 and state 2 are:

1 —pa2

T = e 40

! 2 —p11 —p2 (40)
1—pn

Ty = —— 41

? 2 —pi1 —p22 (41)

Assuming that p;; = po2 = p, as in Bansal and Yaron (2004) we get:

1
m=m=g. (42)

I find the parameters p, 1, and o by matching the unconditional mean, variance, and autocorrelation
of consumption growth implied by this Markov switching process with the moments estimated based

on the following model (Bansal and Yaron, 2004) :

gt+1 = Ty + 0c11, (43)

where
Tf — = pa(Ti_y — p) + poer. (44)
2.5 Asset prices

In section 5. I study the asset pricing implications of the model. The return R;;1 on every asset in the

economy must satisfy:

11
E; [ lf;rl Rt+1] =1, (45)
t

where Hﬁ—tl is the intertemporal marginal rate of substitution (stochastic discount factor), which I

derived in the previous subsections.
The aggregate market is presented as a claim on the future dividend stream D;. From equation (45)

the ex-dividend price, denoted by P;; must satisfy:

II;11 P, + D
E [ Ll — b t“] =1. (46)
IL Py

I rewrite this in terms of the %’f ratio:

P ;.1 D P,

4t _ g, [ t+1 Dit1 <1+ d,t+1>:| , (47)

D, I, Dy Dt i1
where ln(DBtl) = Ggdt+1- 1 determine the dynamics of the %: ratio over time as a function of the
endogenous state variable, the consumption share c4 ;. Since in autarky the %;f ratio is constant we

can find its terminal closed-form value and use backwards recursion to find its dynamics at the initial
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time period, given the optimal investment strategy of the agents. Equity is a claim on dividends, so we

can write the return on equity as:

Dyiy1 Pyt
Pyii1+ Dt+1:| _g | P (1 T D )
—— | = Lk

Ei[Rqt+1) = E; [ 2
4

(48)

The equity premium is the difference between the return on equity and the risk-free rate, where the

risk-free rate is given by the inverse of the expected stochastic discount factor:

1
s = o T (49)
t

]
3. Numerical Method

I solve the optimization problem (15) numerically using backwards recursion, starting from time ¢t = T
(Section 3.1) and subsequently iterating (Section 3.2). The solution gives the consumption share
distribution between a time-inconsistent agent I who has hyperbolic preferences and a time-consistent

agent C' who has Epstein-Zin-Weil preferences.

3.1 Timeit¢t=T

I assume that at time 7" the agents enter autarky and thus they cannot trade and share risk any longer.
The value functions at time T then correspond to the representative agent value functions. At time

t =T, the value functions are given analytically by:

v = CLT,T0IT,T (50)

ver = (1—cro7)icr, (51)

where the continuation value functions if the agents consume aggregate consumption from time 7" on

are:
i = -1 — Br + Bro[Er {(’DI,T,TH)0”6(““5“1)6”} Z] g (52)
U1 = _1 — Br + BrEr41 {(5I,T+1,T+2)al6(#+U€T+2)al} Zé} " (53)
bor = _1 — Bc + BcEr [(@C,T+1)ace(“+06”1)ac] ;g} " (54)

Since the normalized function 07 741 742 is independent of the shock e792 and the horizon is infinite,

it follows that 077741 = U1, 7+41,7+2. Thus, we can rewrite (53) and find a closed-form expression for
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11,141

(Orrra)" = 1—=pr+ 51(’51,T,T+1)p’ep”“LJr%meU2 (55)
1

1 _1
= 'DI,T7T+1 — (1 _ ,Bl)pl (1 _ 5160111-&-%/7104152) Pr (56)

We substitute (56) in (52) to find a closed-form expression for the autarky value function o7 7 7:

L
PI

—1
Srrr = |1— B+ Brop(l — 51)6p1u+%p1a102 (1 B 5Iepm+%p1a102> ] (57)

Analogously, since the normalized function v¢ 741 is independent of the shock e7; and the horizon

is infinite, we have ¢ = 9cr41. Rewriting (54) gives a closed-form expression for ¢ 7:

(@C’T)Pc = 1— ,BC + BC(@C’T)pcepc#-i-%pcacUQ (58)
1

L —_—
= {’C,T = (1 — /BC)pC (1 — ﬂcepcu+$pcac¢72> pC (59)
We will use these functions when we are solving for the optimal c¢; 77 at time t =T — 1.

3.2 Recursion at time ¢

In this step, it is convenient to use cr;; as the endogenous state variable and solve for the optimal
consumption share ¢y, ,,, on a grid for ¢ ;. Thus, we can write the value function of agent ¢ at time ¢
as a function of the state variable ¢ at time t: v; s = v; +(Citt, €441). Since we are solving the problem
backwards, we may assume that it is already solved at time ¢ + 1 and we are given the optimal value
functions (denoted by U7y +1), normalized by aggregate consumption. In the numerical implementation,
the functions will not be known for any possible value of the state variables they depend on, but only at

a number of (bivariate) grid points of ¢4 ¢41. Intermediate values have to be calculated by interpolation:

* *
Uret+1 = = UI,t,t+1(CI,t,t+1a €t+2), (60)
Cit1

V*

Viitipel = T o = VT 441,41 (CLe41,441, E242)5 (61)
t+1

V*

Voi+1 = Cr1 = UC,t+1(CLt,t+1» Et+2)- (62)

At time ¢ the value function vy ¢(vcy1|crte+1) depends on the consumption share of agent I, cr ;.

I also replace Cyy1/Cy = e to¢t+1 that follows from equation (34). The problem to solve now reads as
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follows:

Pr o
LI b
— I @ +oe oy | or
Urgr =~ max {(1—51)c§’t’t+6151Et {Uzé,tﬂe(“ t+1) f} ]
{CI,t,t,Uc,t+1}
1

287 v
s.b. vy = |:(1 — ﬁc)cg?t + BcEy [U%%_l <e(#+05t+1)ac>} c}

1
— 1 oI E arg (ptoety2)ar % P
vr e = | (1 — 5I)Cj,t7t+1 + BrEi1 Ut 142€

crae+cor = 1.

As mentioned before, we actually solve numerically the induced first-order conditions:

I ar—pr ,
I— '
5 <c],t,t+1> (6u+gat+1)a1—1 ULt 441 ( ULt41 ) B
B
Cltt E, [v?’atﬂe(wastﬂ)a,] ar UL t+1,t+1
po—1 ac—pc
o
B (1 — C[,t,t+1> (e,ﬁggtﬂ)acfl VCt+1 —0
T =
1—crie E, [vgﬁﬂe(“*"st“)ac] oG

1
ne s
Vo = [(1 — Be)(1 = ey, + Bo By [Ugﬁﬂ(e(ﬁoet“)ac)} c}

cre+cop = 1.

(65)

(66)

(67)

Instead of solving the problem for the decision variables c; ¢, ¢+, and vp 41 implied by the system

of equations (65), (66), and (67) it is convenient to use a grid for ¢7;; and determine the optimal G

and the utilities v7¢¢4+1 and vo 41 for all combinations of the grid points. In order to do this we first

rewrite equation (65) and solve it as a fixed point problem:

pr—1 ar—pr p pr—1
Critel Urt+1 UL t,t+1 r . Be Crtt poeri1\OC—0T
rc-1 ac—pc \ 4 - ktﬁi pc—1 (e )
(1 —crges1) Cit+1 L4141 I(1—cre)
D1
PC—aC
ac (p+oetr1)ac ac
Ey [UC,t-He
where k; =

pPr—og
ar +oeri1)a or
Ion [”l,t,tﬂe(“ t+1) I}

(68)

(69)

It is evident that the evolution of the consumption share from time ¢ to t + 1 depends on k;. As

Collin-Dufresne, et al. (2019) show, k; uniquely determines cy 41 since ¢yt 441 € (0,1) is decreasing in

k: (when a;;—1 < 0, which is the case we consider). Thus, we can solve equations (68) and (69) jointly for

k: as a fixed point problem. From equation (69) we only know k; as a function of ¢y 4;41. The relation

between k; and cr¢¢41, however, is nonlinear and an algorithm which calculates the corresponding
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crtt+1 for every guess of k; is computationally costly. Therefore, we estimate k; as a function of a
monotonic transformation of ¢y 41, Pt 41 which is linear in k; and more efficient. Once we know the
optimal solution for k; we can find the corresponding cj 41 for each combination of the grid points of
the endogenous state variables.

As already mentioned, due to the backwards recursion method I use in order to solve the problem
numerically, the optimal U?,t,t 1 v},t 1D and vat 41 will be known from the previous recursion on a
grid of different possible values of the state variables ¢y ¢41. Thus, at time ¢ I interpolate both U;t,t ey
v?,t+1,t+1? and Ué‘,tﬂ for the values of the optimal c?t,tﬂ that I solve for. I use 96 grid points for the

endogenous state variable ¢y at any point of time:
cr = [0.0001, 0.9999]. (70)

It is important to point out that ¢ ;41 and vo 41, and hence ®; 411, will depend on the exogenous
evolution of Cy1 and thus on the shock to consumption growth rate ;1. Therefore, I choose 7 different
grid points for €411, and for each combination of state variables I solve equations (68) and (69) for each of
the values of this shock. The expectation of the shock ¢ is then approximated using Gaussian quadrature.
The terminal time T is set far in the future at 500 years. I use the model parameters estimated by Bansal
and Yaron (2004) with a quarterly calibration and set p = 0.0045, p, = 0.979, . = 0.044, o = 0.0135.
I assume that the risk aversion level is 7; = 10 and thus the risk aversion parameter equals a; = —9.
The elasticity of intertemporal substitution is set to ¢; = 1.5 and the EIS parameter is p; = 1/3. The
time discount factor is set to §; = 0.994. I also allow the preference parameters of the two investors to
differ and provide sensitivity analysis in order to understand the role of the agents’ preferences for the
relation between investment horizon and risk premia.

