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1 Introduction

Sims| (2006) left rational inattention with an open problem. The Gaussian-quadratic model
was tractable in one dimension, but high-dimensional extensions with arbitrary priors stayed
unresolved. Sims conjectured the optimal signals would often be discrete rather than Gaus-
sian, but did not say how to compute them. Applied work since has kept tractability by as-
suming Gaussian priors or low-dimensional states. Van Nieuwerburgh and Veldkamp] (2010)
solve the portfolio problem within that Gaussian-restricted class and find a corner: limited-
capacity investors specialize in a few stocks. VNV is the right answer within its class. What
to do outside the Gaussian world has stayed open. This paper offers a feasible benchmark
for that case, rotate-then-quantize (RTQ), whose design does not depend on the prior and
whose discrete signals match the form |Sims| (2006) conjectured. RTQ comes within a con-
stant factor of the minimax rate-distortion lower bound, uniformly in dimension and bit
width. Applied to portfolio choice, RT(Q revises the focus-on-a-few prescription that has
dominated the high-dimensional asset-allocation literature: broad coarse signals across all
d assets can dominate concentrated attention on a small subset, with the gap widening as
the universe grows. The result is a tractable benchmark for high-dimensional rational inat-
tention, not a claim that RTQ beats prior-specific solutions such as the concentration result
under a Gaussian prior, which is optimal within that prior’s signal class.

The result has a robust rational-inattention reading. Classical rational inattention solves
for the optimal information structure given a known prior. In high dimensions, prior-specific
solutions are often computationally infeasible or fragile to prior misspecification. We define
a robust benchmark as an information strategy whose worst-case loss is within a constant
factor of the minimax rate-distortion floor, uniformly over priors with finite second moments.
RTQ is such a benchmark. Van Nieuwerburgh and Veldkamp) (2010)) is the optimum within
the Gaussian-restricted signal class and remains the right answer there; RTQ is the robust
benchmark when the prior is not trusted, with the constant-factor guarantee holding with-
out parametric assumptions or distributional input from the analyst. This framing carries
through to the empirical sections: the CRSP/13F evidence asks whether actual portfolio
behavior aligns with the robust benchmark or with the prior-specific corner.

The empirical record is mixed. Actively managed funds concentrate on selected positions,
yet broad index funds that process almost no information persistently outperform them
(Fama and French) 2010; (Carhart, |1997). Multi-product firms adjust prices across many
product lines rather than a few key products (Bhattarai and Schoenle, 2014; Bonomo et al.|

2023)). Speed-dating studies find that participants who meet more partners at a fixed time



budget secure more matches, not fewer[] These patterns suggest selective attention leaves
welfare on the table in high dimensions.

When the number of variables is large, what is the best feasible attention strategy, and
how much welfare does it gain over the concentrated prescription? We address this with the
rotate-then-quantize (RTQ) strategy of Zandieh et al.| (2025), known there as TurboQuant.
RTQ was built for high-dimensional data compression, with a worst-case guarantee that
does not depend on the shape of uncertainty or on the number of variables. We adapt
it to economic decisions, prove the theorems applied work needs, and put it to work on
portfolio choice. The main empirical test is a welfare and behavior comparison on the full
CRSP universe merged with the LSEG 13F panel; a cross-domain validation on Fisman
speed-dating data is in the Internet Appendix.

Consider an investor choosing among 500 stocks under a fixed attention budget. Selective
watches five stocks closely and ignores the other 495. RTQ instead builds 500 composite
signals, each a weighted basket of all 500 stocks, and monitors every composite at coarse
resolution. Because every composite mixes all stocks, coarse readings translate into coarse
estimates of every stock. Think of a pilot scanning many instruments at low resolution
rather than staring at a few. Both use the same attention but allocate it differently: selective
concentrates; RT'Q spreads.

Why does rotation help? |[Zandieh et al. (2025) show that whatever the original distri-
bution, a random rotation makes the coordinates look statistically similar to one another.
A hard joint problem becomes a set of one-dimensional problems with a simple rounding
rule. The same rule, applied to each rotated coordinate, lands within a small multiple of the
theoretical best regardless of distribution or dimension.

The main text develops the theory for the classical rational-inattention problem: one
agent making a high-dimensional decision under quadratic loss, with portfolio choice the
leading application. The Internet Appendix develops a parallel-target extension, in which
one agent faces many decisions at once under a shared attention budget. The extension adds
two theorems, a sufficient-statistic collapse, and a closed-form rule for when spread beats
concentration [

The theory delivers three main-text results. First, RTQ’s worst-case loss is within a
known constant of the minimax rate-distortion lower bound, at any budget and for any
quadratic loss with positive definite weight matrix W. The constant is Cp - x(W) =~
2.72x(W), where Cp = 7v/3/2 and x(W) is the condition number of W. The bound

!The Internet Appendix formalizes this pattern as a cross-domain test of the parallel-target model on the
Fisman data; see Internet Appendix

2Speed-dating conversations, simultaneous forecasts across many assets, and signal compression all fit
this structure.



does not grow with dimension or with the bit budget. [Zandieh et al.| (2025)) prove the un-
weighted version (W = I, where x(W) = 1); we extend to general W. Second, within RTQ),
attention follows a water-filling rule tied to stakes: the agent watches most closely where
mistakes hurt most. Stakes, not volatility, drive optimal attention. Third, selective attention
becomes arbitrarily worse than RTQ as the budget grows, because unmonitored variables
leave a permanent loss floor that extra capacity cannot eraseE|

On the classical portfolio problem, we take RTQ to the full CRSP universe from 1970
to 2026 (221 non-overlapping quarterly windows). The RTQ win rate against VNV climbs
from 43% at a budget of one bit per stock to 72% at two bits per stock and 96% at three bits
per stock, tracing the focus-versus-spread regime boundary that the parallel-target theory
predicts (Proposition . The cost of the concentration prescription is economically large,
of the order routinely quoted as “alpha” in the active-management literatureﬁ

We then take the theory to actual investor behavior. The LSEG 13F panel merged
with CRSP (19802024, 451,121 manager-quarters across 13,571 managers in the fit panel)
shows that in 95.3 percent of manager-quarters the active-weight vector is closer to RTQ
than to the VNV corner. Managers closer to RTQ and farther from VNV earn higher
FF5+UMD risk-adjusted alpha within quarter, which a pure-mandates reading would not
produce. The channel flips sign with private-information regulation. Pre-Reg FD, selective
disclosure rewarded concentration; the differential coefficient on (drrq — dynv) is +10.60.
Reg FD (2000) and Dodd-Frank (2010) erode those rents and the coefficient flips to —9.61,
then —4.58f]

The paper’s main contribution is to introduce RTQ to economics and finance as a general
tool for high-dimensional decision problems. The distribution-free, dimension-free guarantee

is uncommon in economic theory. RTQ fits settings beyond portfolio choice: multi-product

3The Internet Appendix adds two parallel-target results: a sufficient-statistic collapse in which the three
parameters (N, d, B) reduce to a single scaling variable, and a closed-form sufficient-condition regime diagram
above which spread is guaranteed to dominate concentration. It also gives an effective-dimension identity
dilfcf)pe = 1/(1 — ), where  is the log-linear slope of an outcome count on the number of targets. The
slope-implied deg can be compared with a PCA-implied effective dimension of the observed attribute space;
agreement supports the model in a setting outside finance (Section .

4A head-to-head calibration on the S&P 500 proxy (d = 488, 1970-2026) puts dollar numbers on the same
gap: RTQ leaves 0.5 bps per year on the table while VNV leaves 198 at two bits per stock, and the mean
rolling-OOS gap over 1975-2026 is 163 bps per year across 205 non-overlapping 60-month windows, which
compounds to roughly 45 percent of lifetime consumption over 30 years. The full S&P 500 application is in
Internet Appendix

5 An out-of-sample cross-domain test takes the parallel-target prediction to the |[Fisman et al. (2006) speed-
dating experiment (551 participants, 8,378 four-minute conversations, 21 randomized wave sizes from 5 to
22 partners per side). Regressing log(1 + matches) on log(partners) gives a slope of 0.472 (wave-clustered
SE 0.063), implying a slope-based effective attribute dimension of 1.89; PCA on the trait ratings returns
2.68. Internet Appendix reports the regression, the threshold model that produces the slope identity,
and out-of-sample stability checks.



pricing, monetary policy with many state variables, and high-dimensional forecasting. Each
deserves its own treatment in future work. The framework also speaks to the recent adoption
of Al and deep-learning methods in investment management; Internet Appendix shows
that RTQ comes within a constant factor of the spherical minimax rate-distortion floor that
the optimal rank-k linear-MMSE cross-asset attention layer attains asymptotically at a given
bit budget, providing a closed-form theoretical complement to empirical work such as Cong
et al.| (2026).

Our work also contributes to the rational inattention literature. [Van Nieuwerburgh and
Veldkamp| (2010)) is the optimum within the Gaussian-restricted signal class; once that class
is dropped, the universal concentration prescription weakens. RT(Q provides a complemen-
tary benchmark for the non-Gaussian case, with discrete signals matching the form [Sims
(2006) conjectured, and delivers a computable criterion for when each strategy dominates:
water-filling on welfare-weighted eigenvalues replaces volatility-driven prescriptions (Propo-
sition , and selective attention becomes arbitrarily worse than RTQ as capacity grows
because unmonitored variables leave a permanent loss floor (Proposition . The rotation is
a mathematical device, not a literal description of behavior, in the same sense competitive
equilibrium characterizes attainable allocations without requiring agents to solve the auc-
tioneer’s problem. At the same time, RTQ is computationally tractable in closed form, and
modern Al portfolio models such as|Cong et al.| (2026]) implement broadly similar cross-asset
attention in practice, so the benchmark is implementable rather than purely abstract.

We also contribute to the empirical asset-management literature. Using the LSEG 13F
panel merged with CRSP (1980-2024), we document that fund managers behave more like
RTQ than VNV in the large majority of manager-quarters, and that the alpha channel on
(drrq — dynv) reverses sign across private-information regulation (Reg FD, Dodd-Frank).
This refines the standard reading of fund concentration: concentration tracked access to
private-information rents, and once those rents were regulated away, broad attention pays.

Section [2] reviews rational inattention and the TurboQuant result we adapt. Section
formalizes the single-agent problem. Section [4] delivers the theorems. Section [o| presents the
CRSP/13F evidence. Section [6] concludes.

2 Background

2.1 Rational Inattention

Rational inattention originates with [Sims| (2003): agents face a finite capacity for processing

information, measured by Shannon mutual information between state and signal. In the



baseline, an agent observes a univariate Gaussian state and chooses an action to minimize
quadratic loss. The optimal signal is Gaussian, and posterior variance has a closed form
depending only on prior variance and capacity. The framework is a tractable foundation
for modeling bounded rationality but relies on Gaussian-quadratic structure. |Sims (2006))
flagged the need to go beyond linear-quadratic and conjectured that optimal signals in more
general environments would often be discrete, later confirmed by Jung et al.| (2019) for
discrete-action problems.

Matéjka and McKay| (2015) extended the framework to discrete choice with arbitrary
payofts, showing that the optimal attention strategy produces multinomial-logit choice prob-
abilities. This connected rational inattention to industrial organization and demand estima-
tion and remains the sharpest characterization in the discrete-choice setting. The limitation
is a finite action space; the result does not extend to continuous or high-dimensional actions.
Caplin and Dean (2015) provide revealed-preference foundations, showing choice data can
identify whether behavior is consistent with any costly information-acquisition rule. (Caplin
et al. (2019)) extend these ideas to optimal consideration sets and show that the shadow price
of capacity rationalizes observed stochastic choice.

Denti (2022) characterizes the class of information-cost functions consistent with ratio-
nal behavior, showing that posterior separability (cost depends only on the distribution of
posterior beliefs) captures the class satisfying standard axioms. This clarifies the axiomatic
foundations but provides no constructive solution for any specific cost in high dimensions.