At the end of time ¢ the problem is solved and we know the optimal C;t,t 41 and the utilities v;t,t

and Uat on a grid for the state variable c;;; and the shock €441:

Vret = C —UI,t,t(CLt,tvEtH)v (71)
t
Vi
U?,t,tﬂ = ’Clt = Uf,t7t+1(01,t,t+1;€t+1)a (72)
* _ Vc*'ﬂf ok
ver = 5 T Ve (et Etg1)- (73)

For the following recursion at time ¢ — 1 we interpolate their values corresponding to the grids of
the monotonic transformation of the state variable ¢y ;1 -1, ® 41, and the shock ; and we solve the

problem for the decision variable cr—1 4.
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3.3 Timet=0

At time 0 the equilibrium condition can be written as follows:
c pr—1 ar—1 v Q=PI /4 PI
Bz( 1,0,1) <€#+051> ( 1,01 1 > ( 1,0,1) _
C1,0,0 ar oy U1,1,1
Erfoh elirtoenar]ar

1 1 _
1-— CI,0 Eo[vgfie(u—l—aal)ac]%

In this period I solve for the optimal ¢}, (and ¢y = 1—c¢} ;) and I determine the optimal utilities

vy o and v of the two agents on a grid of the monotonic transformation @1 of the state variable
cr,0,0- Due to the backwards recursion we assume that we know the optimal value functions at time
t+1, ’U;OJ and Uah and thus, the initial utilities of the two agents will depend on the promised utility
by agent I to agent C, vc,1. It is important to note that we can determine these initial utilities and the
initial endowments of the two agents, ¢ 1 and cc, given the equilirbia for all the periods ahead until
the terminal date T', but we cannot find the possible equilibria knowing only the initial endowments.
The estimations using the described numerical method will show the consumption distribution of the
two agents over time and will determine the optimal investment strategies of the two agents. Analyzing
the conditions under which one of the two agents is allocated a larger consumption share and dominates
the economy will shed light on the market interaction between the investors and the wealth distribution

between them.

4. Equilibrium wealth distribution in a survival economy

4.1 Sophisticated time-inconsistent and time-consistent agents

This section discusses the wealth distribution between a time-consistent agent who discounts future
consumption exponentially and a sophisticated time-inconsistent agent who uses hyperbolic discounting.
The sophisticated agent is aware of her time inconsistency and therefore realizes that today she values
future strings of consumption differently from the way she will value them the next periods. As shown

in Section 2.2 the equilibrium condition for risk sharing is given by:

. as—ps
5 Csii1e41\"° Vsite41 Vsiirr \7°
sPs | =6 75 Ve
St E[(Vsgpi1)08] s S t41,641
. ac—pc
— B Cep1 ™ Ve (75)
Coy e

Ei[(Ve,i1)c]oc
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Theorem 1. The effective discount factor of the time-inconsistent investor is smaller than the one
of the time-consistent agent. As a result, keeping the rest of the preference parameters equal for both
agents, the time-inconsistent investor is more impatient and her relative wealth share decreases over

time.

Proof: There are two channels at play that determine the dynamics of the relative wealth share of
the time-consistent and sophisticated time-inconsistent agents. On the one hand, the time-inconsistency
channel captures the higher degree of impatience the time-inconsistent agent has in the short run. On
the other hand, the sophistication channel captures the behavior adjustment of the time-inconsistent

agent who realizes her bias and corrects for her future overconsumption. Both of these channels affect

Vs, t,t41
Vs 41,641

one of the time-consistent agent (5¢) and determine which of the two agents is overall more impatient.

the effective discount factor of the sophisticated time-inconsistent agent (dss ) compared to the
First, the time inconsistency channel (the extra discount rate dg) has a negative effect on the effective
discount factor, because it takes values smaller than 1 and decreases the time discount factor of the
time-inconsistent agent relative to the one of the time-consistent agent. Second, I consider the effect of
Vs.t,t4+1

p— Note that since 8g > dgfs and since the

sophisticated agent evaluates both the continuation value function Vg 11 and the actual value function

the sophistication channel, represented by the term

she optimizes Vs ;11,41 at the optimal consumption Cg ;41 ¢+1, the sophistication channel has a positive

effect on the effective discount factor:

PSS
Vsrerr 75 O T BsBra [(Vsppr2)s]os
Vs r1,t41 - = > 1. (76)

CSi1i41 T 0585 Erin (Vs e2)2s] s

Intuitively, this term of the sophisticated agent S reflects the adjustment that she makes due the
time inconsistency between the periods that she is aware of. Self ¢t + 1 will overconsume compared to
what self ¢ plans to consume. In other words, the marginal utility that self ¢t plans to receive from a
unit of consumption at time ¢ + 1 is larger than the actual marginal utility she will get. This is why
in the risk sharing process the time-inconsistent agent will require lower than optimal compensation
from agent C to shift consumption from time ¢ to time ¢ + 1. However, since the sophisticated agent
anticipates this at time ¢, she adjusts her stochastic discount factor to take this difference into account.

Thus, on the one hand the time-inconsistent agent is more impatient in the short-run compared to the
long-run and has an additional discount rate dg. On the other hand, however, the agent is sophisticated
and realizes this inconsistency, so she adjusts her stochastic discount factor accordingly. Which of these
two channels, the sophistication or time inconsistency channel, has a stronger effect determines whether
the agent’s relative wealth share will decrease compared to the one of the time-consistent agent in a
competitive equilibrium between the two. To answer this question I take into account the total effect

of both the additional discount factor g and the adjustment term of the stochastic discount factor of
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the agent and find that:

PSS
) Vseanr \7° 05051 0 + 0585 B [(Vsiay2)*s] s
s (+ _ <1 (77)
Sit+1t+1

g’i+1,t+1 + 05B5Ei+1 [(Vst,e42)¥s] s

Thus, the effective discount rate of the sophisticated time-inconsistent agent will always be smaller than

the one of te time-consistent agent:

V- ps
dsBs (SttH) < Be, (78)

Vs t+1,t+1

where I set 8g = Bc. Hence, this condition shows that, keeping the risk aversion, EIS and time
discounting parameters equal, and consumption growth rate i.i.d., the effective discount factor of the
time-inconsistent sophisticated agent is always smaller than the one of the time-consistent agent, so the
first is overall more impatient than the latter. Hence, the relative wealth share of the time-consistent
agent will increase over time compared to the one of the time-inconsistent agent, all else equal. The
parameter dg governs the degree of time inconsistency of agent S. This results shows that even though
the investor is sophisticated and predicts how much extra consumption she needs to allocate to her
future self in order to account for her overconsumption, she still suffers from the current period time
inconsistency bias and gives higher weight to her current consumption than to saving. This is the reason
why despite her sophistication the agent can never fully resolve her bias and her relative wealth share

shrinks over time.

4.2 Naive time-inconsistent and time-consistent agents

The naive agent is not aware of her time inconsistency bias, so self ¢ expects that from time period
t + 1 on she will be fully rational and time-consistent. The rest of the preference parameters of the
naive agent are the same as the ones of the time-consistent agent, so she anticipates that consumption
in the future will be shared based on the initial endowment. However, she does not realize that self
t 4+ 1 will be more impatient and overconsume compared to what self ¢ plans to consume. This means
that self t does not allocate sufficient immediate consumption to satisfy the consumption needs of self
t+ 1. That is, the marginal utility of consumption at time ¢t + 1 from the point of view of self ¢ will be
larger than the actual marginal utility of consumption at time ¢ + 1. Hence, in the risk sharing process
the naive agent will require a lower compensation for postponing consumption from time ¢ to time ¢+ 1
than is optimal for her and as a consequence her share of aggregate consumption will shrink over time.
Since the naive agent is not correcting for this error, the deviations from optimal consumption will

accumulate, her effective time discount factor will be smaller than the one of the time-consistent agent
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and her relative wealth will shrink over time. Alternatively, we can see that in the following equation:

aN—pN
5 (CN,t,tJrl)pN_l VNt t+1 B
NBN COnor — 1 =
Nt B[Vl
o o1 ac—pc
_ Bc( g,t+1> Vei+1 _ . (79)
@ Ey[VE§] e

The consumption that the naive agent plans to have Cv 41 is the one that optimizes the continuation
value function V¢ ¢11 according to which the agent is time-consistent. Thus, in an optimization between
two time-consistent agents the equation above holds without the d additional discount factor of the
naive agent. With the additional discounting the naive agent becomes more impatient, so the only way
the equation above would hold is when she receives a smaller consumption share in the future relative
to today.

The sophisticated agent performs better than the naive agent since unlike self ¢ of the naive agent,
self t of the sophisticated agent knows that self ¢ + 1 will overconsume compared to what self ¢ plans
to consume and self ¢ + 1 will have a lower marginal utility of wealth than the one predicated by self t.
Therefore, self ¢ of the sophisticated agent incorporates this in her optimization and requires a higher
compensation from agent C' for shifting consumption from time ¢ to time ¢ + 1. Thus, the lower the
marginal utility that self ¢ + 1 requires compared to what self ¢ has predicted, the more additional
consumption she will require and the closer she will resemble the behavior of a time-consistent agent.
Since the naive agent does not correct for the overconsumption of self ¢ + 1 compared to what self ¢

predicts, her wealth share decreases faster than the one of the sophisticated agent.