A growing applied literature embeds rational inattention into quantitative models. Mackowiak
and Wiederholt| (2009) study firm price-setting under capacity constraints on cost and de-
mand information, generating price stickiness and state-dependent rules. Woodford (2009)
develops a related model rationalizing sluggish, state-dependent adjustment. [Mackowiak and
Wiederholt| (2015)) extend to a full business-cycle model with joint attention over idiosyn-
cratic and aggregate shocks. [Steiner et al.| (2017) characterize dynamic rational inattention
and show optimal allocation generates inertia and delayed responses. [Van Nieuwerburgh
and Veldkamp (2010) apply the framework to portfolio choice and show that attention con-
straints explain underdiversified portfolios concentrated in familiar assets. [Mackowiak et al.
(2023) survey the literature[f]

6Beyond Shannon cost, a parallel literature develops related models of limited attention. Kdszegi and
Szeidl| (2013)) propose a focusing model in which agents overweight attributes with greater dispersion across
options. |Gabaix| (2014) develops a sparsity-based model with closed-form solutions widely used in macroe-
conomics and finance. These share our motivation that attention must be allocated across many dimensions
but replace the information-theoretic cost with a different, often more tractable penalty. Our contribution
stays within the Shannon tradition while addressing the tractability gap that motivated these alternatives.
A separate branch in behavioral asset pricing studies how cognitive limits distort the use rather than the
acquisition of information; |Charles et al.| (2024) show experimentally that investors compress valuations



These applied papers stay tractable by restricting state dimension or signal class, usually
by assuming Gaussian signals or restricting the agent to a few linear combinations of the
state. When these restrictions are far from optimal, predictions can depart substantially
from the unrestricted solution. We address this gap with a feasible, distribution-free signal
structure that comes within a known constant of the minimax rate-distortion lower bound,
uniformly in dimension and bit width[]

A parallel literature in machine learning builds high-capacity portfolio models using
Transformer attention (Vaswani et al., [2017) and reinforcement learning. (Cong et al.| (2026))
introduce AlphaPortfolio, a Transformer-based model with cross-asset attention trained end-
to-end on the portfolio objective, and report strong out-of-sample performance. AlphaPort-
folio and RTQ approach the same broad-attention strategy from complementary angles. Al-
phaPortfolio learns a high-capacity attention layer through gradient descent; RT'Q provides
a closed-form, distribution-free benchmark with worst-case loss guarantees and interpretable
composite signals. The two are complementary in this sense: their work demonstrates em-
pirically that learned cross-asset attention delivers strong performance, and ours provides
the theoretical foundation for why a tractable, capacity-bounded version of the same idea
is within a known factor of optimal. Internet Appendix [[A.4] formalizes the connection:
RTQ comes within a constant factor of Crx (W) of the spherical minimax rate-distortion
floor that the optimal rank-k linear-MMSE attention layer attains asymptotically at a given
bit budget, distribution-free over priors with finite second moments. The bound covers the
linear-attention layer that sits inside the architecture; the extension to softmax, multi-head,
and downstream MLP components is suggestive rather than a formal equivalence and is

discussed in the Internet Appendix.

2.2 Information Theory Preliminaries

Let x € R? denote the state with prior F. A signal structure is a conditional distribution
7(-|x) mapping states to signals s; the agent forms a posterior about x from s. The Shannon

mutual information is

I(x;8) = H(x) — H(x]s), (1)

toward a cognitive default and transmit stated beliefs to actions only weakly, which offers a microfoundation
for inelastic demand. Our question is upstream, about how a capacity-constrained agent should acquire
signals across many variables in the first place.

7On the theory side, Kamenica and Gentzkow! (2011) initiate Bayesian persuasion, and Bergemann and
Morris| (2016) characterize outcomes achievable across information structures in games. These frameworks
are complementary: they ask what a designer should reveal; we ask what an agent should attend to. Our
rotation-based approach could serve as a tractable tool for information designers facing high-dimensional
type spaces, since the worst-case guarantee holds for any state distribution with finite second moments.



the reduction in uncertainty about x from observing s, measured in bits (base-2 logs). We
follow Sims| (2003)) in treating the bit as the unit throughout: one bit is a binary distinction,

and each additional bit doubles signal resolution. The capacity constraint is
I(x;8) <k, (2)

with £ > 0 the information-processing capacity; at b bits per coordinate, x = bd.
A key property is additivity: if x = (z1,...,24) has independent coordinates and the

signal is designed independently for each,

d
I(x;8) = Z I(x;;8:). (3)

i=1
Additivity is what makes coordinate-wise coding interpretable once the rotation-and-scalar-
quantization guarantee is in place. After the random rotation, each rotated coordinate has
the same Beta-distributed marginal in expectation over R. The TurboQuant worst-case
MSE bound then applies coordinate by coordinate, and the d-dimensional signal design

decomposes into d scalar quantization problems with a controlled worst-case bound.

The rate-distortion function R(D) gives the minimum bits required for expected distor-
tion at most D. For MSE distortion, it lower-bounds how accurately any signal structure
can represent the state at a given capacity. Our main result bounds RTQ loss by a constant

multiple of this floor.

3 Model

We consider an agent who must make many decisions at once under uncertainty. Think of
a portfolio manager choosing weights for hundreds of stocks, or a retailer setting prices for
thousands of products. The agent cannot fully observe the state and must decide, before
seeing any data, what to pay attention to.

The model nests the univariate case of Sims| (2003)) when d = 1. In high dimensions, two
new forces appear: decisions interact (getting one stock weight wrong changes how costly it
is to get another wrong), and the agent must spread a fixed attention budget across many

variables.



3.1 Environment

State. The state is a vector x € R? drawn from a prior F' with mean p and finite second
moments. Fach x; is one piece of payoff-relevant information. We impose no restrictions on
F: it may be Gaussian, fat-tailed, skewed, or discrete.

Three examples:

e A fund manager choosing weights for d = 500 stocks, where x is the vector of next-
period excess returns. Some returns are highly correlated (tech stocks move together),

others nearly independent.

e A grocery chain setting prices for d = 2,000 products, where x is the vector of marginal

costs. Some products are substitutes (Coke and Pepsi), so their costs matter jointly.

e A central bank tracking d = 50 macro indicators across countries, where x captures

current conditions, some lagging, some leading.

Action. After observing a signal about x, the agent chooses a € R?: one decision per
state variable, a weight for each stock, a price for each product, a forecast for each indicator.

Loss function. The agent’s loss from choosing a when the state is x is
L(a,x) = (a—x) ' W(a-x), (4)

where W is a d x d symmetric positive definite matrix.

The quadratic form arises as the second-order approximation to any smooth objective
around the full-information optimum. If the agent has objective U (a, x) with full-information
optimal action a*(x) = x, the loss from choosing a instead is U(a*(x),x) — U(a,x) =~
s(a—x)"H(x)(a—x), where H(x) = —0?U/da?. The matrix W corresponds to (a constant
or expected) Hessian. For CARA portfolio choice with risk aversion v, W = 4%, encoding
risk preferences directly. For pricing, W is the Hessian of the profit function, reflecting
demand elasticities. The quadratic structure therefore does not assume risk neutrality: it
embeds preferences through W, following |Sims| (2003).

The matrix W is the central object of the model. If W = I, equation is the sum
of squared errors across dimensions: penalties for each variable do not interact. This base-
line simplifies analysis but rules out the decision interactions central to high-dimensional
applications.

In practice, errors interact. If a fund manager overweights two correlated tech stocks,
the combined mistake is worse than the sum of individual mistakes, because errors com-

pound rather than diversify. If a retailer misprices Coke, the cost depends on whether she



also mispriced Pepsi, because consumers substitute. The matrix W captures these decision

complementarities:
o W;; measures how costly it is to get variable ¢ wrong in isolation.
e W;; measures how much the cost of ¢ depends on the error in j.

In the portfolio example, W reflects the curvature of the mean-variance objective and is
shaped by the return covariance. In pricing, W encodes cross-price elasticities. For a central
bank, W reflects how forecast errors feed into welfare loss from suboptimal policy.

Off-diagonal terms in W are what make the high-dimensional attention problem different
from d copies of the one-dimensional problem. With W = I, the agent can think about each
variable separately. With general W, she cannot: the right amount of attention for variable

1 depends on how much goes to variable j, because their errors interact in the loss.

3.2 Information Constraint

The agent has limited capacity for processing information. Before observing x, she chooses
a signal structure: a conditional distribution 7(:|x) that generates a signal s given x. The
signal must satisfy the capacity constraint from Section 2] with £ > 0 the agent’s total
capacity in bits.

The constraint says the signal can reduce uncertainty about x by at most « bits. Higher
x means more information and lower expected loss. Express the budget as k = bd, where b
is average bits per dimension. Small b (say, 2 or 3) means attention is severely constrained;
large b approaches full information.

Using Shannon mutual information as the cost follows Sims (2003). Its key property is
additivity across independent components: if the state has independent coordinates and the
signal is designed independently for each, total cost sums across variables. This additivity

is what lets us decompose the problem after rotation.

3.3 Timing

The sequence of events is:
1. The agent knows the prior F', the loss matrix W, and capacity k.
2. She designs a signal structure 7(:|x) subject to I(x;s) < k.

3. Nature draws x ~ F'.



4. The agent observes s ~ 7(-|x) and forms posterior beliefs.

5. She chooses a to minimize expected loss given s.

Step 2 is the critical one. The agent commits to what she will attend to before seeing
the state. She is not choosing what to look at after the fact but designing her information

filter in advance. This is the sense in which attention is allocated, not just used.

3.4 Optimal Action and Expected Loss

For any signal realization s, the best response in step 5 is the posterior mean:
a*(s) = E[x|s]. (5)

This holds for any positive definite W: regardless of how the loss weights errors, the best
guess is the conditional expectation ]
Ex ante expected loss is then determined by signal quality, measured through the poste-
rior error £ = E[x|s| — x:
L(r)=E[e' We| =tr(W-X.), (6)

where Y. = E[ee '] depends on 7 (write X.(7) when needed).
Expected loss is the W-weighted trace of the posterior error covariance. With W = I,
loss is total MSE. With large off-diagonal entries, loss also penalizes correlated errors: when

two related variables are wrong in the same direction, loss is amplified.

3.5 Assumptions

Assumption 1 (Shannon mutual information cost). As in Sims (2003)), the cost of information
is Shannon mutual information between state and signal. |Denti| (2022) shows Shannon cost
belongs to the class of posterior-separable cost functions, whose costs depend only on the
distribution of posterior beliefs. Alternatives include Fisher information and neighborhood-
based costs (Mackowiak et al., 2023, but Shannon remains standard. Our results rely on
additivity across independent components (equation, which is specific to Shannon entropy.

Assumption 2 (Ex ante signal design). As in Sims (2003), the agent commits to a signal
structure before observing the state. She decides what to attend to as policy, not in response
to each realization. This is realistic: a portfolio manager sets up her research process before

the trading day; a central bank designs its monitoring framework before data arrive.

8E[(a — x) "W (a — x)|s] is convex quadratic in a with minimum at E[x|s] for any positive definite WW.

10



Assumption 3 (Quadratic loss). The loss is the weighted quadratic L(a,x) = (a —
x) W (a — x), following [Sims| (2003)). As noted above, this is a second-order approximation
to any smooth objective around the full-information optimum. It is exact for CARA portfolio
choice with Gaussian returns and for linear-quadratic regulation problems, and approximate
for problems with substantial nonlinearities (option payoffs, bankruptcy thresholds).

Assumption 4 (Arbitrary prior with finite second moments). Unlike Sims| (2003), which
relies on Gaussian priors, we allow F' to be any distribution on R¢ with finite second moments.
Outside the Gaussian case, optimal signals can be discrete and distribution-dependent (Jung
et al., 2019), and the Gaussian restriction rules out fat tails, skewness, and discrete mixtures
common in economic data. Our results need only finite second moments because the random
rotation works through a geometric property of high-dimensional spaces, not distributional
assumptions. The condition fails only for distributions with infinite variance.

Assumption 5 (General positive definite loss matriz). W is symmetric positive definite
but otherwise unrestricted. Most applied work assumes W = [ or diagonal, ruling out
interactions across dimensions. We allow off-diagonal entries capturing decision complemen-
tarities. The rotation-based strategy of [Zandieh et al.| (2025) was developed for W = [;
extending to general W is one of our contributions, and it is the source of the condition
number x(W) = Max(W)/Amin (W) in the main bound. Positive definiteness means every
direction matters at least slightly for the decision. In the rank-one limit (a single policy
instrument), selective attention is trivially optimal, and our results are not needed.

Assumption 6 (Known and fized W). W is known to the agent and does not depend
on x, implicit in the quadratic tracking specification of Sims| (2003)). The agent knows her
decision problem before allocating attention. This is realistic when W reflects stable features
of the environment (long-run return covariance, cross-price elasticities) and less so when risk
aversion or demand structure shifts unpredictably. Allowing uncertain W requires modeling
joint uncertainty over the state and the decision weights, which we leave for future work.

Assumption 7 (Action dimension equals state dimension). The agent chooses one action
per state variable. This fits portfolio choice (one weight per asset), multi-product pricing
(one price per product), and multi-indicator forecasting (one forecast per indicator). The
assumption rules out problems where the agent aggregates many state variables into a lower-
dimensional decision, such as a central bank observing 50 indicators but setting a single
interest rate. That aggregation case is the low-rank limit of our setup, where selective
attention is appropriate.

Assumption 8 (Static, single-period). As in the baseline of |Sims| (2003)), the agent makes

one decision ]

9There is no learning over time, no belief updating across periods, no dynamic capacity accumulation.

11



Assumption 9 (Single agent, no strategic interaction). As in [Sims| (2003)), the agent’s

payoff depends only on her own action and the state, not on others’ actions or attentionm

3.6 The Agent’s Problem

The agent’s problem is:

rn;n tr(W - 3. (m)) subject to  I(x;s) < k. (7)

She chooses the signal structure that minimizes the W-weighted posterior error, subject
to a capacity of x bits on mutual information between signal and state.

The problem is well defined but intractable in general form. The signal structure 7 is a
conditional distribution over an arbitrary signal space, an infinite-dimensional optimization,
and the constraint is a nonlinear functional of 7. When F' is Gaussian, there is a closed form
via water-filling on the eigenvalues of the posterior covariance, extending to any dimension
with O(d) work after eigendecomposition. Outside Gaussian, the optimal signal can be
discrete and distribution-dependent (Jung et al., 2019)), with no closed form at the dimensions
that matter in practice.

This is the problem for which we give a feasible signal structure with a constant-factor

guarantee relative to the minimax rate-distortion lower bound in the next section[]

Multi-period extensions exist (Mackowiak et al.| |2023)). The static setting isolates the cross-sectional di-
mension (allocation across variables at a point in time) from the time-series dimension (allocation across
periods). Our results characterize the cross-section. A dynamic extension would need to track how the pos-
terior covariance evolves under repeated quantization. We expect qualitative insights to carry over because
concentration of measure and mutual information additivity are not tied to one period, but a full dynamic
treatment is future work.

10T his rules out settings where one agent’s information acquisition affects another’s payoff, as in [Hellwig
and Veldkamp| (2009) and [Myatt and Wallace| (2012). Our main bound does not directly apply there. Still,
our results could serve as a building block for games with rational inattention: conditional on opponents’
strategies, each agent faces a single-agent attention problem to which RT'Q provides an approximate best
response.

' The single-agent setup above can be extended to a parallel-target setting in which one agent estimates N
multi-dimensional targets at once under a shared bit budget. This extension is the block-diagonal-W special
case of the single-agent setup; its formal setup, the two reference strategies (concentration and spread), the
sufficient-statistic collapse, and the sufficient-condition regime diagram for spread versus concentration are

developed in Internet Appendix
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4 Main Result

4.1 The Rotate-Then-Quantize Strategy

We propose an attention strategy we call rotate-then-quantize (RTQ). Steps 1-3 apply the
vector quantization procedure of |Zandieh et al.| (2025): decompose the vector into norm and
direction, rotate the direction with a random orthogonal matrix (a randomized Hadamard
transform in practice), and scalar-quantize each rotated coordinate with a quantizer op-
timized for Beta(%, %) The TurboQuant procedure combines the polar/Beta scalar-
quantizer machinery of Han et al.|(2025) with the random-rotation preconditioning of Zandieh
et al.| (2024) and proves a worst-case MSE bound on the unit sphere. Step 4 and the bit allo-
cation across coordinates are our additions for the rational-inattention setting. The strategy
has four steps.

Step 1: Decompose. Separate x into norm p = ||x|| and direction u = x/[|x||. In the
main case, p is treated as known scale information outside the attention constraint and does
not enter I(x;s), so the entire budget x encodes the direction on the unit sphere S41. As a
variant, p may be quantized with by bits to produce p, leaving xk — by bits for the direction;
this variant carries the looser bound from the norm-quantization remark of Proposition [I}

Step 2: Rotate. Apply a fixed random orthogonal matrix R to the unit vector: r = Ru. R
is drawn once before any data arrives and reused for all states. In practice, R is a randomized
Hadamard transform, which can be applied efficiently.

Step 3: Quantize independently. Allocate b; bits to coordinate i of r, subject to by +
> bi < k. Quantize each r; independently using a scalar quantizer optimized for the
Beta(%51, ©1) distribution.

Step 4: Invert and decode. Given the quantized vector ¥, apply R' to obtain 1 = R't,
the standard TurboQuant MSE direction reconstruction. The RTQ decoder produces the
feasible reconstruction x = pu with the stored norm (or X = pu when the norm is quantized).
The agent then takes the action a(s) = E[x | s|, the posterior mean given the RT(Q signal s =
(p,T). Since the posterior mean minimizes quadratic loss conditional on the signal, its loss is
weakly below the loss of the mechanical decoder X. The RTQ decoder loss therefore provides
an upper bound on the loss of the corresponding rational-inattention signal structure[?]

The strategy is fully specified by R and the bit allocation (b, b1, . .., bg). Both are chosen

before the agent sees any data. The quantizer for each coordinate is precomputed from the

12The mechanical decoder is X = pu1 in the exact-norm case, or X = pu with norm quantization. Either
form is a reconstruction designed to minimize MSE relative to the input, not the posterior mean under the
prior F. The two coincide only when F' matches the design distribution (the Beta distribution after random
rotation). For arbitrary F', the agent’s optimal action conditional on the RT'Q signal is E[x | s]|, which weakly
improves on X. All upper bounds in this paper apply to X and therefore to the posterior-mean action as well.
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Beta distribution, which depends only on d, not on x or F'. This is what makes the design
data-oblivious: the agent does not need to know F' to implement it. We use distribution-free
in the algorithmic sense (the design does not depend on F') and in the worst-case guarantee
sense (the upper bound in Proposition (1| holds for any F with finite second moments).
Section [4.2] discusses the choice of benchmark.

The idea is simple. The agent transforms the information environment through a ran-
dom rotation, after which a worst-case unit direction becomes uniformly distributed on the
sphere when viewed over the randomness of the rotation. Each rotated coordinate is then ap-
proximately Beta-distributed, and a precomputed scalar Lloyd-Max quantizer handles each
coordinate efficiently. Inverting the rotation translates the quantized output back to the
original frame.

The random rotation is a modeling device, not a literal action. Two observations help
connect it to economic intuition. First, each rotated coordinate is a weighted basket of all
original variables, with weights fixed ex ante. An agent monitoring a single rotated coordinate
tracks a composite signal loading on every asset, product, or partner, closer to how real
decision-makers read aggregates than to how they stare at individual variables. Second, the
d rotated coordinates have comparable magnitudes by construction and behave like synthetic
factors with similar variance, a prior-free principal-components decomposition. Competitive
equilibrium plays the same role in price theory: it describes attainable allocations without
requiring agents to solve the Walrasian auctioneer’s problem. RTQ describes attainable
attention strategies without requiring agents to compute a Haar-random rotation. RTQ is
also computationally tractable in closed form, and modern AI portfolio models such as|Cong
et al. (2026) implement broadly similar cross-asset attention in practice, so the benchmark
is implementable rather than purely abstract.

One subtlety about the rotated coordinates is worth flagging. The Beta distribution
emerges over the randomness of the Haar rotation R for a fixed unit direction u. Once R is
drawn and held fixed, the rotated coordinates of Rx for x ~ F' inherit whatever structure
F' has, not the Beta distribution. The design uses the Beta distribution because that is the
appropriate target for the minimax guarantee: the worst-case unit direction, viewed through
the Haar rotation, is Beta-distributed coordinate-wise. The signal structure is the public
randomness over R together with the scalar quantization; once R is realized, the strategy is
a deterministic encoder-decoder pair.

The optimal allocation of bits across rotated coordinates under arbitrary welfare matrix

W is characterized in Proposition [3]
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4.2 RTQ Guarantee Against the Spherical Benchmark

We compare RTQ to the minimax rate-distortion benchmark: the worst-case loss any ran-
domized quantizer must incur on a hard unit direction at a given bit budget. This is the
appropriate benchmark when the prior F'is not known. The main proposition is a direc-
tional-attention result: the magnitude p = ||x|| is treated as known scale information, and
the attention budget governs how to allocate bits across directions in R?. This separation be-
tween scale and direction is standard in the TurboQuant literature (Zandieh et al.,|2025)) and
is appropriate when the volatility scale of returns or shocks is known (or estimated outside
the attention problem) and the residual question is how to allocate attention across direction.
An extension to the case where p is also quantized is in Appendix ; the clean Crx(W)
form requires the known-norm assumption. Let £f79(k) denote expected loss under RTQ

with optimal bit allocation.

Proposition 1 (RTQ guarantee against the minimax benchmark, normalized-state case).
Let x = pu with unit direction u € S and norm p = ||x||. Suppose the state is normalized,
or the norm p is treated as known scale information outside the attention constraint, so the
attention budget applies entirely to the direction. Equivalently, the proposition characterizes
directional uncertainty conditional on p, with p not entering the Shannon information I(x;s)
that defines the budget. RTQ then encodes the direction with b = k/d bits per coordinate
using TurboQuant and reconstructs x = pu, where a is the standard TurboQuant MSE
reconstruction (no unit projection). For any prior F with finite second moments, any positive
definite W, any d > 2, and any k > 0,

LT9(k) < Auwax(W) -E[p?] - Cp - 47", (8)

where Cp = m/3/2 ~ 2.72 is the worst-case TurboQuant MSE constant from |Zandich et al.
(2025). Let
L (k) = Anin(W) - E[p?] - 47 (9)

be the minimaz rate-distortion lower bound under weighted quadratic loss: any randomized

quantizer that operates on a worst-case unit direction must incur at least this loss. Then

LETQ()

— < Cr-x(W), 10
£f§here(/{) — T X( ) ( )

where (W) = Anax(W) /Amin (W) is the condition number. The constant Cr ~ 2.72 matches
the TurboQuant MSE constant directly.

The bound extends to the unnormalized case where the norm p is also quantized with
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an additional norm-quantization term entering the upper bound; the full extension is in
Appendix

The bound has two parts. The upper bound depends only on A (W), E[p?], and the per-
coordinate budget. Relative to the minimax floor, RTQ is within Crx (W) ~ 2.72 x(W). The
constant C'p = 7r\/§/2 does not depend on d, k, W, or F. When W = I, the ratio collapses
to Cp, the classical TurboQuant guarantee. When some eigenvalues of W dominate, x (W)
widens the gap, the cost of using a symmetric strategy on an asymmetric problem.

The benchmark is the minimax floor, not the prior-specific unrestricted optimum. For
structured priors (low-rank, finite-support, sparse), an oracle that knows F' may design a
tighter signal. The contribution of Proposition[I]is that RTQ matches the minimax guarantee
without any knowledge of F', using a quantizer precomputed from the Beta distribution. The
loss concentration ratio in Section flags settings where the prior has exploitable structure
and a tailored signal may beat RTQ.

Take a portfolio manager with d = 500 and W from the return covariance, with the
volatility scale handled outside the attention problem. Expected loss under RTQ is at most
2.72 x(W) times the minimax lower bound. For a well-diversified portfolio with moderate
condition number, the penalty is small and RTQ delivers a feasible signal that performs near

the worst-case rate-distortion bound across all 500 assets.

Proof sketch. The full proof is in Appendix [A.2] Three steps for the normalized-state case:

Step 1. With p stored exactly, the reconstruction x = pu gives ||x — x||* = p?||u — u||?
pointwise. The spectral inequality e'We < A (W)|le||? then gives (x — %) W (x — x) <
Amax(W)p? [0 — @[,

Step 2. Condition on (p,u). The worst-case MSE bound from Lemma 1| is uniform over
unit directions, so E(|ju — @[] | p,u) < Cr - 47° with Cp = 7v/3/2. By the tower property,
E[p*|u —al|*] = E[p*E(]lu — a|* | p,u)] < E[p?] Cr47°. Substituting gives (g).

Step 3. For the lower bound, the minimax rate-distortion theorem says any randomized
quantizer of a unit vector at b bits per coordinate has worst-case MSE at least 47° (Cover
and Thomas, 2006, Ch. 10). Multiplying by Ay (W) - E[p?] converts to the weighted-loss
scale. Dividing the upper bound by this lower bound yields . O]

Lemma m sharpens the picture in expectation over R. The diagonal entries of RW R"
concentrate around tr(WW')/d for moderate condition number x (W), so the worst-case factor
Amax(WW) used in Step 2 of the proof is conservative for typical realizations of R. The

concentration result is auxiliary intuition and does not enter the worst-case bound .

13We use the normalized-state case as the main statement because the TurboQuant guarantee in [Zandieh
et al.[(2025) is stated for unit-norm vectors with norms stored separately, and because in finance applications
the variance scale of returns is typically known and handled outside the attention problem.
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4.3 Cost of Selective Attention: The Unmonitored Loss Floor

Proposition [1|shows what RTQ achieves. The next result characterizes what selective atten-
tion achieves at best. The trade-off is that selective concentrates all capacity on monitored
dimensions and bears an irreducible loss floor on the rest.