5. Asset pricing with time inconsistency

I solve the model using the numerical procedure described in Section 3. I consider the cases when
consumption growth rate is i.i.d. and when there is exogenous long-run risk in the economy. The
equilibrium condition is that the intertemporal marginal rates of substitution of both agents need to be
equal. In this section I show how the relative wealth share of the time-inconsistent agent in the economy

affects the equilibrium conditional risk-free rate and the risk premium.

5.1 Survival economy with i.i.d. consumption growth

I first consider a survival economy with i.i.d. consumption growth, where the only risk that agents share
is the aggregate consumption growth rate risk. In this economy there is no stationarity constraint, so
one type of agent gets crowded out of the market and the other type survives in the long-run, turning
into the representative investor. The risk aversion parameter of agents v determines their appetite for

risk. To focus on the effect of time inconsistency, I assume that both agents have the same level of
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risk aversion 7. Thus, their portfolio allocation between the risk-free and risky assets and their return
on wealth are the same. I also assume that their subjective time discount factors () and elasticity of
intertemporal substitution parameters (1) are equal. In the baseline case I follow the parametrization
of Bansal and Yaron (2004): EIS ¢ = 1.5, risk aversion v = 10, and time discount factor 5 = 0.998.

5.1.1 Risk-free rate

Under these conditions Theorem 1 given in Section 4. holds and provides a direct implication for the
risk-free rate in the economy for different levels of wealth share of the time-inconsistent agent. Keeping
all else fixed the effective time discount factor of the time-inconsistent agent is lower than the one of the
time-consistent agent, meaning that she is more impatient. The greater the share of the shortsighted,
time-inconsistent agent is, the larger the overall impatience level in the economy becomes. Intuitively,
more impatient agents require a higher risk-free rate in order to be induced to postpone consumption
and save. Thus, as the share of time-inconsistent agents increases, the risk-free rate becomes higher.

Figure 1 quantifies this result in a model with a time-consistent and a sophisticated time-inconsistent
agents, where the time inconsistency parameter is g = 0.9. As the wealth share of the time-inconsistent
agent increases from 0.1% to 99.99%, the annualized risk-free rate increases from 3.03% to 3.22%. Since
the sophisticated time-inconsistent agent is aware of her bias and adjusts her stochastic discount factor
accordingly, her overall impatience level is not much lower than the one of the time-consistent agent.
Therefore, as the share of the sophisticated time-inconsistent agent in the economy grows, the risk-free
rate increases only slightly.

The presence of naive time-inconsistent agents on the market has a much more substantial effect on
the risk-free rate, as shown in Figure 2. Using the same time inconsistency parameter (65 = 0.9) I
find that the risk-free rate increases from about 3% when naive agent’s share of total wealth is 0.1% to
over 14% if her share is 99.99%. The reason for the larger increase in the risk-free rate when a naive
agent dominates, compared to the case when a sophisticated agent dominates can be traced to the fact
that the naive agent is not aware of her bias and future overconsumption. Since the marginal utility of
consumption at time ¢ + 1 that her self ¢ plans to have is much larger than the actual marginal utility
self ¢t + 1 will get, the agent requires a lower than optimal compensation to postpone consumption to
the future. Over time these errors accumulate and the intertemporal marginal rate of substitution (the
stochastic discount factor) becomes much smaller than the one of the time-consistent agent. Thus, when
the naive agent dominates, the risk-free rate which is the inverse of the expected stochastic discount
factor becomes higher.

The consumption-wealth (C/W) ratios of the agents (Figure 3) shed more light on the change in
their consumption behavior as a response to the increase in the risk-free rate as the share of the time-
inconsistent agent in the economy becomes larger. Two possible effects can be at play when the risk-free
rate increases: a substitution effect, which drives agents to save at a higher rate as a result of the higher

interest rate they can earn, and a wealth effect which drives agents to consume more since they feel
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richer. For agents with Epstein-Zin preferences and sufficiently large EIS parameter the substitution
effect dominates since they have a weak preference for smoothing consumption. This means that the
agents are willing to postpone consumption to future periods as an insurance against uncertainty in
their consumption. While for the sophisticated time-consistent agent the substitution effect dominates
and she decreases her consumption level when the risk-free rate in the economy increases, the naive
agent keeps consuming at a constant rate. Thus, for the naive agent the wealth effect is stronger and

partially counteracts the substitution effect.

5.1.2 Risk premium

As a next step I consider the effect of time inconsistency on the risk premium (the difference between
the return on the dividend claim and the risk-free rate). Figure 1 shows that the risk premium remains
constant at 1.84% as the wealth share of the sophisticated time-inconsistent agent (relative to the one
of the time-consistent agent) in the economy increases. In addition, in the same figure I plot the
annualized conditional volatility of the dividend claim and the market price of risk (defined as the ratio
of the conditional volatility of the stochastic discount factor to the expectation of the stochastic discount
factor), on which the equity premium depends. As we vary the wealth share of the sophisticated agent
these variables also remain constant which is consistent with the constant risk premium. Thus, the
larger level of impatience in the economy when the sophisticated shortsighted agent dominates only
results in a higher risk-free rate as an extra compensation for postponing consumption.

Although the presence of sophisticated agents does not affect the risk premium in the economy,
Figure 2 shows that the wealth share of naive agents has an impact on it. The conditional risk premium
increases from 1.84% when the naive agent holds 0.01% of the wealth to 4.6% when she has a wealth
share of 99.99%. On the same figure we can see that the volatility of the dividend claim also increases as
the share of the naive agent becomes larger (from 13.5% when the time-consistent agent dominates to
14.5%) while the price of risk remains constant. Thus, the increase in risk premium reflects an increase
in the volatility of the dividend claim.

To understand whether this effect is the result of an interaction between Epstein-Zin preferences and
time inconsistency or is purely the effect of time inconsistency I consider the case when both agents
have standard CRRA preferences. In this case the risk aversion equals the inverse of the EIS parameter
of the agents, so they do not have a preference for early resolution of uncertainty and a high willingness
to substitute consumption across periods. Under these conditions, when the wealth share of the naive
agent increases, the risk premium remains constant (Figure 5). Thus, we can conclude that the effect
of the wealth share of naive agents on the risk premium is the result of the interaction between time
inconsistency and the Epstein-Zin preferences.

Intuitively, the willingness to substitute consumption across periods induced by the Epstein-Zin
preferences when the EIS parameter is sufficiently large drives agents to decrease their consumption

in the current period and save more for the future, meaning that the substitution effect dominates.

26



However, the naive agent incorrectly believes that she will be time-consistent in the future and have
the same preference parameters as the true time-consistent agent. Thus, she believes that aggregate
consumption will be split based on initial endowments. This results in a constant consumption-wealth
ratio across wealth levels of the naive agent, which is always larger than the one of the time-consistent
agent, meaning that the wealth effect for her dominates (Figure 3). As a result, she has a steady expected
consumption growth rate which equals the aggregate expected consumption growth, regardless of her
wealth share in the economy (Figure 4). Thus, the time inconsistency bias counteracts the effect of the
high elasticity of intertemporal substitution and leads the naive agent to a smoother consumption path
choice where she overconsumes in the current period and is less willing to postpone consumption to the
future. This translates into a lower effective elasticity of intertemporal substitution than the one of a
time-consistent agent, even if both are endowed with the same EIS.

The fact that the expected consumption growth rate of the naive agent is constant across wealth
levels generates a persistent component, or long-run risks in the expected consumption growth rate
of the time-consistent agent. Under preferences for early resolution of uncertainty such risks are is
positively priced. Figure 4 shows that while the believed expected consumption growth (labeled E[TI])
of the naive time-inconsistent agent is constant, the one of the time-consistent agent is not, meaning
that she faces additional risks in her expected consumption. As a result, the agent requires a higher
premium in order to invest in risky assets, driving the risk premium up. Thus, instead of hampering
the importance of long-run risks in the economy, shortsighted naive agents give rise to such risks even
if aggregate consumption growth rate is i.i.d. and provide evidence of the existence of such risks.

To demonstrate that the behavior of the naive time-inconsistent agent is in line with that of an
agent with a lower level of EIS, I solve a model with two time-consistent agents (A and B) who have
different EIS parameters (104 = 0.2,9p = 2). Lower EIS parameter corresponds to a higher consumption
smoothing. In Figure 6 I find that the equity premium increases as the wealth share of the agent with
low EIS parameter increases and it follows a similar pattern as the risk premium in a model with a
naive time-inconsistent investor and a time-consistent investor. To provide further evidence that the
implications of naivete on asset prices is consistent with that of having a lower elasticity of intertemporal
substitution, in Figure 7 I vary the EIS levels of both the naive and the time-consistent agents (keeping
them equal to each other) and compare the resulting risk premium. When EIS = 0.1, the agents have
CRRA preferences and there is no effect of the wealth share of naive agent on the risk premium. When
I increase the EIS parameter of both agents to EIS = 2, compared to the value of 1.5 in the baseline
specification, I find that the risk premium increases to about 6.5% if the naive agent fully dominates
the economy (compared to 4.6% in the baseline case).

To alleviate the concern that the behavior of a naive time-inconsistent agent could be solely the result
of her higher level of impatience and not due to a lower effective EIS caused by her time inconsistency,
I solve a model with two time-consistent agents, one of whom is more impatient and has a lower time

discount rate (84 = 0.995, fp = 0.998). Then I check the effect of the wealth share of the more impatient
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agent on the risk premium. Figure 8 shows that in contrast to the wealth share of a naive agent, the

wealth share of an impatient agent has almost no effect on the risk premium.