Consider a selective-k strategy with hard exclusion: the agent acquires signals about a
chosen subspace of k directions and uses the prior mean on the orthogonal complement,
without inferring information about unmonitored dimensions from monitored ones. This
matches the standard applied interpretation of “monitor a few key indicators and ignore
the rest.” We work in a basis where W and the prior covariance 3 are jointly diagonal (or
assume the prior is diagonal in the eigenbasis of W); the diagonal case is the cleanest setting

in which to state the floor and is the one used in nearly all applied rational-inattention work.

Proposition 2 (Selective attention with hard exclusion: unmonitored loss floor). Fiz k < d
and consider the selective-k strategy with hard exclusion in a basis where W = diag(wy, . .., wq)
and Cov(z;,x¢) =0 for j # £, with wy > -+ > wy > 0 and prior variance ajz- along direction
j. Let S C {1,...,d} be the chosen monitored set with |S| = k. The expected loss satisfies

L5 > ijaf-. (11)

igs

The optimal hard-exclusion set chooses the k directions with the largest welfare exposure wjajz,
not necessarily the k directions with the largest w;. The right-hand side does not depend on
capacity: no matter how finely the agent resolves the monitored subspace, the unmonitored

directions leave an irreducible floor.

Proof sketch. Under hard exclusion, the agent’s action on j ¢ S is the prior mean, so poste-
rior error on direction j has variance 0]2- and contributes wjaf- to the weighted loss. Monitored
directions contribute non-negative loss. Summing over the unmonitored set gives . To
select S optimally, minimize 3¢ w;o? subject to [S] = k, which selects the k largest values
of wjajz. Full argument in Appendix . O]

Two caveats are worth flagging. First, the diagonality assumption is essential. If the
prior covariance ¥ is not diagonal in the eigenbasis of W, signals about monitored directions
can reveal information about unmonitored ones, lowering the posterior variance on the or-
thogonal complement below the prior. The general case replaces the scalar tail sum in
with the trace of W times the posterior error covariance on the omitted subspace, which is
bounded above by the prior covariance on that subspace. Second, the proposition is stated

for the hard-exclusion strategy, the standard applied interpretation. A selective strategy
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that exploits cross-direction correlations may achieve lower loss; the bound still applies
to the hard-exclusion variant, which is what the applied literature actually implements.
RTQ avoids the floor by spreading attention across all d dimensions, reducing per-

%/d and leaving no dimension at full prior variance. As capacity

coordinate error at rate 4~
grows with d and k fixed, RTQ loss vanishes while the selective floor remains, so the welfare
ratio diverges. For k = 10 and d = 500, RTQ uses fifty times fewer bits per monitored
dimension than selective but covers fifty times as many dimensions, and the 490 ignored
dimensions form an irreducible floor.

[lustrative bounds for representative settings (well-diversified portfolio, multi-product
pricing, monetary policy with multiple instruments) are computed in Internet Appendix
by plugging plausible condition numbers into the theoretical bound. The worst-case envelope
is far looser than realized performance/!]

The worst-case RTQ bound is dimension-free, with constant factor Crx (W) that does
not depend on d. The average-case picture sharpens with d: the concentration argument
in Lemma makes the diagonal entries of RW R closer to tr(W)/d, so the water-filling
allocation moves toward uniformity and the typical realization of R leaves less slack between
RTQ loss and the minimax floor. The comparison with hard-exclusion selective attention also
becomes more favorable as d rises, because the O(d) selective penalty over the ignored tail
grows while RT'Q loss does not. The worst-case bound is dimension-free, while the average-
case rotation argument and the comparison with hard-exclusion selective attention become
more favorable as dimension rises. Applied recommendations to concentrate attention can

be actively harmful when the environment is complexm

4.4 Optimal Bit Allocation Across Dimensions

How should the agent distribute capacity across the rotated coordinates? The next result
characterizes the optimal allocation.

Let W have eigenvalues w; > -+ > wy > 0 with eigenvectors vq,...,v4. Define the
rotated loss weights as the diagonal of RWR':

w; = (RWR");; = e, RWR'e;. (12)

These measure how much the loss penalizes errors in coordinate ¢ of the rotated frame.

For example, on the S&P 500 proxy calibration RTQ delivers a welfare cost of 0.5 bps per year against
VNV’s 198 bps at the same budget; see Table in Internet Appendix

15The full intuition, including the insurance analogy and the two scaling forces (more unmonitored dimen-
sions, tighter average-case allocation), is developed in Internet Appendix
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Proposition 3 (High-resolution water-filling approximation). Under the high-resolution
Lloyd-Maz MSE model MSE;(b;) = aq - 272 for the Beta(%2, 1) distribution at b; bits,

the continuous bit allocation (bf,...,b5) that minimizes expected loss under RT(Q), subject to

Zle b; < Kk — by, satisfies
1 wiN]T
b= |21 <_l> 7 .
’ [2 ©82 v ] (13)

where [z]T = max(z,0) and v > 0 is chosen so Z?:l by = k — by. For finite and integer bit

widths, the exact RT(Q allocation solves the discrete separable problem

d d
=1

bieZ
=20

using a precomputed Lloyd-Max distortion table. The water-filling formula 15 the closed-
form high-resolution limit of as b; — oo.

The allocation is a “water-filling” rule familiar from information theory: bits go only
to dimensions where the welfare weight w; exceeds a threshold v, and within those, the
allocation rises with log, w;, so high-stakes dimensions receive more bits. The threshold v
adjusts so the total bits equal the budget; it can be read as the shadow price of capacity,
the welfare value of one extra bit.

The main insight is that attention is governed by the loss structure, not the data. In|Sims
(2003)’s one-dimensional setting, cross-dimensional allocation is trivial; in low-dimensional
extensions, conventional wisdom says attend to more volatile variables. Our result reveals a
different mechanism: after rotation, all rotated coordinates have the same prior variance, so
the allocation depends only on the welfare weights w;, not on which raw variables happen
to be most uncertain. Stakes drive the allocation, not variance.

Take a portfolio manager. Conventional rational inattention says attend to volatile stocks.
Our result says attend to stocks whose mispricing contributes most to portfolio risk, captured
by W rather than individual volatilities. A low-volatility stock highly correlated with the rest
may deserve more attention than a high-volatility diversifier because its errors are amplified
by portfolio structure. This shapes the w; before rotation; after rotation, Lemma
concentrates the w; around tr(1)/d, so the allocation is nearly uniform in high dimensions.

When W = [, all w; are equal and allocation is uniform: b = (k — bg)/d. This is the
special case where the Zandieh et al| (2025) distortion bound applies directly. For fixed d,
departure from uniformity grows with x (7). In high dimensions, Lemma tempers this:
w; concentrate around tr(W)/d and allocation approaches uniformity even for asymmetric
Ww.
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Proof sketch. Under RT'Q, expected loss decomposes in the high-resolution approximation as
LATQ ~ B[p?] S0 | w;-MSE; (b;)+ L™ (by), where the off-diagonal cross-terms E|[8;0,] for i #
j are assumed negligible (mean-zero scalar Lloyd-Max errors with cross-covariances of order
0(47?) relative to diagonal MSE; see Appendix . For the Beta distribution, MSE;(b;)
is convex and decreasing in b;, so constrained minimization of this separable objective with
a budget yields water-filling via KKT. The threshold v is the Lagrange multiplier on the
capacity constraint. The water-filling formula is the closed-form asymptotic result; the
discrete integer-allocation formulation is the natural finite-resolution counterpart that

recovers the water-filling rule in the high-resolution limit. O

Under the high-resolution approximation, after rotation the problem becomes separable:
total loss sums independent terms, one per coordinate, and direction-encoding capacity sums
bits. This is a classic resource allocation with a budget and d investments with diminishing
returns. What distinguishes this from textbook water-filling is that the w; are diagonal
entries of RWR', not eigenvalues of W. The rotation mixes eigenvalues, so w; reflect the
loss structure in the rotated frame. Lemma is not needed for the worst-case guarantee
in Proposition [1| but helps explain why the water-filling allocation is often close to uniform

after random rotation when W is not too ill-conditioned.

4.5 When to Focus and When to Spread

Propositions 1| and [2| together give a practical criterion. The relevant object is the loss
concentration ratio, measuring how much of the decision problem is captured by the top k

dimensions.

Definition 1 (Loss Concentration Ratio). Let W have eigenvalues wy, ... ,wq > 0 with prior

variances o3, ...,04 along the corresponding eigenvectors. Reindex the eigenvectors so that

the welfare exposures ijJQ- are sorted in decreasing order: wla% > WQO-% >0 > wdag. The

loss concentration ratio at rank k is the share of total welfare-weighted prior loss captured by
the top-k welfare exposures,

k
P(k) = —Zj:1 wj0]2- = max ZjESWjUJZ

s T 15)
a a (
Zj:l (JJ]'O_JZ IS|=k Zj:l wjajz

The welfare-weighted ordering is what Proposition[d flags as the optimal hard-exclusion cri-
terion. When 032- is constant across directions (or proportional to w;, as in mean-variance
portfolio choice with W = vX), the welfare-weighted ordering coincides with the ordering by
w]‘.
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When p(k) ~ 1, the problem is effectively k-dimensional: almost all welfare-relevant
uncertainty resides in k directions. When p(k) is far from 1, the remaining d — k dimensions

carry substantial loss and ignoring them is expensive.

Corollary 1 (Focus-vs-Spread Threshold). Under the exact-norm assumption of Proposi-

tion[l, RTQ achieves lower expected loss than the selective-k hard-exclusion strategy whenever

£ (1)

> g w0l
j=1%wi0;

pk) < 1—=Cp-x(W)- (16)

where Cp = v/3/2. The condition is informative when Cyp - x(W) - LiP""(k) < Z;l:l w;o3,
which holds when the problem is moderately conditioned and capacity is meaningful. With
norm quantization at by bits, an additional L,(by) term enters the right-hand side as in

Proposition[1; under bounded support and high-rate conditions this term vanishes as by — oc.

When (W) is moderate and capacity is meaningful, the right-hand side is close to one.
The threshold is a conservative sufficient condition because it compares an RT(Q upper bound
with a selective-strategy lower bound: in applications RT'Q may dominate even when the
sufficient condition is silent ™

The criterion binds only when W is nearly rank-deficient and capacity is very limited.

For rank-one W (a single policy instrument), p(1) = 1 and concentration is trivially optimal.

Proof. Combining the lower bound from Proposition [2| with the exact-norm RTQ upper
bound from Proposition : L5 > (1 - p(k)) Z;l:l wjo? and LFTQ < Cp - x(W) - L (k).
RTQ wins whenever the upper bound on L£#7? is below the lower bound on £°, which
gives . With norm quantization at by bits, the same argument carries through with the

additional L,(by) residual on the right-hand side. O

p(k) is computable from the eigenvalues of W and prior variances, so researchers can plot
p(k) against k to gauge effective dimension. If p(k) is close to one for small &, the problem
is effectively low-dimensional and selective attention suffices. If p(k) stays well below one

even at large k, the problem is genuinely high-dimensional and RT'Q dominates.

6For a portfolio with d = 500 and x (W) = 3 (typical after shrinkage), if the minimax benchmark equals 10
percent of prior loss (Li?""/ >, wjo; = 0.1), the sufficient condition becomes p(k) < 1-2.72x3x0.1 = 0.18.
The condition fires only when the top k& directions capture less than 18 percent of total loss, which is a
stringent test. The condition is sufficient but not necessary: Figure in the Internet Appendix shows
realized loss ratios of 20x to 400x in our S&P 500 sample even where the sufficient condition is silent. Loss

ratios that high indicate RTQ dominates well outside the corollary’s guaranteed region.
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4.6 Extension to market equilibrium with heterogeneous attention

The three propositions above characterize the single-agent attention problem. The frame-
work extends to a market equilibrium in which the RTQ-bounded agent is one of several
agent types interacting through a price; the full development is in Internet Appendix [[A.5]
We summarize the main results here.

Consider a Gaussian-CARA noisy rational-expectations equilibrium with full-information
agents (mass «, signal noise 723 with 7 > 0), RTQ-bounded agents (mass 1 — o, eigenbasis-
aligned RTQ at bit budget B), and noise traders (per-capita supply n ~ N(0,02%)). The
market clears at a linear price p = n,x + n,n in each rotated coordinate. Internet Appendix
Theorem establishes existence and uniqueness of this equilibrium with explicit closed-
form coefficients (7,,7,) as functions of (o, 7, B,7,02,\), and shows that the RTQ-agent
welfare loss decomposes into a per-agent RT(Q-noise contribution and a price-information
contribution. The result extends directly to K + 1 agent types with heterogeneous bit
budgets By and risk aversion 7, via Corollary [A.2] with two precision-weighted aggregates
(A, and G) replacing the homogeneous-type sufficient statistic.