5.2 OLG economy with i.i.d. consumption growth
5.2.1 Risk-free rate

As a next step, I study the effect of the wealth share of time-inconsistent agents in an overlapping-
generations economy (OLG) where every period newborn agents of each type enter the market with an
equal wealth share. The economy is described in detail in section 2.3. This setting brings stationarity
in the long run and none of the agents is completely crowded out. Figure 9 depicts the changes in
asset prices with the change in wealth share of the sophisticated time-inconsistent agent. We can see
that the level of the risk-free rate is higher: from 3.7% when the sophisticated agent hold 0.01% of
the consumption share to about 4% when she dominates the economy. The reason is that in the OLG
setting agents take into account their probability to die in the future and discount their consumption
stream by a higher rate. Effectively, these agents have a shorter horizon and higher impatience than the
infinite-horizon investors I studied in the previous sections. As a result they require a higher risk-free
rate to postpone consumption. As in the survival economy case the risk-free rate increases with the
share of more shortsighted and impatient time-inconsistent agents. The risk-free rate responds stronger

to an increase in the wealth share of the naive agent, increasing from 4% to 12.5% (Figure 10).

5.2.2 Risk premium

As in the survival economy, the risk premium in the economy increases the larger the share of naive
agents is (Figure 10). In the previous subsection I showed that the presence of naive agents gives rise
to long-run risks and agents require a larger risk premium as a result. The effect in the OLG setting is
more pronounced because as Garleanu and Panageas (2015) show, the individual consumption growth
of agents may contain a persistent component, even though aggregate consumption growth is i.i.d. The
condition for this to occur is that one of the agents has lower EIS and both of them prefer early or
late resolution of uncertainty. As I showed previously, the consumption behavior of the naive agent
is consistent with that of an agent with low EIS. Thus, in an OLG setting, long-run risks emerge
endogenously in the presence of naive agents, even though they are less averse to such risk. Under
the preference of early resolution of uncertainty these risks are priced. Figure 11 shows that realized
consumption growth of the naive agent decreases with her wealth share (as a result of the entrance
of newborn agents with equal share), while her consumption-wealth ratio increases (Figure 12). The
consumption growth of the time-consistent agent then increases. Since this agent has a higher EIS and
is more averse to long-run risk she requires a higher premium in order to hold a larger share of the risky
asset, which drives the risk premium and the market price of risk up.

An interesting pattern in the risk premium as a function of the wealth share of the sophisticated
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agents emerges in the OLG economy setting. In contrast to the survival economy case, the risk premium,
volatility of the dividend claim and the price of risk increase with the increase of the sophisticated
agent’s wealth share (Figure 9). The reason is that in this setting, the consumption-wealth ratio of the
sophisticated agent increases with her share in the economy (Figure 12). This behavior is in line with
choosing a smoother consumption path and having a lower effective EIS parameter. The reason for this
choice is the decreasing expected consumption growth rate of the sophisticated agent as her wealth share
increases. This effect is caused by newborn agents who enter the economy with equal proportion and
decrease the relative share of the dominating type of agents. Thus, taking into account the heterogeneity
between agents in the economy allows us to understand the effect of their interactions on asset prices.
In the presence of short-sighted agents the importance of long-run risks does not decrease, although

they are less averse to them. Instead, such risks emerge endogenously and drive the risk premium up.

5.3 Survival economy with exogenous long-run risk

In this section I consider the effect of long-run risk on the risk sharing between a time-inconsistent
and a time-consistent agent and the asset prices in the economy. As described in section 2.4. I model
the aggregate consumption growth with long-run risk using a Markov regime switching model with two
states — expansion (up) and recession (down). Note that the persistent component in the consumption
growth rate corresponding to the parametrization of Bansal and Yaron (2004) imposes that there is a
98% probability that the economy will remain in the same state as it was in the previous period.

The time-inconsistent agent puts a larger weight on the short-run compared to the time-consistent
agent, so she is less averse to long-run risks and finds it optimal to sell insurance to the time-consistent
agent against them. The agent who sells insurance effectively invests a larger share of her portfolio in
risky assets, which have a higher expected return in an up state than in a down state. In an up state
the time-inconsistent agent gains share because risky assets bring a higher expected return. Thus, the
insurance fee that the time-consistent agent pays in an up state is the foregone premium from investing
less in risky assets. In a down state the time-inconsistent agent loses share because of the decrease in
expected return on risky assets, so this loss is effectively the insurance she pays to the time-consistent
agent.

To show this effect, I plot the change in the consumption share of the time-inconsistent agent in
the transition from up to down or down to up states. In a shift from down to up state the agent who
sells insurance only collects the insurance fees, so her relative share increases, while in a down state her
share decreases since she needs to pay out the insurance to the other agent. Figure 13 shows the results
when the time-inconsistent agent is sophisticated or naive and holds 50% of the total consumption at
the initial period. As the state of the economy changes from up (denoted by 2) to down (denoted by 1),
the time-inconsistent investor loses a larger share of her wealth than when the shift is from a recession
to an expansion. We know from Theorem 1 (section 4) that all else equal the relative wealth share of

the time-inconsistent agent decreases over time compared to that of the time-consistent agent. The fact
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that she loses a larger share in a shift from down to up state than from an up to a down state means
that the time-inconsistent agent finds it optimal to sell insurance to the time-consistent agent who is
more averse to long-run risk. Due to her time-inconsistency bias, however, even in an expansion period
the time-inconsistent agent cannot gain a larger share than the time-consistent agent. Figure 13 shows
that the effect is more pronounced for the naive agent.

The effect of time inconsistency on the risk-free rate and the risk premium in the economy with
long-run risk is similar to the one in an economy with i.i.d. shocks. While the risk-free rate increases
with the wealth share of the time-inconsistent agent both when she is sophisticated and naive, the risk
premium only becomes larger with the increase in the wealth share of the time-inconsistent agent if she
is naive (Figures 14 and 15). In an up state as her consumption share increases from 0.1% to 99.99%
the premium increases from 2.7% to over 6% and in a down state — from 2.1% to over 6%. Since the
agent invests a larger proportion of her portfolio in risky assets she requires a higher compensation for
bearing extra risk, which drives the premium in an economy with long-run risk higher than the one in
an i.i.d. economy. The volatility of the dividend claim also increases while the price of risk remains flat.

Contrary to what we observe in reality, however, the equity premium implied by the model with time-
inconsistent agents is higher in the up state compared to the down state, meaning that it is procyclical
instead of countercyclical. The fact that the time-inconsistent agent who is less averse to long-run risk
sells insurance to the time-consistent agent induces a countercyclicality mechanism. Since the time-
inconsistent agent is less averse to long-run risk she requires a lower premium for it compared to the
time-consistent agent. The time-inconsistent agent collects insurance fees in the up state but pays out
insurance to the time-consistent agent in the down state, so she has a relatively larger (smaller) wealth
share and drives the equity premium down (up) in an expansion (recession). However, this mechanism
is counteracted by the relative loss of share of the time-inconsistent agent in every state due to her bias,
which results in a net procyclicality instead of countercyclicality in the economy.

The results presented in this section have important implications for the parametrization of long-run
risk models. Epstein, Farhi, and Strzalecki (2014) raise the concern that the long-run risk model uses
an extreme value for the EIS parameter in order to match asset pricing moments, which induces that
agents would be willing to give up more than 30% of their wealth in order to resolve future uncertainty.
The fact that naive have a lower effective EIS, but the risk premium increases as their wealth share in
the economy increases, alleviates this concern. Instead of reducing the importance of long-run risks and
decreasing the risk premium, agents who are less averse to such risks lead to a higher risk premium,

even though their effective EIS is lower.

6. Long-run and stationarity implications

In this section I study the long-run implications of the model in a survival economy and in a stationary

setting with overlapping generations. This will shed light on the actual share and importance of the
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time-inconsistent agents for determining the asset prices in the economy.

6.1 Long-run survival

Theorem 1 shows that the effective time discount factor of the sophisticated time-inconsistent agent is
smaller than the one of the time-consistent agent meaning that she is more impatient and her relative
wealth share decreases over time. The naive agent does not realize her bias and does not predict her
overconsumption. This misjudgment of future immediate consumption drives the agent to consume out
of her savings and as her mistakes accumulate over time she loses share even faster than the sophisticated
agent. To quantify the result, I consider two values of the time inconsistency parameter dy, 0.9 and
0.98, annually. The rest of the parameters are equal for both agents and based on the parametrization of
Bansal and Yaron (2004): EIS ¢ = 1.5, risk aversion vy = 10, and time discount factor g = 0.998. Table
1 and Figure 16 shows the consumption share of the naive time-inconsistent agent with dy = 0.9 over
time. If her initial share is ¢y = 50%, after 10 years, it drops down to 43.86%. After 20 years the agent
is left with 37.28% and after 50 years she is crowded out of the market. When the time-inconsistent
agent is instead endowed with 95% of total consumption in the beginning, the decrease in consumption
share is much slower. After 50 years she loses less than 20% of her wealth and is left with 75.56%. Thus,
the smaller wealth share the sophisticated time-inconsistent agent controls, the faster she loses wealth.
The effect is weaker when the time inconsistency parameter is higher (§; = 0.98) and the agent is less
biased (Figure 17). In this case, when her initial share is 50% she is crowded out of the market only
after 200 years.

In Table 2 and Figure 16 I present the consumption share evolution of the sophisticated time-
inconsistent agent using two time inconsistency parameter values dg, 0.9 and 0.98. We see that the
sophisticated agent is crowded out of the market by the time-consistent agent much slower than the naive
one. The reason is that she corrects for her time inconsistency bias and her errors do not accumulate
over time. After 500 years her share decreases to 40.41% if she is highly short-sighted (65 = 0.9). If she
is not as short-sighted (ds = 0.98) her loss of share is less than 2%.

6.2 OLG setting and stationarity implications

Next I consider the wealth distribution between time-consistent and time-inconsistent agents in an OLG
setting. Since every quarter newborn agents of each type enter the market and they are endowed with
equal wealth shares, both types of agents survive in the long-run and their wealth shares converge to a
stationary value. Figure 18 shows the consumption share evolution of the sophisticated time-inconsistent
agent with dg = dn = 0.9. Regardless of her starting share (5%, 50% or 95%) the agent holds 49.5%
in the long-run. Since the sophisticated agent corrects for her bias and her overconsumption does not
accumulate over time, her share remains very close to that of the time-consistent agent. The naive
agent, however, does not realize her bias and keeps consuming out of her savings every period, which

shrinks her relative share to the time-consistent agent more than the one of the sophisticated agent.
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Stationarity is achieved after about 100 years and the naive agents’ share of aggregate consumption
converges to about 10% in the long-run. Decreasing the level of time inconsistency and calibrating
d0g = oy = 0.98 brings the consumption shares of both the sophisticated and the naive agents closer
to the one of the time-consistent agent. Figure 19 shows that the stationary consumption share of the
sophisticated agent is nearly 50% while the one of the naive agent is about 37%.

As previously pointed out, the larger the share of naive time-inconsistent agents in the economy
is, the larger impact they have on the risk-free rate and risk premium. In addition, even though a
larger level of time inconsistency emphasizes this effect, it is associated with higher level impatience
and overconsumption of the agents which shrinks their stationary wealth share in the economy. Thus,
if the time inconsistency level is higher (65 = 0.9), the risk premium increases from 1.84% to over 6%
as the wealth share of the naive agent increases from 0.01% to 99.99%, but since in the stationarity
she only holds 10% of the total wealth share, the stationary risk premium becomes 2.04%. Hence,
even though if naive agent hold a relatively small fraction of the total wealth, they still increase the
equilibrium premium by about 20-30bp, which is economically sizable. This represents a 10-15% increase
in the premium compared to the baseline model with a representative time-consistent agent. If instead
the time-inconsistency level is lower (65 = 0.98), the effect of the naive agents’ wealth share on the
premium is smaller, but they hold about 37% of the total wealth in the economy. Thus, the stationary
risk premium amounts about 2.1%, which again represents an increase of 20-30bp in the premium. We
can conclude that considering heterogeneity among agents is important and sheds light on the wealth

distribution in the economy and the corresponding implications for asset prices.

6.3 Parameter sensitivity

The time inconsistency parameter values I pick (0.9 and 0.98 annually) are higher than the ones ex-
perimental literature estimates (0.6 to 0.85 annually). The reason I choose a more conservative level of
time inconsistency is twofold. First, Halevy (2015) shows that present-bias preferences are not the only
source of time inconsistency. Two alternative sources can be the higher risk of distant future rewards
attributed to an inherently larger uncertainty the future holds and the higher than expected demand
for liquidity created by potential unpredicted constraints the agents may face. In experiments these
effects are difficult to isolate and can be picked up by the time inconsistency parameter, leading to a
larger short-term discounting than short-termism induces.

Second, solving an equilibrium model with a time-consistent and a naive time-inconsistent investor
who has an annual 6 = 0.8 leads to extreme wealth distribution dynamics. Figure 20 shows that if at
the starting period the naive agent holds 50% of total consumption, she will be entirely crowded out
of the market in 3 years. When she starts with 95% of initial consumption share, she still loses her
entire wealth in less than 35 years. Even considering an OLG setting in which newborn naive agents are
endowed with equal share to the time-consistent newborn agents and enter the market every quarter

still brings an extreme outcome. Regardless of the initial consumption share, the naive agents end up
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with a 0.5% consumption share when the economy comes to a stationary point (Figure 21). Thus, in
an equilibrium setting naive agents with a time inconsistency parameter oy = 0.8 consume almost their
entire wealth within a very short period of time and hold a negligibly small fraction of the total wealth in
the economy. Thus is an extreme and unlikely outcome, which would contradict the vast experimental

findings showing that investors with such time inconsistency biases do exist.

7. Conclusion

This paper examines the role of time inconsistency for the risk sharing and wealth distribution among
agents and the corresponding effect on asset prices. I find that a naive time-inconsistent agents over-
consumes and has a lower effective elasticity of intertemporal substitution (EIS) than a time-consistent
agent, even if both agents are endowed with the same EIS. This result has two important economic
implications. First, in both survival and overlapping-generations settings, the suboptimal consumption
and savings decisions of naive agents gives rise to long-run risks, even though they are shortsighted
and more averse to such risks. Under the preference for early resolution of uncertainty such risks are
positively priced. As a result, in a general equilibrium model I show that when the wealth share of
time-inconsistent agents increases, so do the risk-free rate, volatility, and equity premium in the econ-
omy. Second, this outcome alleviates the concern that long-run risk models use an extreme level of EIS
to match asset pricing moments. Instead of decreasing the risk premium, naive agents who have a lower
effective EIS drive the premium up. In an economy with exogenous long-run risk both sophisticated
and naive time-inconsistent agents who are less averse to these risks find it optimal to sell insurance to
the time-consistent agents. This generates a countercyclical mechanism in the risk premium, which is,
however, counteracted by the fact that both in recessions and expansions the relative wealth share of
time-inconsistent agents decreases over time compared to that of a time-consistent agents. Accounting
for the plausible heterogeneity in terms of time inconsistency sheds light on the long-run and stationary
wealth distribution among agents and its effect on asset prices. Even if time-inconsistent agents hold
a small fraction of total wealth (10%), they still contribute to a sizable 10-15% increase in the risk

premium above the one in an economy with a representative time-consistent agent.
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A Tables and figures

Figure 1: Conditional moments of the dividend claim: TC and Sophisticated TI agents

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-inconsistent (TI) agent in a survival economy with i.i.d. consumption growth
rate and two types of agents. One of the agents is time-consistent (TC) and the other one is sophisticated time-
inconsistent (TI) with time inconsistency parameter jg = 0.9. Both agents are endowed with Epstein-Zin-Weil
preferences with equal preference parameters: 5 = 0.998,v = 10,4 = 1.5.
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Figure 2: Conditional moments of the dividend claim: TC and Naive TI agents

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-inconsistent (TT) agent in a survival economy with i.i.d. consumption growth rate
and two types of agents. One of the agents is time-consistent (T'C) and the other one is naive time-inconsistent
(TT) with time inconsistency parameter js = 0.9. Both agents are endowed with Epstein-Zin-Weil preferences
with equal preference parameters: § = 0.998,~v = 10,9 = 1.5.
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Figure 3: Consumption-wealth ratios: Survival economy

This figure shows the consumption-wealth ratios (C/W) of the sophisticated and naive time-inconsistent (TT)
agents and the time-consistent (TC) agent. The setting is a survival economy with i.i.d. consumption growth
rate and two types of agents. The time inconsistency parameter is dg = 0.9. Both agents are endowed with
Epstein-Zin-Weil preferences with equal preference parameters: = 0.998,v = 10,4 = 1.5.
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Figure 4: Individual consumption growth rate: Survival economy

The figure plots the expected consumption growth rate of the time-consistent (TC), and the time-inconsistent
(TI) sophisticated and naive agents against the consumption share of the time-inconsistent agent in the economy.
E[TI] denotes the believed expected consumption growth of the naive agent.
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Figure 5: Conditional moments of the dividend claim: TC and naive TT agents with CRRA

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-inconsistent (TI) agent in a survival economy with i.i.d. consumption growth
rate. One of the agents is time-consistent (TC) and the other one is naive time-inconsistent (TI) with time
inconsistency parameter dg = 0.9. Both agents are endowed with CRRA preferences with equal preference
parameters: 8 = 0.998,v = 10,¢ = 0.1.
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Figure 6: Conditional moments of the dividend claim: TC agents with different EIS

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-consistent (T'C) agent with lower elasticity of intertermporal substitution (EIS) in
a survival economy with i.i.d. consumption growth rate and two time-consistent agents with different EIS. One
of the agents has and ¥4 = 0.2 and the other one ¥ g = 2. Both agents are endowed with Epstein-Zin preferences
with 8 = 0.998,~ = 10.