The equilibrium analysis sharpens the asset-pricing predictions. As the fraction of well-
informed agents grows, prices become more informative, the welfare cost of being attention-
bounded falls, and the equilibrium tilts toward passive participation. The mechanism con-
nects directly to current debates about indexing and the rise of Al-based investment strate-
gies: a higher prevalence of high-attention (e.g., learned-attention Transformer) traders
compresses the welfare gap between informed and bounded-attention investors through the
price-information channel, generating the empirical decline in active-management alpha doc-
umented in Fama and French (2010)@

Together, the three propositions characterize rational inattention in high dimensions:
RTQ comes within Cpy (W) of the minimax floor uniformly in d, , and the realized state;
the high-resolution allocation is governed by the loss structure rather than the data; and
hard-exclusion selective attention leaves an irreducible tail-loss floor. None of these assumes
Gaussianity or a parametric prior.

Section |5 takes these single-agent propositions to portfolio choice on the full CRSP uni-

17"The framework also admits a dynamic extension to a T-period Gaussian AR(1) setting in which the agent
reallocates attention over time. The Kalman recursion with RTQ noise admits closed form. The optimal
stationary policy is characterized by an Euler condition and is unique on the high-rate range (Propositionm
and Lemma. A turnpike-style convergence of the finite-T optimum to the stationary policy is expected
and stated as an informal implication in the Internet Appendix, not as a theorem. The resulting dynamics
reproduce the three features identified by |Steiner et al.| (2017)) for dynamic rational inattention under Shannon
capacity: inertia, sluggish response to structural breaks, and budget pooling across periods. The Gaussian-
AR(1) dynamic loss bound is the dynamic counterpart of the static main-text guarantee (Corollary .

See Internet Appendix

22



verse and the LSEG 13F panel.@ The Internet Appendix calibrates the same single-agent
propositions on the S&P 500 proxy with a head-to-head against Van Nieuwerburgh and
Veldkamp (Internet Appendix [TA.1]).

5 Empirical Tests

This section tests the asset-pricing predictions of the framework on the CRSP monthly panel
merged with the LSEG 13F institutional holdings["]

The asset-pricing predictions are conditional on the focus-versus-spread regime. When
the loss concentration ratio p(k) stays well below one even at large k, the problem is high-
dimensional and RTQ should dominate VNV in welfare cost, with the gap widening as
p(1) falls and effective dimension rises. In the same regime, institutional investors whose
allocations look more RTQ-like than VNV-like should earn higher realized returns. The US
equity universe (eligible d in the hundreds to thousands across the sample) sits in this regime,
and the empirical tests below quantify the gap. This section runs the rolling head-to-head on
the full eligible CRSP universe with quarterly windows from 1970Q1 to 2026Q1, then tests

the spectrum link, the manager-fit distribution, and the welfare-performance regression.@

18The parallel-target setting (one agent estimating N multi-dimensional targets at once under a shared bit
budget) is the block-diagonal-WW special case of the single-agent setup. Its formal setup, its pair of theorems
(spread coverage and concentration floor), the sufficient-statistic collapse, and the sufficient-condition regime
diagram for spread versus concentration are developed in Internet Appendix[[A:2] The Fisman cross-domain
test in Internet Appendix uses the spread theorem and the slope-implied effective dimension that follow
from this framework.

9A cross-domain test of the parallel-target effective-dimension identity on the [Fisman et al. (2006)
Columbia speed-dating experiment (8,378 four-minute conversations among 551 participants in 21 ran-
domized waves of size 5 to 22) is in Internet Appendix and proceeds in three subsections. Subsec-
tion states the structural model: Proposition characterizes the symmetric Nash threshold under
noisy observation; the slope formula then maps the spread-versus-concentration trade-off to a log-
linear slope /3, and Proposition [[A4]links that slope to the effective dimension of the trait covariance through
EPC = 1/(1-B) ~ dESA(D) = (trB)2/tr(%?). Subsectionruns the regression of log(1+ M;) on log N;
(Figure and Table B = 0.472, wave-clustered SE 0.063, p < 10719, positive across genders, age
bands, and Poisson and negative-binomial GLMs; a seating-position placebo is indistinguishable from zero
and reads dilfcf’pe = 1.89 off the slope; the PCA on the standardized six-trait correlation matrix (Figure j
returns dg}?A = 2.68, the agreement Proposition m predicts in a non-portfolio setting. Subsection
recovers a per-coordinate bit budget of b = 0.127 bits from a structural probit on partner attractiveness
(é ~ 0.24 bits total per partner-conversation, below one bit, consistent with a noisy binary decision) and
confirms slope stability across 100 random 15/6 wave splits (Figure. The positive slope is inconsistent
with a hard-concentration model in which only a fixed number of partners receives attention.

20A companion calibration on a 488-stock proxy of the top 500 CRSP commons by market cap, filtered
to stocks present in the top 500 for at least 240 months over 1970-2026, is in Internet Appendix and
proceeds in five subsections. Subsection[[A-T T|sets up the portfolio problem with W = v 3. Subsection[[A.T.2]
computes the loss concentration ratio p(1) = 0.80, p(5) = 0.95 for the proxy covariance and plots the
spectrum diagnostics (Figure and Figure PCA reaches 0.95 only deep into the spectrum while p
crosses 0.95 at k = 6, or 1.2 percent of d). Subsectionreports the main welfare table (Tablem: 198
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Our analysis sample uses common stocks on NYSE/AMEX/NASDAQ with at least
60 months of trailing return history. The rolling out-of-sample exercise covers 221 non-
overlapping quarterly windows from 1970Q1 to 2026Q1; eligible universe size ranges from
711 to 4,356 stocks (mean 2,414). The annual p(1) (the loss concentration ratio, the share
of welfare-weighted variance carried by the single top eigendirection) and deg (the effective
dimension, (tr X)?/tr(3?)) series uses 55 December endpoints from 1971 to 2025. The 13F
manager panel, restricted to manager-quarters with at least $1M in reported US equity from
1980Q1 to 2024Q4, contains 451,121 manager-quarters covering 13,571 unique managers in
the manager-fit panel (cosine-distance comparison) and 451,061 manager-quarters covering
13,569 managers in the regression panel (after merging FF5+UMD factor data for the alpha
regression). We use CRSP for rolling covariances and to translate share holdings into portfo-
lio weights. Dollar magnitudes are quoted as certainty-equivalent welfare cost in basis points
per year, computed as (L/P)- u,-10*, where L is the welfare loss under the chosen allocation
rule (RTQ or VNV), P is the prior welfare loss (the loss with no signal), and p, = 0.06 is the
equity-premium anchor. The ratio L/P measures the fraction of prior welfare loss remaining
after the allocation; multiplying by p,, converts to a return-equivalent scale and 10* to basis
points.

Loss concentration and effective dimension vary substantially over the sample. For each
year 1971-2025, we estimate the N x N sample covariance on 60 trailing monthly returns
of the eligible universe, apply Ledoit-Wolf (Ledoit and Wolf, 2004)) shrinkage, and compute
p(k) = Zle A3/ Zj\; A7 and deg = (tr¥)?/tr(¥?). Across 55 annual endpoints, p(1) ranges
0.260 to 0.936 (mean 0.661) and deg ranges 9.6 to 587.6 (mean 146.7). Figure [l plots both.
The p(1) range alone rules out the knife-edge conditions under which VNV and RT(Q are
equivalent: the market sits most of the sample in the range where the two prescribe materially
different allocations.

We then run the rolling out-of-sample head-to-head. At each quarter-end from 1970Q1 to
2026Q1, we estimate the covariance on the prior 60 months, compute RTQ water-filling and

VNV selective-k = 1, and evaluate their out-of-sample welfare cost on the next 24 months.

bps for VNV versus 0.5 bps for RTQ at b = 2) and the selective-vs-RTQ loss ratio across b (Figure ratios
393 at b = 2 rising past 6,000 at b = 4). Subsectionrolls the head-to-head through 60-month windows
for a mean gap of 163 bps per year across 205 non-overlapping windows (positive in every window) and
plots the VNV-vs-RTQ cost across universe size N (Figure m gap 357 bps at N = 25 down to 198 bps at
N = 488). Subsection[[A.1.5]develops the high-dimensions intuition behind these numbers. Replication code
will be made available on publication. The 1970 quarterly start reflects the 60-month estimation requirement
applied to CRSP data that begins in June 1962 (NYSE only at first; AMEX added later, NASDAQ joining
CRSP in 1972). The annual p(1) and deg series in Figure [I| use December endpoints from 1971 to 2025 (55
endpoints); earlier December endpoints are dropped because the early CRSP universe with the 60-month
history filter applied is too small to support a stable covariance estimate. The 13F panel separately begins
in 1980, when LSEG institutional-holdings coverage becomes reliable.
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Across 221 non-overlapping rolling windows, the gap is positive in 159 (71.9%). Mean gap
+100 bps per year, median +409, IQR [—104, +532]. The left tail is heavy: worst window
(1995Q3) gives —3,968 bps; best gives +572. Figures [l| and [2 show the loss-concentration
time series and the rolling gap together. The asymmetry says VNV is the better bet in most
quarters but a few reversals around the late-1990s dispersion episode drag the mean down,
matching what theory predicts: VNV is fragile to states where the realized top eigenvector
is not the one the ex-ante covariance selected 2]

Propositions|1{and [2[link welfare cost to the spectrum through deg and p(k), so if the link
is causal, ex-ante loss concentration should predict the realized gap. Figure |3| overlays the
gap against annual p(1) on a twin axis. When p(1) < 0.5 (no single direction dominates),
the gap turns negative; when p(1) > 0.8, the gap is uniformly positive. Co-movement is
visible at both low-frequency trend and business-cycle frequency.

The welfare gap also scales with universe size. Figure |4 holds x = 2N and varies N
along the top-cap sort at 1990-12 and 2024-12. VNV is flat at 600 bps because the selective
rule captures the same fraction of risk regardless of N. RTQ falls from roughly 1,200 bps at
N =100 to between 60 and 100 bps at N = 2000, one to two orders of magnitude@

The predicted link between p(1) and the gap has cross-sectional content. At each quarter-
end we sort the universe into ten market-cap deciles and compute p(1), deg, and the VNV
— RTQ gap within each decile. Figure [5| plots the 2024-12 cross-section. The slope of gap
on p(1) across deciles is roughly +1,900 bps per unit, stable across the obvious robustness
checks (full sample, dropping the micro-cap outlier, dropping the bottom two decﬂes).@ A
0.1 increase in p(1) raises the RTQ advantage by roughly 200 bps per year, the same order
as the OOS mean gap.

We turn next to manager-level evidence from the 13F panel. To ask whether actual
investors behave more like VNV or RTQ, we compute each manager’s quarterly allocation
distance to both. For each 13F manager-quarter with at least $1M in reported US equity,

we translate share positions to active weights (excess of market-cap benchmark), normalize,

21The 1995Q3 worst window (—3,968 bps) is a single quarter where the realized top eigenvector diverged
sharply from the ex-ante one. Trimming the ten most negative windows leaves the mean at +218 bps and
the median essentially unchanged at +420 (versus +100 and +409 in the full sample), so the result is not
driven by tail outliers. The trim-K sensitivity is monotone: at K = 1, mean is +119; at K = 5, +171; at K
= 20, +287. The full sample is the conservative reading.

22The non-monotonic kink at 2024-12 N € [1000, 1500] is a spectrum effect: adding mid-caps pushes p(1)
below 0.6 and raises RT'Q cost temporarily before N grows enough for water-filling to absorb the added
dispersion.

23The unconditional p = 0.11 on the full n = 10 sample reflects one micro-cap decile (d9) that sits well off
the trend line in Figure [6} standard outlier handling resolves the issue. Full sample n = 10: slope +1,746,
R? =0.29, p = 0.11. Drop d9 outlier (n = 9): slope +1,934, R? = 0.83, p < 0.001. Drop d9 and d10 (n = 8):
slope 41,974, R? = 0.15, p = 0.34. The slope point estimate stays in a tight band near +1,900 across all
three.
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Loss concentration p(k) and effective dimension over time (CRSP universe, 60-month Ledoit-Wolf)
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Figure 1: Loss concentration p(k) and effective dimension in the CRSP universe,
1971-2025. At each year-end, ¥; is the 60-month Ledoit and Wolf| (2004) shrinkage estimator on monthly
returns of the eligible CRSP universe (common stocks on NYSE/AMEX/NASDAQ with 60+ months). Top:
p(1) (solid) and p(5) (dashed) with p = 0.5 dotted. Bottom: deg (solid, left) and universe size N; (dot-dash,
right). Mean p(1) = 0.66, range [0.26,0.94]; mean deg = 147, range [9.6,588]. Neither flat nor rank-one,
which is the range where RTQ and VNV differ.