Annualized risk-free rate Annualized risk premium

0.06
0.14 r
0.05¢
0.12
]
£
(]
o - o
= 0.08 5 0.03
3 ¥
0.04 |
0.01¢
0.02
1 1 1 1 0 1 1 1 1
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Tl agent consumption share Tl agent consumption share
Annualized volaility Annualized price of risk
0.16 - : - - 0.3 - : - :
0.15f ] 0.25¢
4
> 2
= =
T 0.14f . © 02}
9 3
> e
o
0.13 ] 0.15¢
0.12 ; ; ; ; 0.1 ; ; ; ;
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Tl agent consumption share Tl agent consumption share

41



Figure 7: Conditional risk premium and volatility across different EIS levels

The figure plots the conditional annualized risk premium and volatility against the consumption share of the
time-inconsistent naive (TI) in a survival economy with i.i.d. consumption growth rate. One of the agents is
time-consistent (TC) and the other is naive time-inconsistent (TT). The elasticity of intertemporal susbstitution
(EIS) varies between 0.1, 1.5, and 2. Both agents are endowed with Epstein-Zin preferences with 8 = 0.998, v = 10.
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Figure 8: Conditional moments of the dividend claim: TC agents with different time
discount rates

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-consistent (TC) agent with lower time discount rate in a survival economy with
ii.d. consumption growth rate and two time-consistent agents with different time discount factors. One of the
agents has 84 = 0.995 and the other one Sg = 0.998. Both agents are endowed with Epstein-Zin preferences with
¥ =1.5,v=10.
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Figure 9: Conditional moments of the dividend claim in OLG economy: TC and Sophis-
ticated T1 agents

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-inconsistent (TT) agent in an OLG economy with i.i.d. consumption growth rate
and two types of agents. One of the agents is time-consistent (TC) and the other one is sophisticated time-
inconsistent (TT) with time inconsistency parameter js = 0.9. Both agents are endowed with Epstein-Zin-Weil
preferences with equal preference parameters: § = 0.998,v = 10,¢ = 1.5.
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Figure 10: Conditional moments of the dividend claim in OLG economy: TC and Naive
TI agents

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against the
consumption share of the time-inconsistent (TT) agent in an OLG economy with i.i.d. consumption growth rate
and two types of agents. One of the agents is time-consistent (T'C) and the other one is naive time-inconsistent
(TT) with time inconsistency parameter dg = 0.9. Both agents are endowed with Epstein-Zin-Weil preferences
with equal preference parameters: § = 0.998,~v = 10,1 = 1.5.
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Figure 11: Individual consumption growth rate: OLG economy

The figure plots the expected consumption growth rate of time-consistent (T'C), sophisticated and naive time-
inconsistent (TT) agents against the consumption share in the economy of the time-inconsistent agent. E[TT]
denotes the believed expected consumption growth of the naive agent.
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This figure shows the consumption-wealth ratios (C/W) of the sophisticated and naive time-inconsistent (TT)
agents and the time-consistent (TC) agent. The setting is an OLG economy with i.i.d. consumption growth rate
and two types of agents. One of the agents is time-consistent (TC) and the other one is naive or sophisticated time-
inconsistent (TT) with time inconsistency parameter ds = 0.9. Both agents are endowed with Epstein-Zin-Weil

Figure 12: Consumption-wealth ratios: OLG economy

preferences with equal preference parameters: § = 0.998,v = 10,9 = 1.5.
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Figure 13: Consumption sharing rule: Survival economy with LRR

The figure plots the response of the consumption share of the sophsticated and naive time-inconsistent agents in
down (1) and up (2) states. Both agents are endowed with an initial consumption share of ¢ = 0.5 of aggregate
consumption and with Epstein-Zin-Weil preferences with equal preference parameters: g = 0.998,v = 10,9 = 1.5.
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Figure 14: Conditional moments of the dividend claim with LRR: TC and Sophisticated

TI agents

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against
the consumption share of the time-inconsistent (TI) agent in an economy with long-run risks in the aggregate
consumption growth and two types of agents. One of the agents is time-consistent (T'C) and the other one is
sophisticated time-inconsistent (TT) with time inconsistency parameter g = 0.9. Both agents are endowed with
Epstein-Zin-Weil preferences with equal preference parameters: = 0.998,v = 10,¢ = 1.5.
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Figure 15: Conditional moments of the dividend claim with LRR: TC and Naive TI agents

The figure plots the conditional annualized risk-free rate, risk premium, volatility, and price of risk against
the consumption share of the time-inconsistent (TI) agent in an economy with long-run risks in the aggregate
consumption growth and two types of agents. One of the agents is time-consistent (TC) and the other one
is naive time-inconsistent (TTI) with time inconsistency parameter ds = 0.9. Both agents are endowed with
Epstein-Zin-Weil preferences with equal preference parameters: g = 0.998,v = 10,¢ = 1.5.
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Table 1: Equilibrium consumption share evolution: naive agent

The table shows the consumption share evolution of the naive time-inconsistent agent over time. The median
consumption share over 1000 simulations is reported. Two initial endowment levels of the naive agent are con-
sidered: cy = 50.00% and cy = 95.00%. The time inconsistency parameter is either dy = 0.9 or 6 = 0.98. The
rest of the preference parameters are equal for the two investors: 5 = 0.998,~v = 10,1 = 1.5.

on =0.9 on =0.98
10 years 20 years 50 years 50 years 100 years 200 years
ey = 50.00% 43.86% 37.28% 0.00% 39.17% 29.14% 0.00%
en = 95.00% 92.16% 88.17% 75.56% 89.15% 81.59% 63.61%

Table 2: Equilibrium wealth distribution: sophisticated agent

The table shows the consumption share of the sophisticated time-inconsistent agent after 50, 100, and 500 years
of trading with the time-consistent agent. The median consumption share over 1000 simulations is reported. Two
initial endowment levels of the time-inconsistent agent are considered: cg = 50.00% and cs = 95.00%. The time
inconsistency parameter is either dg = 0.9 or g = 0.98. The rest of the preference parameters are equal for the
two investors: 5 =0.998,v = 10,¢ = 1.5.

0s =0.9 s = 0.98
50 year 100 years 500 years 50 year 100 years 500 year
cs = 50.00%  49.04% 48.07% 40.41% 49.82% 49.63% 48.11%
cs = 95.00%  94.86% 94.52% 94.11% 94.99% 94.96% 94.53%

Table 3: Equilibrium wealth distribution: naive agent

The table shows the consumption share of the naive time-inconsistent agent after 1, 3, and 35 years of trading
with the time-consistent agent. The median consumption share over 1000 simulations is reported. Two initial
endowment levels of the time-inconsistent agent are considered: cy = 50.00% and ¢y = 99.99%. The time
inconsistency parameter is either §y = 0.6 or 5y = 0.8. The rest of the preference parameters are equal for the
two investors: 8 = 0.998,v = 10,% = 1.5.

oy = 0.6 oy =0.8
1 year 3 years 35 years 1 year 3 years 35 year
en = 50.00% 3.04% 0.00% 0.00% 38.83% 0.00% 0.00%
ey =95.00%  99.98%  99.84% 0.00% 99.98%  99.96% 0.00%
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Figure 16: Consumption share evolution in a survival economy (¢ = 0.9)

The figure shows the consumption share evolution of the sophisticated and naive time-inconsistent agents in a
survival economy with i.i.d. consumption growth over 2000 quarters (500 years) ahead. The starting endowment
is 50% or 95% of the total aggregate consumption. The time inconsistency parameter is §4 = 0.9. The rest of
the preference parameters are equal for the two investors: 8 = 0.998,v = 10,¢ = 1.5.

o Sophisticated agent Naive agent
i 1 1
ﬁ ............................................................. 9
c L ] :
S 09 —— B 08 —
g_ fifco-som .5 — — —¢.=50%
208 c,=95% 5 |~ c.=95%
c € 06
o >
o 0
=2 0.7} <
o
@ '5) \
o} 0.6 Q
Q o \
g ©
8 Qo02¢ \
05 ——__ = \
= —-— pd 1
3 T~ |
n 04 ' ' ' — 0 — ; : '
0 500 1000 1500 2000 0 500 1000 1500 2000
quarters quarters

52



Figure 17: Consumption share evolution in a survival economy (§ = 0.98)

The figure shows the consumption share evolution of the sophisticated and naive time-inconsistent agents in a
survival economy with i.i.d. consumption growth over 2000 quarters (500 years) ahead. The starting endowment
is 50% or 95% of the total aggregate consumption. The time inconsistency parameter is 64 = 0.98. The rest of
the preference parameters are equal for the two investors: 8 = 0.998,v = 10,¢ = 1.5.
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Figure 18: Consumption share evolution in an OLG economy (¢ = 0.9)

The figure shows the consumption share evolution of the sophisticated and naive time-inconsistent agents in an
OLG economy with i.i.d. consumption growth over 2000 quarters (500 years) ahead. The starting endowment is
5%, 50% or 95% of the total aggregate consumption. The time inconsistency parameter is §4 = 0.9. The rest of
the preference parameters are equal for the two investors: 8 = 0.998,v = 10,9 = 1.5.

Sophisticated agent Naive agent
o 1 : : : 1 :
[ 5 3
'5) c.=5% o c.=5%
é 0.8 — — —¢,.=50% Jc:(: 0.8t — 7C0:50%
g— ......... c_.=95% .5 ......... CO:QS%
> -
o
g 0.6 €06
3} 2
— [
S 0.4 % 0.4 \
° \
% =y \
o0 (0] | \
S 0.2 > 02 N
N2 [ N
§_ pd —
2B : : : 0 : : :
0 500 1000 1500 2000 0 500 1000 1500 2000
quarters quarters

o4



Figure 19: Consumption share evolution in an OLG economy (¢ = 0.98)

The figure shows the consumption share evolution of the sophisticated and naive time-inconsistent agents in an
OLG economy with i.i.d. consumption growth over 2000 quarters (500 years) ahead. The starting endowment is
5%, 50% or 95% of the total aggregate consumption. The time inconsistency parameter is § 4 = 0.98. The rest of
the preference parameters are equal for the two investors: 8 = 0.998,v = 10,¢ = 1.5.
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Figure 20: Consumption share evolution in a survival economy (¢ = 0.8)

The figure shows the consumption share evolution of the naive time-inconsistent agents in a survival economy
with ii.d. consumption growth over 200 quarters (50 years) ahead. The starting endowment is 50% or 95%
of the total aggregate consumption. The time inconsistency parameter is §4 = 0.8. The rest of the preference
parameters are equal for the two investors: g = 0.998,v = 10,¢ = 1.5.
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Figure 21: Consumption share evolution in an OLG economy (4 = 0.8)

The figure shows the consumption share evolution of the naive time-inconsistent agents in an OLG economy with
iid. consumption growth over 50 quarters (12.5 years) ahead. The starting endowment is 50% of the total
aggregate consumption. The time inconsistency parameter is 6 4 = 0.8. The rest of the preference parameters are
equal for the two investors: 8 = 0.998,v = 10,y = 1.5.
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B Stochastic discount factor

2.1 Sophisticated time-inconsistent agent
2.1.1 CRRA preferences

We first consider the optimization problem of the sophisticated time-inconsistent agent. She is aware of
her self-control problems and therefore realizes that she values future strings of consumption differently
today from the way she will value them tomorrow. The first subindex in notation notes the period from
which the agent values each variable, while the second subindex shows the actual time period of the

variable.