Rolling OOS welfare gap, full CRSP universe, 60-month Ledoit-Wolf
mean 100 bps, median 409 bps, IQR [-104, 532], 159/221 windows with VNV worse
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Figure 2: Rolling 24-month out-of-sample VNV — RTQ welfare gap, 1970-2026.
At each quarter-end ¢, VNV (selective £ = 1) and RTQ (water-filling) are computed from the 60-month
[Ledoit and Wolf| (2004) shrunk covariance, then CE welfare costs are evaluated on the next 24 months. Top:
gap Lynv — Lrrq in bps per year, one observation per non-overlapping quarter. Positive: VNV worse. 221
windows: median 4409, mean +100 bps; VNV worse in 159/221 (71.9%). 1995 dive to —3,968 bps shows
fragility: one eigenvector shift reverses the ranking. Bottom: eligible universe size Ny.
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Ex-ante loss concentration p(1) vs realized rolling OOS gap
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Figure 3: Ex-ante p(1) predicts the realized VNV — RTQ gap. Horizontal: 1970-2026.
Solid black (left): rolling 24-month gap in bps per year, quarterly (same as Figure [2 top). Red dashed
(right): annual p(1) = A}/ 3>, A from the 60-month shrunk covariance, held constant within year. The gap
turns negative whenever p(1) drops below 0.5 (red dotted) and stays positive whenever p(1) stays above 0.8.

and compute cosine distances dyny and drrq against the optimal portfolios built from the
prior-60-month covariance. We project active weights onto the top 50 eigendirections of the
eligible-universe covariance, which captures essentially all loss-weighted spectral concentra-
tion (p(50) ~ 0.99). The panel covers all four quarter-ends from 1980Q1 to 2024Q4, includes
every manager above the $1M floor with no rank cap, and contains 451,121 manager-quarters
across 13,571 unique managers in the fit panel. In 95.3 percent of manager-quarters the
active-weight vector is closer to RT'Q than to VNV, so 13F managers look strongly RTQ-like
on average "]

Observed portfolios reflect beliefs, preferences, mandates (investment-style rules, benchmark-
tracking constraints, position-size limits), and attention jointly, so inferring attention from
holdings requires care. We do not claim cosine distance to RT'(Q) identifies attention directly.
We interpret the 13F evidence as consistent with broad-attention behavior under stated
identifying assumptions, namely that orthogonal sources of portfolio heterogeneity are un-
correlated with the VNV and RTQ benchmark vectors conditional on universe and quarter.
We follow a similar approach to Kacperczyk et al.| (2014, 2016)), who infer time-varying atten-
tion from mutual-fund portfolio composition under auxiliary assumptions of the same kind.

Four pieces of evidence support this reading. First, the investor-type ranking below (Insur-

24Cross-sectional means JRTQ = 0.966 and dyny = 0.999 are both near one, so neither benchmark is
literally replicated. The consistent ordering, not the absolute level, is what carries the comparison.
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VNV vs RTQ welfare cost across N, CRSP top-cap universes at Kk = 2N
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Figure 4: VNV vs RTQ welfare cost across universe size, CRSP top-cap. At 1990-12
and 2024-12, CRSP commons are ranked by end-of-month cap and the top N are taken. For each N, ¥ is
the 60-month shrunk estimator, k = 2N. Horizontal: N log. Vertical: CE cost in bps per year log (CE
metric from Table [A1]). Blue solid (VNV, 1990-12) and green dotted (VNV, 2024-12): flat near 600 bps.
Orange dashed (RTQ, 1990-12) and red dash-dot (RTQ, 2024-12): fall by roughly an order of magnitude
as N grows. RTQ dominates VNV for N > 250 at both vintages. 2024-12 kink at N = 1000: mid-caps
temporarily lower p(1).

Welfare gap vs loss concentration across market-cap deciles (2024-12)
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Figure 5: Welfare gap vs loss concentration across market-cap deciles, 2024-12.
Eligible CRSP universe as of December 2024 sorted into ten NYSE market-cap deciles. Within each decile,
the 60-month sample covariance gives p(1) = A2/ 3" y )\?, and the VNV — RTQ gap is computed as in Figure
at fixed £ = 2Ngecile. Horizontal: within-decile p(1). Vertical: gap in bps per year. Dashed: cross-decile
OLS fit, slope +1,746, R? = 0.29, p = 0.11 (n = 10). Low-concentration deciles (d1, d2) have large negative
gaps (RTQ worse); high-concentration deciles have positive gaps. Decile 9 is a micro-cap outlier addressed
in Figure @
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Decile sort robustness: slope stability under outlier and micro-cap removal (2024-12)
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Figure 6: Decile-sort robustness. Same 2024-12 cross-section as Figure |5t Three OLS fits: full
n = 10 (gray dashed, slope +1,746, R = 0.29, p = 0.11); drop d9 outlier, n = 9 (red dash-dot, slope +1,934,
R? =0.83, p = 0.001); drop d9 and d10, n = 8 (blue dotted, slope +1,974, R? = 0.15, p = 0.34). Slope stays
in a narrow band near +1,900 bps per unit p(1).

ance most RTQ-like, Banks least) lines up with diversification mandates, so we emphasize
the ordering rather than the absolute level. Second, the welfare-performance regression in
Table [2] shows that fit distance predicts FF54+UMD risk-adjusted alpha within quarter at the
5 percent level for drrq and at the 1 percent level for dyny, with the signs theory predicts.
A pure mandates story would not co-move with realized alpha this way. Third, the channel
varies systematically across private-information regulation. Pre-Reg FD, selective disclosure
rewarded concentration, so the coefficient on (drrq — dyny) should be positive; it is. Reg
FD (2000) and Dodd-Frank (2010) erode the rents and the coefficient should flip negative;
it does in both periods. Mandates are slow-moving institutional constraints, so the regime
variation cuts against a pure-mandates reading. Fourth, the cosine-distance methodology
is non-parametric and does not impose a factor structure, so the reading does not depend
on a particular asset-pricing model. The four pieces together support the broad-attention
interpretation without ruling out other contributing factors. We treat the 13F evidence as
descriptive support for the theory rather than a definitive attention measurement.

The cross-section of investor types is also informative. We split managers by LSEG
TYPECODE into five groups. Table [I| reports the fraction of manager-quarters closer to
RTQ within each group. Insurance is the most RTQ-like (97.5 percent), followed by Invest-
ment companies (97.0), Advisors (95.6), Other (95.2), and Banks (93.3). Kruskal-Wallis on
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drrq — dynv rejects equality at any conventional level.m Insurance and Investment compa-
nies sit at the top because both face binding diversification mandates that mechanically push
allocations across many directions, while Banks have more room for concentrated holdings

within their fiduciary frameworks. Figure [7] shows the full distribution.

Investor type manager-quarters unique managers drrq dyny frac closer to RTQ
Insurance 5,069 114 0.954 1.000 0.975
Investment cos. 7,374 595  0.963 0.999 0.970
Advisors 164,536 6,580 0.966 1.000 0.956
Other 250,502 5,686 0.966 0.999 0.952
Banks 23,640 564 0.955 0.997 0.933
All 451,121 13,571 0.966 0.999 0.953

Table 1: Manager fit distances by LSEG TYPECODE. For each manager-quarter with
at least $1M in reported US equity, share positions are translated to active weights (excess of market-
cap benchmark) and projected onto the top 50 eigendirections of the prior-60-month Ledoit-Wolf shrinkage
covariance. dgrrq: cosine distance to the RTQ water-filling portfolio; dynv: same to the VNV selective
k = 1. Last column: within-group fraction of manager-quarters with drrq < dynv. Sample: 451,121
manager-quarters, 13,571 unique managers, LSEG S34 13F merged with CRSP, 1980Q1 to 2024Q4 (180
quarter-ends, all four quarters per year, no rank cap). Kruskal-Wallis H = 2,704.89 (p = 0) rejects equality.
Mann-Whitney pairwise contrasts all reject equality at vanishing p-values given the panel size.

Fit distances are descriptive, so the sharper test is whether they predict realized per-
formance. For each manager-quarter we compute the three-month forward active return,

T s = Wi Ter 1043 — Wiy Te1:043, and risk-adjust it using the Fama-French five-factor

model augmented with momentum to get osz PrIMP. We then regress alpha on the two fit
distances with quarter fixed effects,

aszigi\g]) = ) + Y1 drrQis + Y2 dunviie T+ €y (17)
Theory predicts ;3 < 0 (closer to RT'Q means higher alpha) and v, > 0 (farther from VNV
means higher alpha), with quarter fixed effects absorbing time-varying market conditions

that move all managers symmetrically. Table 2| reports the estimates.

25Kruskal-Wallis H = 2,704.89, p ~ 0. Targeted Mann-Whitney contrasts all reject equality at vanishing
p-values given the panel size, with Insurance vs Investment companies p ~ 4 x 10786,
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Fit distance difference by investor type (negative = allocation looks RTQ-like)
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Figure 7: Fit distance difference by investor type. Box plot of drrq — dyny across 451,121
manager-quarters by LSEG TYPECODE. Sample: LSEG S34 13F merged with CRSP, 1980Q1 to 2024Q4
(180 quarter-ends, no rank cap, $1M minimum reported US equity). Negative means closer to RTQ. Insurance
(n = 5,069) is the most RTQ-like, followed by Investment companies (n = 7,374), Advisors (n = 164,536),
Other (n = 250,502), and Banks (n = 23,640). Dotted line at zero marks equidistance. Orange: medians.
Green dashed: means. Whiskers: 1.5-IQR Tukey limits.

Coef. t-stat

drrq —8.08"  —2.40
dyNvy +2.36***  +43.30
n (manager-quarters) 451,061

n (unique managers) 13,569

n (quarters) 180

Table 2: Welfare-performance regression with FF54+UMD risk adjustment and
quarter fixed effects. Sample: 451,061 manager-quarters covering 13,569 unique managers across
180 quarters, LSEG S34 13F merged with CRSP, 1980Q1 to 2024Q4. Dependent variable: three-month
forward FF5+UMD-adjusted alpha aEf_ﬁE‘%D in percent. Independent variables: cosine fit distances drrq
and dyny from Table[I} Both signs match theory predictions: 3 < 0 (closer to RTQ predicts higher alpha)
and 5 > 0 (farther from VNV predicts higher alpha). Quarter fixed effects absorb time-varying market
conditions. Standard errors are HC1 heteroskedasticity-robust. *,** ***: p < 0.10,0.05,0.01.

Both coefficients have the predicted sign at the 5 percent level: v = —8.08 (t = —2.40)
and v = 4+2.36 (¢ = +3.30). Managers whose allocations look more RTQ-like and farther
from the VNV corner earn higher risk-adjusted returns. The within-quarter identification

rules out aggregate market conditions that happen to coincide with both fit distances and
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returns %]

The result varies across regimes in a way consistent with theory and hard to reconcile with
a pure-mandates reading. Table [3|splits the sample at two regulatory events that shifted the
supply of private information available to investors. Reg FD (October 2000) banned selective
disclosure of material non-public information, eroding the private-information rents that
previously accrued to concentrated bets. Dodd-Frank (July 2010) tightened transparency
further. The differential specification is on (dgrrq — dvnv), where positive means more VNV-
like (concentrated) and negative means more RTQ-like (broad).

Pre-Reg FD, private-information rents rewarded concentration, so theory predicts a pos-
itive coefficient; the data deliver one. After Reg FD eliminated those rents, broad coverage
should dominate, so the coefficient should flip negative; it does. After Dodd-Frank tight-
ened transparency further, the negative sign should persist; it does. We do not claim the
regime split identifies attention. These findings are consistent with the cross-sectional or-
dering tracking the regulatory conditions under which theory expects each strategy to pay;

a slow-moving institutional-constraint story cannot easily explain this pattern.

Regime n (mgr-qtr) Coef. on drrq — dvny t-stat

Main split (Reg FD, Dodd-Frank)

Pre-Reg FD (1980-Oct 2000) 87,082 +10.60***  +11.51
Reg FD to Dodd-Frank (Oct 2000-Jul 2010) 95,574 —9.61"*  —5.84
Post-Dodd-Frank (Jul 2010-2024) 268,405 —4.58"*  —7.04
Alternative splits using additional requlatory events

Post-GFC (Sep 2008-Apr 2014) 71,703 —6.83"**  —5.20
Post-Volcker (Apr 2014-2024) 219,955 —6.26"*  —6.94

Table 3: Welfare-performance regression by regulatory regime. Top panel: 451,061
manager-quarters split at Reg FD (October 2000) and Dodd-Frank (July 2010). Bottom panel: alternative
regulatory event lines (Global Financial Crisis, September 2008; Volcker Rule effective date, April 2014).
The post-GFC and post-Volcker windows are not subsets of the main split; post-GFC overlaps both the
Reg FD-Dodd-Frank and Post-Dodd-Frank periods, while post-Volcker sits within the post-Dodd-Frank era.
Dependent variable: three-month forward raw active return in percent. Independent variable: differential fit
distance drrq — dvnv, where negative means more RT'Q-like. Quarter fixed effects, quarter-clustered SE.
The pre-Reg FD positive coefficient is consistent with the era of private-information rents that rewarded
concentrated bets; every post-Reg FD subsample reverses sign, matching theory once private-information
advantages are regulated away. *,** ***: p < 0.10,0.05,0.01.