Voo = max U(Cop)+ 68Eo[Vo,1(Wo,1)] (80)
Co,0,Wo,1
s.t. pCoo + Eo[I1i Wy 1] < oW 0 (81)
1
Vou(Wor) = —Cgy + BVo2(Woz) (82)

The continuation function Vg 1(Wp 1) shows the value that self 0 gives to future consumption. Through-
out the paper the first subindex denotes the time at which an agent makes a plan about a given variable
and the second subindex shows the time at which the value takes place. For instance, V1 denotes the
value function at time 1 according to the plan that self 0 makes at time 0.

Equation (82) shows that the time discount factor that self 0 plans to use is § > §3. This means
that self 0 gives larger relative weight on immediate consumption at time 0 than she plans to give
on immediate consumption at time 1. The agent, however, realizes that this function differs from the
actual V1 (Wp 1) that self 1 will optimize. Hence, she will incorporate this in her plan for time 1 and
the planned consumption and wealth will be equal to the optimal consumption and wealth that self 1

will solve for: Cp1 = C11 and Wy 1 = Wy 1. The Lagrangian is given as follows:

II
L = U(Cop)+ dBEy[Vo1(Wo,1)] + Aoy (Wo,o — Co,0 — Ey |:1—[(1)W0,175:|> (83)

The first-order conditions at each state s are:

oL _

2L gt =0 &
= oo =Cfy" (85)

oL Vo1 (Woa,s) I
= spZor\Wors) sy 86
oW 1,s 8 oW 1,s m, | 7% (86)

Vo1 (Wo,1)
= doo = 08—k, (87)
Ds 1,

where p; is the probability of state s realizing at time t. From equations (85) and (87) it follows that
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the stochastic discount factor is:

Mo, 1(Wo,1,s)

Iy s OWo,1,s
= =f——" 88
Iy p pscaal (88)
Analogously, the maximization problem for a time-inconsistent sophisticated agent at time 1 is:
V171 = max U(Cl,l) + (5,3E1 [VLQ(WLQ)] (89)
C1,1,W1,2
s.t. H1Cl71 + F4 [HQWLQ] < H1W1’1 (90)
1
Vip(Wiz) = —Cip+ BVi3(Wis) (91)
The Lagrangian is:
11y
L = U(Cip)+0BE1[Vig(Wi2)]+ A1 | Wi —Cii— Eq EW1,2,5 (92)

where according to the Envelope theorem applied to the value function Vy*; at time 1 at its optimum

we get:

oVii(Wias)  oC _ oV (W) OV (Wis)
OWi1s  OWiis OWi1s 0011

= Cﬁ;; (93)

Hence we can represent the SDF of a sophisticated time-inconsistent agent as the SDF of a time-

consistent agent times an adjustment term:

H 8V0,1(W0,1,S) C a—1 8V0,1(W0,1,s)
1 OWo.1.s 1,1, OWo.1.5
H,s = 68— 0&121 - =68 < . s> o 1(%/11 — (94)
0 PsCo 0,0 Sl
s 1,8

Assuming that consumption is homogenous of degree one in wealth (C' = ¢W') we can rewrite the

stochastic discount factor as follows:

a-1 |14 glp, [22]® a ol o
s 5 <C1,1,s) 1[[0‘+5an [01,1} }Xa%vleWl:LS py (Cl,l,s> " Voa (95)

1I C 1 1 Va,2 @ « a—1 C V1 1
0 0.0 a TOBLE || | % a9l Wi 0.0 ’

Since Vp1 > Vi1 there exists a specification of parameters under which the sophisticated time-

inconsistent agent can outcrowd the time-consistent agent with time discount parameter 3.
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2.1.2 Epstein-Zin preferences

A sophisticated time-inconsistent agent solves the following problem

1
Voo = _ max [Cho+08E[(Voa(Wo,))*)5|” (96)
Co,0,Wo,1,s ’
s.t. IICy 0+ E@[H1WO 1] < IIyWo o (97)
1
Vo1 = [011+5E1[(V02 Wo2)) g}p (98)

where Vp 1 is the value that the self 0 gives to future consumption . Hence, the Lagrangian and the

first-order conditions w.r.t. Cpo and Wy 1 s in each state s are:

12 11
£ o= [og,+ wEo[(Vc),l(Wo,l))a]i} "+ dog <Wo,o ~ Cop— Ey [r[;WOJD (99)
oL Vo0 p—1
— AU — = 1
80070 800’0 )\00 VE)O pCOO )\00 0 ( OO)
oL Vo0 Hls
- — Ds Ao,0 =
OWo1,s OWo 1, I
- p—a .1 % (Wols)p
= e P S8 (B[ (Wor)®]) 55" aVr (Wt o) 2Vt (Wors) P 2 retVoLs)”
5700 B (Eo[Vop(Wo,1)?]) = Vo1 (Wo,1,s) p 01(Woas) OWo 1,
Hls
B _ 101
.

where Ao is the Lagrangian multiplier at time 0 and ps is the probability of state s occurring at time

t. From equations (100) and (101) it follows that the stochastic discount factor at state s will be:

oV, 1 0Vo,1(Wo,1,5)° a—p
Hys 8W((>),1D,s _p 081Wo,2,1 ( Vo,1(Wo,1,s) > (102)
ez - -1 1
o aCes psCio Eo[Vo,1 (Wo,)]=
At time ¢t = 1 the sophisticated time-inconsistent agent maximizes:
L1t
Vie = max |CF)+08E[(Via(Wi2))]4]” (103)
C1,1,Wa 25 ’
s.t. 1 Cr1 + Er[IlaWa o] < TIiWh (104)
II
= Ci1=Wi1—Ep |:HjWO,O:| (105)
Thus, the Lagrangian is:
Ak I,
L = Cf,l + 5BE1[(‘/1,2(W1,2))(X]5:| p + )\1’1 (Wl,l — 01,1 — F; |:1_[1W2’2:|> (106)
8£ 3V1 1 1 1— —1
= = — = -V pClT" —X1=0
9C1y  0Cyy M T prn Pl AL
= =V or (107)
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By the envelope theorem applied to the value function V7, at time 1 at its optimum it follows that:

oviy(Wias)  oc _ oV (W) OV (Wins)
Wiis — OWiis OWiis  0Ciigs

= )‘1 1= V111 pCl 1,8 (108)

To see this alternatively we can substitute the optimal CY ; that follows from constraint (105) in equation

(103), where (105) holds when V7", is at its optimum. Considering the two partial derivatives gives:

OVia(Wirs)  OVin(Wias)

= = Vi "0 109
W16 W1, 1,1 1,1,3 (109)
Thus,
OVia(Wins) 14 ,0Viai(Wiis)? - 19Vi1(Wi1s)P
D e M St VAR /S S s L MM LI LI v SS 'S o 2O \WLLs) e 110
OW1 1 P W1 1,1 1,1,s 0 OWiis 1 1 s (110)

In order to rewrite the stochastic discount factor of the sophisticated time-inconsistent agent in
terms of the optimal consumption share at time 1, C7 1, we multiply the stochastic discount factor by

an adjustment term:

1 8V0,1(W0,1,s)p a—p 1 8V171(W1,1,s)p
M,  p Wore ( Vo1(Wo,1.s) ) P M (111)
— 1 1 oV Wiis
Iy psCio Eo[Vo,1(Wo,1)%] %W
B a—p OV 1(Wo,1,s)P
Cris )" Vo1 (Wo,1.s) _ MWous
= (55 T alt V1,1 (Wy1,5)P (112)
0,0 Er[(Voa(Wh,1))e]e T oWia.

Note that, the envelope theorem can be applied to Vi at its optimum since this is the function that the
agent maximizes and C7; is the optimal solution. However, the envelope theorem cannot be applied to
Vo1 at the optimum of Vi*; since C7; does not maximize Vp ;. Assuming consumption is homogenous
of degree one in wealth (C' = W) and noting that for the sophisticated time-inconsistent agent her

consumption plan equal the optimal consumption (Cp; = C;; and Wy ; = W; 1) we can substitute the

partial derivatives in equation (112) as follows:
) a—p V2,2>a}ap x pyf wrL
s 55 <Cl,1,s>p ( Vo (Wi,s) ) C1a 0.1s™" 1,18
= = - -
o Coo Eo[(Via(Wo))o]= {1 + B Ey [( ) }
)
)

B Cris )" Voau(Wiis) - Voa (Wi
= 55(00()) (Eo[(%,l(Wl,l))a]i) <V11(W115> (113)

Since (Voi1(Wi,1,s))? > (Vi1(Wi,1,s))P there are specifications of the parameters under which the

[1+5E0[

Qe

p p—1
] X poa,sWins

time-inconsistent agent can dominate over a time-consistent agent with time discount factor 5.
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2.2 Naive time-inconsistent agent

We next consider the optimization problem of the naive time-inconsistent agent. She does not realize
her self-control problems and therefore values future strings of consumption today the same way she
will value them tomorrow. Thus she believes she will not be time-inconsistent tomorrow, but instead

will discount future cash flows rationally.