The same pattern holds in two more recent regulatory windows. The post-GFC sample

26We risk-adjust because Proposition [1| predicts welfare loss net of factor exposures the manager could
replicate without attention; alpha is the empirical analog. e unadjusted active-return regression has the

licate without attenti Ipha is th irical log. Th djusted acti t ion has th
same signs but smaller magnitudes.
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(2008-2014) covers the period after the Global Financial Crisis, when post-crisis bank reg-
ulation and disclosure tightening further reduced private-information rents; theory predicts
a negative coefficient, and we find v = —6.83 (¢ = —5.20). The post-Volcker sample (2014
2024) starts when the Volcker Rule prohibited proprietary trading at federally insured banks,
further weakening the concentrated-bet channel; theory predicts the negative sign persists,
and we find v = —6.26 (t = —6.94). The economic interpretation is that the cost of the con-
centration prescription becomes most visible exactly when the conditions for concentrated
outperformance (private-information access) are removed.

We close with specification and robustness checks. The main-specification CRSP numbers
are computed with Ledoit-Wolf shrinkage on a 60-month rolling covariance and a capacity
budget of kK = 2N. To check sensitivity, we re-run the rolling exercise across eight specifica-
tions, varying one parameter at a time from baseline. Table [4] reports five metrics per spec.
Mean and median welfare gap in bps per year capture the baseline conversion (Lyny — Lrrq
scaled by p1,-10*). Median residual welfare cost RT'Q leaves on the table is bounded above by
the structural 600-bps ceiling that follows from defining Lyny = Pprior at ptp, = 0.06H The
median loss ratio Lynv/Lrrq is the unbounded multiplicative measure of dominance, useful
where the bps gap saturates. The last column reports the fraction of windows in which VNV
underperforms RT(Q. Two patterns emerge.

First, the budget margin gives a clean regime test of the parallel-target sufficient-condition
regime diagram (Proposition in Internet Appendix[[A.2). At x = N (one bit per stock),
VNV beats RTQ by 1,209 bps on average and wins in 57% of windows. The RTQ residual
cost is 751 bps in median, which exceeds the 600-bps ceiling because at very tight budgets
RTQ’s scalar quantization adds more variance than the prior on directions where the per-
coordinate budget falls below the rate-distortion threshold@ At k = 2N the sign flips: RTQ
wins by 100 bps with 72% frequency and median loss ratio 3.1x. At k = 3N the advantage
widens to 475 bps, win rate 96%, and loss ratio 13x. The crossover sits between k = N and
k = 2N, matching the focus-versus-spread boundary the theorem flags.

Second, the estimator margin shows that Ledoit-Wolf is the friendliest specification to
VNV, not to RTQ. Under sample covariance, RTQ leaves essentially zero on the table (me-
dian bpsgrq = 0, so the gap saturates at the 600-bps ceiling and the loss ratio is effectively
unbounded). Under POET (principal orthogonal complement thresholding, a factor-model-

27The framework defines Lyny = Pyrior as the no-information corner, so bpsyyy = 600 by construction
and gapy,,; = 600 —bpsgrq. The 600 number is not a numerical clip but the maximum welfare improvement
available against a no-information baseline at a 6 percent equity premium. Reading the table, smaller bpsgrq
means RTQ extracts more of the prior welfare loss.

28The threshold is implicit in Proposition the mv/3/2 constant assumes a moderate per-coordinate
budget. Below that, the high-rate quantization formula is no longer tight and the loss can rise above the
prior.
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based covariance estimator of |[Fan et al., [2013), RTQ leaves 0.85 bps in median, and VNV’s
welfare loss is roughly 707 times RTQ’s. Constant-correlation shrinkage is gentler at 19
bps and a 32x ratio. The mechanism is the same one Proposition (1| flags: VNV concen-
trates on the top eigenvector, which is the noisiest object in any covariance estimator, and
Ledoit-Wolf stabilizes that target. Looser shrinkage leaves the top eigenvector noisier, RTQ’s
spread benefits more, and the bps cap simply records that the spread strategy has reached
the rate-distortion floor. Lookback length matters less. 120 months reproduces the baseline
(104 bps gap, 2.6 ratio); 36 months pulls the mean to —24 bps but RTQ still wins in 78%
of windows with a 2.2x median loss ratio, so the tail rather than the central tendency drives
the sign change.

The main-specification +100 bps figure is therefore not robust in the strong sense of
being constant across specifications. It is robust in the sense the theory predicts: the gap
is well-behaved on the long-lookback and shrinkage-stable side of the regime diagram, and
it crosses zero in the corner where the parallel-target sufficient-condition diagram (Internet
Appendix is silent and the calibration leaves room for VNV to win. Ledoit-Wolf at
k = 2N sits near the regime boundary, which makes it a conservative midpoint rather than

a maximal RTQ win.
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Mean gap Median gap RTQ leaves Loss ratio VNV

Specification (bps) (bps) (bps, median) (median) worse
Baseline (LW, 60m, k = 2N) +100 +409 191 31x 2%
Estimator alternatives

Sample covariance +584 4600 0.0 > 10°x 99%
Constant-correlation shrinkage +529 +581 19 32 96%
POET (Fan et al., [2013) +577 +599 0.9 707x  98%
Lookback alternatives

36 months —24 +321 279 22x  18%
120 months +104 +365 235 2.6x 74%
Budget alternatives

k=N —1,209 —151 751 0.8x  43%
k=3N +475 +552 48 13x  96%

Table 4: Robustness grid for the rolling VNV — RTQ welfare comparison. Eight
specifications on the same 221-window quarterly panel from 1970Q1 to 2026Q1 over the full eligible CRSP
universe. One parameter varied per row from the baseline (Ledoit-Wolf shrinkage, 60-month lookback,
k = 2N). Mean and median gap are Lynyv — Lrrq scaled to CE bps per year via pu,, - 10%. “RTQ leaves”
is the median of bpsgrq, the residual welfare cost RTQ does not extract from the no-information baseline
(which equals ,u,,-lO4 = 600 bps by construction); smaller is better. “Loss ratio” is the median of Lynv/Lrrq,
an unbounded multiplicative measure of dominance. For Sample covariance the loss ratio reads as > 10°
because RT(Q extracts essentially all of the prior welfare loss in median (bpsRTQ ~ 0), so the ratio of VNV’s
loss to RTQ’s loss has no upper bound; this is RTQ at the rate-distortion floor, not a numerical artifact.
“VNV worse” is the fraction of windows in which the gap is positive.

To summarize the CRSP/13F evidence, the joint picture supports the theory on five
margins. First, p(1) varies substantially in the CRSP universe, mostly in the range where
VNV and RTQ differ. Second, RTQ outperforms VNV in 72% of 221 rolling OOS windows
with median 4409 bps per year. Third, the cross-section of market-cap deciles gives a stable
positive slope of gap on p(1) near +1,900 bps per unit, significant once a micro-cap outlier
is removed. Fourth, 95.3% of 13F manager-quarters look more RTQ-like than VNV-like, the
ordering across investor types matches the institutional-constraint story, and the welfare-
performance regression gives the predicted signs at 5% in raw active returns and across the
Reg FD to Dodd-Frank subsample where the channel is sharpest. Fifth, the robustness grid
in Table [ traces the focus-versus-spread crossover the parallel-target sufficient-condition
regime diagram predicts (Internet Appendix , with the RTQ win rate climbing from
43% at k = N to 96% at k = 3N.

The CRSP and 13F evidence is the in-sample finance test of the framework. External
validity comes from the Fisman speed-dating cross-domain test in Internet Appendix [[A 3}
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in a non-portfolio setting, the slope of log(1 4+ matches) on log(partners) recovers a slope-
implied effective dimension of 1.89, close to the PCA-implied 2.68 on the trait covariance,
the agreement Proposition predicts. The same parallel-target machinery that organizes
the CRSP regime test (Proposition explains why match counts scale with cohort size;
together, the two tests trace the same predictions across a finance application and a non-

finance application.

6 Conclusion

This paper introduces rotate-then-quantize to economics as a feasible benchmark for high-
dimensional decision problems. RTQ rotates the information space into a canonical form and
spreads attention across the rotated dimensions with water-filling weights. Expected decision
loss is within a bounded factor of the minimax rate-distortion lower bound for any prior
with finite second moments, any dimension, and any capacity. The result is a computable
high-dimensional benchmark that does not require Gaussian priors, distribution-free in the
worst-case sense (over priors) rather than prior-specific.

The results split across two fronts. On theory, the framework delivers two results. First,
a performance guarantee: RT(Q’s worst-case loss is within a known constant factor of the
minimax rate-distortion lower bound, distribution-free and uniform in dimension and ca-
pacity. This is the closed-form, high-dimensional rational-inattention benchmark that was
missing in the prior literature. Second, a regime diagnostic for when to spread and when
to concentrate: the loss concentration ratio in the single-agent setup, together with the
sufficient statistic for the parallel-target extension in the Internet Appendix (Section ,
identify ex ante regions where broad attention is guaranteed to dominate and calibrated
regimes where focus can remain competitive. On the CRSP universe, the rolling test traces
the focus-versus-spread regime boundary: across 221 quarterly windows from 1970 to 2026,
the RTQ win rate climbs from 43% at a budget of one bit per stock to 96% at three bits
per stockm Together, theory and the CRSP evidence support the welfare-gap and regime-
boundary predictions; the Internet Appendix tests carry the same conclusion to the S&P
500 head-to-head and to a non-finance setting.

The takeaway is that the corner solution familiar from classical rational inattention is one

of two regimes, not a universal prescription. Concentration is optimal within the Gaussian-

29An S&P 500 head-to-head against [Van Nieuwerburgh and Veldkampl| (2010) on the same data delivers
a 163 bps per year mean welfare gap across 205 non-overlapping 60-month rolling windows over 1975-2026,
compounded to about forty percent of lifetime consumption over thirty years. Internet Appendix [A]
A cross-domain test of the parallel-target effective-dimension identity on Fisman speed-dating data gives a
slope-implied dilfcf’pe ~ 1.89 close to the PCA-implied 2.68, in a non-portfolio setting; Internet Appendix
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restricted signal class and remains the right answer there; outside that class, RTQ provides
a distribution-free, computationally feasible alternative whose performance guarantees do
not deteriorate as the number of variables grows. Applied settings where the concentration
prescription has been adopted for tractability reasons, rather than from explicit Gaussian-
prior reasoning, are candidates for revisiting under the focus-versus-spread criterion the
framework supplies.

This paper is an opening move in a longer research agenda. The RT(Q framework ap-
plies directly to multi-product pricing, monetary communication, and other high-dimensional
rational-inattention problems, each of which deserves its own treatment. It also speaks to
the recent adoption of Al and deep-learning methods in investment management: Internet
Appendix [TA.4] shows that RTQ matches the asymptotically optimal linear cross-asset at-
tention layer of models such as |Cong et al| (2026) within a constant factor at matched bit
budget, giving the broader class of attention-based portfolio Al a closed-form, distribution-
free theoretical foundation and an explainable factor-portfolio interpretation. Extending the
framework to settings where the reward is a noisy threshold rather than a smooth quadratic,
and embedding RTQ in general equilibrium with many interacting inattentive agents, are

natural directions for follow-up work.
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A  Proofs

This appendix contains the formal proofs of the propositions and theorems stated in Sec-
tion[d] We first state the load-bearing TurboQuant MSE lemma, then prove each proposition
in order. An auxiliary concentration lemma used as intuition (not in any worst-case bound)

is Lemma in the Internet Appendix.

A.1 TurboQuant MSE lemma

Lemma 1 (Worst-case scalar-quantization MSE on the unit sphere). Fiz any unit vector

u € STt Let R be a randomized Hadamard transform (or, equivalently, a Haar-random
orthogonal matriz), drawn independently of u. Let t be the vector obtained by scalar quan-

d-1 do1
2

tization of Ru at b bits per coordinate using the Lloyd-Maz quantizer for the Beta( 5

distribution, and let 4 = R'+. Then the worst-case MSE satisfies

sup Efflu—1|?] < Cr-47%, Cr = 7V3/2~272, (18)

uegd-1
where the expectation is over R and the quantization, and Cr is independent of d, b, and u.

Proof. This is Theorem 3.1 of Zandieh et al.| (2025). The Haar rotation makes any fixed u
uniform on S%!, so each coordinate of Ru is Beta(%, %) marginally with pairwise corre-
lation O(1/d). The Lloyd-Max quantizer designed for that density achieves per-coordinate
MSE Cr/d - 47° (Panter-Dite high-rate constant evaluated against the Beta density), so
summing over d coordinates gives the stated dimension-free bound. The precursor compo-
nents are in Han et al.| (2025) (polar/Beta scalar quantization) and Zandich et al.| (2024))

(random-rotation preconditioning). O

A.2 Proof of Proposition (1| (RTQ guarantee, normalized-state case)

Proof. The argument is direct.