2.2.1 CRRA preferences

‘/070 = max U(CQQ) + 0B Ey [%J(W(),l)] (114)
Co,0,Wo,1
s.t. 1IpCo o + Eo[H1W071] < IIyWopo (115)
1
Vou(Wor) = —Coa+ BVo2(Woz) (116)

The continuation function Vj (W 1) shows the value that self 0 gives to future consumption. The only
time discount factor that she plans to use is 5 > 65 which shows that self 0 gives larger relative weight
on immediate consumption at time 0 than she plans to give on immediate consumption at time 1. The
agent, however, does not realize that this function differs from the actual Vi 1(Wi 1) that self 1 will

optimize. The Lagrangian and first-order conditions are given as follows:

11
L = U(Cop)+6BEeVo1(Wi1)]+ Aoo (Wo,o — Co — Ey [H;WO,LS]> (117)
oL o
9Cog ~ oot =X =0 (118)
= Ao = 0&61 (119)
oL OVo1(Wo1s) ITy s

— 5 ) Bl A s ? )\ g 12

oW 1,s & OWo1,s , | 7% 0 (120)
Vo1 (Wo,1)
= Ao = 0f—mle (121)
Ds H(;v

From equations (119) and (121) it follows that the stochastic discount factor is:

Vo1 (Wi1,s)

IT; 4 oW1,1,s (COI>a1
Z =9 — =0 — 122
e =99 e =% (122)
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2.2.2 Epstein-Zin preferences

A naive time-inconsistent agent solves the following problem

1
Voo = _ max [Cho+08E[(Voa(Wo,))*)5|” (123)
Co,0,Wo,1,s ’
s.t. H()C() ,0 + E()[H1W[) 1] < H()W 0,0 (124)
1
Vo1 = [001+5E1[(V02 Wo2)) g}p (125)

where V{1 is the value that the self 0 gives to future consumption . Since this agent is not aware of her
self-control problem she does not consider the optimal consumption C;; in her optimization problem,
but instead considers Cp; (the consumption that self 0 views as optimal). Hence, the Lagrangian and

the first-order conditions w.r.t. Cpo and every Wy 1 s in state s are:

1 11
L = CS,O + 5ﬂEO[(VO,1(WO,1)) ]g} + )\0 0 <W070 — C(),o — B |:H(1)W0’1:|> (126)
oL 6‘/0 0 1-p p—1
_ 0 _ g — 12
9Cos 2Cos Ao0,0 = Vo 0" PClo" — X0 =0 (127)
oL o avb,o _ Hl ,S A
MWors 8W0,1,s Sl | 70T
_ = lpr E « % a—ll l—pa‘/o,l(WO,l,S)p
pVo,o .08 (Eo[Vo.i(Wo,1)]) = aVo1(Wo,1s) pVo,l(Wo,l,s) T oWors
Hl s _
- [ L } Moo = 0 (128)

where Ao is the Lagrangian multiplier at time 0. From equations (127) and (128) it follows that the

stochastic discount factor at state s will be:

9Vo,0(Wo,0) 1 0Vo,1(Wo,1,6)P a—p
Hl,s o aWO,l,s P 8W0’1’s ‘/Ovl(WO,LS)
I~ Voo(Woo) p—1 T (129)
0 B0 PsCo Eq[Vo(Woa)e]e

By the envelope theorem applied at the optimum of V{; we know that:

Vo 1(Wois) Vo1 (Wo.1.5)
= 2L ToLs) _ 130
0Co,1,s OWp s 01 (130)
_ _ 1 _ a‘/() I(WO 1 s)p
= Vo PorTt = Sy 131
01 Co1 501 Wors (131)

Hence, the stochastic discount factor of the naive time-inconsistent agent is given as follows:

p—1 “r
1}_[175 ~ 5B (%J,l,s) ( Vo1 (Wo,1,s) 1> (132)
0 0,0 Ey[(Vop(Wo1,s))]>
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C Pareto problem and equilibrium derivation

The two-agent Pareto problem can be represented as the optimization of a social planner who maximizes
utilities of the investors of both types. I present the case with two time-consistent agents. However,
as shown by Lucas and Stokey (1984), Kan (1995), and Backus, Routledge, and Zin (2009) a recursive
formulation of the problem exists. Applying Theorem 3 from Lucas and Stockey (1984) it follows that

the Pareto optimal allocation is given by the following Bellman equation:

paq-L

J(Ct, VBy) = max (1- BA) + BaE(I(Cri1, VB t41)*] C“A] oA (133)
{Ca+t,VBt+1}

st. VBi(CByt, VByi41) > VBy (134)

Car+Cpt = C, (135)

where Vp; is the so-called promised utility to agent B at time ¢. The resulting value function for agent
A is then given by Va; = J(Ct, Vp,). Since there is monotonicity in preferences, the utility-promise
constraint is binding and hence, constraint (134) can be replaced by Vg (Cp+, VBi+1) = VB,

To derive the equilibrium condition we formulate and maximize the Lagrangian on the constraints
in equation (133):

1

PA
L= max 1-— CPA + BaE[J(Cit1, Vi QAlay | PA
s (U= B+ BABLT(Cri, Vi)™

gL
# ([0 B0+ BnBAVE )] — Vi) (136)

where \; is the Lagrange multiplier. Now, given the state variables Cy and Vp;, we find the decision

variables C'4; and Vp 41 such that the first-order conditions are satisfied:

oL 1 _ 1 4 _
= _—J(C,.V 1-pa 1— CrA 1 A 7V1 B 1— B 1_ 0 137
80At PA ( ts B,t) pA( BA) At th Bt pB( ,BB) Bt ( )
oL 1\ pa—aa _ 0J,
7‘](0“ Vi)' TP Ba = - (Et[J(Ct+17 VBt+1)™] “A> aad(Cpy1, Vg1)* 4t <i1>
OVBir1  pa aa VB 111
(138)
o _1 \pB—QB op
+ )\t*B Vay pBﬁB* (Et[VBfH] QB) apVEf1 =0
oL an PB15E
o, — (- Be)C + BREVES ]2 | = Vi, (139)
where % = —M¢41, as the function J; 1 depends on the promised utility to agent B, Vg ;41 only

through constraint (134). Thus, changing Vp 11 by a certain amount leads to a decrease in J;41 that

equals that amount times Ay .
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From equation (137) we get:

J(C, Vis) ' =PA (1 — Ba) O
Vg 21— Bp)CRE!
J(Cis1, VB 1) 7PA (1 — ﬁA)Cfl?t:—ll

1— -1
VB,tﬁ (1- BB)C}%?&H

At = at time t (140)

)\t—i—l = at time t+1. (141)

Then we simplify equation (138) and substitute equations (140) and (141) in it:

1-pa oA % paTaA ap—1
J(Ct, V) P4 Ba (Et[J(CtH,VB,tH) ] A) J(Ciy1,VBi41) (=Aey1)+
1 \pPB—QB
+ MV, " BB (Et[ B t+1] QB) Vg?ﬂl =0

I (Crpa, VBit1) 7PA(1 — BA)CIZ‘;IJ

1— -1
VB,t—[f)—El; (1- ﬁB)C]g},BtH

1
[e3

J(C, V1) P48, (Et[J(Ct—f—l; VB,t41)%4] 24

paA—aa
) J(Cis1, VB,g41)™ 4™

J(Cy, Vi)' =Pa(1 — Ba)ChA

— )y 1 pBB < % pB_aBVaB_l
= - =] B Bt Bt+1] B B,t+1
VthpB(l - BB)C]’;%

- IBA<CA,t+1>pA1< J(Ct41, VB,t41) >O‘ApA _ BB<CB,t+1>pBl< VB t+1 )aBpB
Cay E[J(Ci1, VB pg1)@a]t/ea Cpt Et[ngH]l/o‘B

(142)

Equation (142) gives the equilibrium condition. I solve a normalized version of the model with

all variables divided by aggregate consumption. I denote the value functions as v;; = V;+/C; and
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consumption shares as ¢;; = C;;/Cy. Hence, the equilibrium condition can be written as:

5. <CA,t+1Ct+1>pA1 < J(vBt+1)Cr1 )a“pA _ by <cB7t+1Ct+1>pBl < 0B t41C1+1 >aBpB
caiCy Ey[j(vp 1) A Cpy ] ea ¢BtC Eyfvg  Cra]Yor

t+1
(143)

& Ba (‘M>M—1< J (VB t+1)Cti1 >aA_pA i
catCy Eyfj(vB 1) CP |V ea Cpamra

_ ¢ i11Ci+1 """ vB 1110141 e O
=pB| ——F~— a5 9B 11/a (05D (144)
cptCt Eilvpi Craltes Ci

o /BA(CAyt"‘l)pA_l(Ct+1>pA_1<Ct+1>aA_pA< j(UB,t-i-l) >aA—pA _
At Ci Ct Ey[j(vp,t41)%4 (Cipr /Cy) 4] a

B CB.t11 pe—1 Cii1 pp—1 Cii1 ap—pB VB.1 ap—pPB
= g a5 an1la (145)
CBt Ct Ct Eyfvgh 1 (Crya /G| oB

N ﬁA(CA,tH)pA_l(Ct+1>a‘4_1< J(vB 1) )aA_pA _
cAt Cy Eyj(vB41)%4 (Cry1/Cy)alt/@a

pB—l OéB—l aB—pPB
:BB<CB,1€+1> (Ct+1> ( - UB 41 R > (146)
Bt Ct Eyfvgh 1 (Crpa /Cr)oB]H 0B
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