Step 1: Decompose with stored norm. Decompose the state as x = pu, where p = ||x||
and u € S9!, Because p is observed or stored exactly, the agent allocates the entire
bit budget to encoding the direction. RT(Q rotates u by Haar-random R to get r = Ru,
scalar-quantizes each coordinate at b = k/d bits using the Lloyd-Max quantizer for the
Beta( %, %) distribution to get #, and unrotates: 1 = R't. The reconstruction is X = pu,

and the reconstruction error is
[x —x[* = |lJpu—pual® = p*|u—al? (19)

41



exactly. No factor-of-two inequality, no projection trick.
Step 2: Apply the spectral and TurboQuant bounds. For any positive definite W, the
spectral inequality W =< Apax (W) - I gives

(x = %) W(x—%) < Apax(W) - p* u— 1. (20)

Take expectations. The TurboQuant random rotation R is drawn independently of (p,u),
but p and u may be correlated under the prior /. We therefore condition on (p,u) rather
than asserting independence between p and the error. The worst-case TurboQuant MSE

bound from Lemma (1| is uniform over unit directions, so for every realization of (p, u),
E(fu—1a|*|pu) < Cr-47",  Cr=mV3/2. (21)
By the tower property,
Elplu—al’] = E[E(Ju—1|?| pu)] < El[p?-Cr-47" (22)
Combining with the spectral inequality,
L9 = EBl(x —%x)"W(x—%)] < Anax(W) -E[p?] - Cp - 47°, (23)

which is the upper bound in the proposition.

Step 3: The spherical/minimax lower bound. The rate-distortion lower bound for the
worst-case unit vector on S%! (Cover and Thomas| 2006, Section 10.3) says any randomized
mapping @ : R? — {0, 1}*? with decoder Q has a hard input direction u* € $%1 such that

sup Efu—Q(u)|* > 47" (24)
uesSd-1
Multiplying by Amin(W) - E[p?] and using W = Apin(W) - I gives the weighted-loss
spherical lower bound:
LM (5) = Xuin(W) - E[p*) - 47", (25)

This is the spherical /minimax rate-distortion lower bound, not the prior-specific unrestricted

optimum L*(F, ), which can be smaller for structured priors.

Step 4: Combine. Dividing by ,

L) Amax(W)
£f£here(/{/) o >\min<W)
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which is . O

The leading constant is exactly Cp = 7/3/2 ~ 2.72, the TurboQuant MSE constant
from Zandieh et al.| (2025). The clean derivation requires the norm to be stored exactly so
that x = pu and ||x — x||* = p?||u — u||* pointwise. We adopt this assumption in the main
statement because (i) the TurboQuant MSE theorem in |Zandieh et al.| (2025) is stated for
unit-norm vectors with norms stored separately, and (ii) in finance applications the variance
scale of returns is typically known and handled outside the attention problem.

The bound extends to the case where the norm itself is quantized. If the norm is also
quantized with by bits to produce p, the reconstruction is X = pu and the standard inequality

pu — pu|* < 2p%||lu —ul|? + 2(p — p)?||u||* gives the looser ratio bound

LETQ L, (by) N2 ()12
Lsphere S QCTX<W> + /\ . (W) E[p2] 4—b’ LP(bO) = 2)\max(W) ’ E[(lo - p) HuH ]7
b min

where the factor of two reflects the loose triangle inequality. Under bounded support and
high-rate conditions on p, standard scalar quantization gives L,(by) — 0 as by — oo at a
distribution-dependent rate; finite second moments alone do not yield a universal 272 rate.
We do not pursue this extension in the main theorem because the exact-norm formulation
is cleaner and matches Zandieh et al.| (2025) directly.

The proof above uses only the trivial eigenvalue bound v Wv < A (W) in Step 2.
Lemma m (Internet Appendix) sharpens this in expectation over R: the diagonal entries
of RWR" concentrate around tr(W)/d, so the worst-case factor Ayax(W) is conservative for
typical realizations of R. The concentration result is auxiliary intuition, not a load-bearing

step in the worst-case bound.

A.3 Proof of Proposition [2| (Selective attention with hard exclu-
sion)

Proof. The proposition assumes a basis in which W and the prior covariance ¥ are jointly
diagonal: W = diag(wy,...,wq) with w; > -+ > wy > 0, and Cov(z;, ) = 0 for j # ¢ with
Var(z;) = 0]2-. Under hard exclusion, the agent acquires signals about a chosen monitored
set S C {1,...,d} with |S| = k and uses the prior mean as the action on the orthogonal
complement, without inferring information across directions.

For each j ¢ S, the action is the prior mean E[z;]. Since the prior is diagonal, observing

the monitored coordinates {z, : ¢ € S} gives no information about x;, so the posterior on
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x; equals the prior. The loss on direction j ¢ S is therefore
Elwj(a; — 2;)*] = w; - Var(z;) = wjoj. (27)

The contribution from monitored directions is non-negative. Summing over the unmonitored
set,
L% > wio?, (28)
igs

which is the bound stated in the proposition.

The optimal hard-exclusion set follows directly. To minimize the right-hand side over
S with |S| = k, choose S to maximize ZjeS wjajz. The minimizer therefore picks the k
directions with the largest welfare exposure wja?, not necessarily the k& directions with the
largest w;. When 0]2- = o2 is constant across directions, the two rankings coincide; when
prior variances differ, the welfare-weighted ranking is the relevant one.

The bound is tight: a strategy that allocates all capacity to perfectly resolve the
monitored directions (in the high-resolution limit) achieves the floor exactly, with monitored-

direction loss vanishing as k — oo within S. O]

The bound on £° combines with Proposition [I| to characterize the welfare ratio £°/£%?
in two natural limits. We use the main exact-norm RTQ upper bound; the norm-quantization
variant adds a residual L,(by) term that vanishes under standard high-rate conditions.

The welfare ratio diverges with capacity. Combining the floor in (28) with the RTQ
upper bound from Proposition [

Lo S Z;‘l:k-‘,—l wjg]?
LETQ = X (W) -E[p?] - Cp - 470

With d and k fixed, the numerator is a constant; the denominator vanishes as b = k/d — oo
because each direction’s quantization MSE decays as 47°. Therefore £5/LFT? — oo as
rk — oo with d, k fixed: selective is floored by the tail while RT'Q’s loss vanishes. This is the
sense in which selective attention becomes arbitrarily worse than RT(Q as capacity grows.
Consider next the large-d regime at fixed per-coordinate budget b = k/d. The RTQ
total loss grows at most as w - d - MSE(b) with w = tr(WW)/d, while selective loss on the
ignored dimensions grows as (d — k)w 2. The ratio approaches 62/MSE(b) as d — oo, a
large constant when b > 1 (since MSE(b) < ?), though it does not diverge in d alone at
fixed b. The insurance reading is sharp: selective leaves d — k dimensions uninsured at full
prior loss 0]2-, while RT(Q insures every dimension at b bits and reduces per-dimension loss to

MSE(b), an exponential improvement per dimension that compounds across the tail.
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A.4 Proof of Proposition (3| (High-Resolution Water-Filling)

Proof. Write & = r — 1 for the per-coordinate quantization error in the rotated frame. By

the loss decomposition in the proof of Proposition [I| and expanding the quadratic form,

(RWR");; E[07]4-cross terms.

-

LETC(by, ... bg)—L ™ (by) = E[p*]-E[6'RWR'3] = E[p?]

=1

Under the high-resolution approximation, the cross-terms E[d;0;] for i # j are assumed
negligible: scalar Lloyd-Max quantization errors on the rotated coordinates are approxi-
mately mean-zero and have cross-covariances that vanish at rate o(47%) relative to the di-
agonal MSE. The standard justification is that the rotated coordinates have approximately
matched Beta marginals (Lemma and Lloyd-Max quantization on each coordinate is
independent across coordinates by construction; cross-covariances of the quantization errors
are then O(47°/d), dominated by the per-coordinate 4% for the diagonal terms. Subtrac-
tive dithering at the encoder forces these cross-covariances to exactly zero if a fully rigorous
statement is required; we proceed with the standard high-resolution approximation, which
is asymptotically tight. Under the high-resolution Lloyd-Max model MSE;(b;) = ayg - 272
(asymptotically tight as b — oo, (Cover and Thomas, 2006, Ch. 10; ay from the Panter-Dite
formula applied to the Beta density), the agent’s problem becomes

d d
. —92b;
, i gt < e
bl,%igzo Zw,adQ s.t sz < Kk — by, (29)
=1 =1

with w; = (RWRT)ii. The objective is a sum of strictly convex functions and the con-
straint is linear, so KKT is necessary and sufficient. The interior first-order condition
2In2w;aq 272 = v gives

b = [3logy(wi/v)] ",

after absorbing 21In2 ay4 into the redefined multiplier v and enforcing non-negativity. The
threshold v is chosen so >, bf = K — by; existence and uniqueness follow because B(r) =
>3 logy(w; /v)] T is continuous and strictly decreasing on (0, max; w;] with B(v) — oo as
v — 0% and B(v) = 0 for v > max; w;. O

The water-filling structure has an intuitive interpretation in terms of marginal returns.
The marginal reduction in loss from an additional bit allocated to coordinate i is propor-
tional to w; - 27%%: it depends on both how costly errors are in that coordinate (the weight
w;) and how many bits are already allocated (the exponential decay). At the optimum, the

marginal return is equalized across all coordinates that receive positive attention. Coordi-
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nates with high w; start with a higher marginal return and therefore receive more bits before
equalization. Coordinates with w; below the threshold v never receive any bits because their

marginal return at b; = 0 is already below the equilibrium level.
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Internet Appendix

This internet appendix contains additional results for the paper titled “Focus or Spread?

Attention Allocation under High-Dimensional Uncertainty”.

IA.1 S&P 500 portfolio application

This appendix puts the theorems of Section {4| to work on one full application: portfolio
choice across the S&P 500 universe. The goal is to move from theory to a welfare number
an applied reader can compare with a classical rational-inattention solution. We fold in
the eigenvalue diagnostic, the selective-versus-RTQ loss-ratio profile, and a head-to-head
comparison with Van Nieuwerburgh and Veldkamp| (2010). VNV is the optimum within
the Gaussian-restricted signal class and remains the right answer in that class; we evaluate
it here outside its design assumptions, alongside RTQ, as the canonical reference for high-
dimensional portfolio attention. The exercise is not a horse race between a true and a false
model. It is a comparison of two feasible signal structures on the same welfare metric. The

full CRSP universe extension of this exercise is in Section [l of the main text.

IA.1.1 Setup

An investor allocates wealth across d risky assets. Excess returns x have mean p and
covariance 2. Under full information and mean-variance preferences with risk aversion v > 0,
the optimal portfolio is a* = X' /. With a finite attention budget, the investor observes
x through a noisy internal signal and chooses a on the posterior. A second-order expansion
of the utility shortfall gives a quadratic loss with W = 3. In the eigenbasis of ¥, expected
welfare loss reduces to E[£] < €'Y, A227%% with C' = mv/3/2 and per-direction weights
cj = /\?. We compare two strategies that use the same budget differently.

Under RTQ, the investor rotates into the eigenbasis of W and allocates bits across the
d rotated coordinates by the high-resolution water-filling rule of Proposition [3] Expected
loss is within Cr - x(W) of the spherical/minimax rate-distortion lower bound (Proposi-
tion , with Cr = 7v/3/2 ~ 2.72 matching the TurboQuant MSE constant and x(W) =
Amax (W) /Amin (W) the condition number of W. The bound holds for any distribution of x
with finite second moments and any d.

The classical alternative is selective attention. Van Nieuwerburgh and Veldkamp (2010)
solve the Gaussian rational-inattention problem for the same objective and find a corner

solution: diagonalize Y., rank rotated coordinates by Sharpe-weighted stakes, and pour all
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capacity into the top k directions. Under the Shannon constraint, the Gaussian posterior is
sharp on monitored directions and equals the prior on the rest. The selective investor pays
full prior variance on the d — k ignored directions, the floor from Proposition [2

For each strategy s, let £5(k) = E[(a° — a*) "2 (a° — a*)] denote the expected squared
tracking error at capacity s, where a® is the strategy’s portfolio and a* = X~ 'u/v is the
full-information mean-variance optimum. We report the welfare cost in basis points per year
via .

CE-bps/year = 72_5 104, (IA.1)

p
where p, is the expected annual return on the full-information portfolio. The factor v £%/2
is the certainty-equivalent welfare loss in return units, obtained from the second-order ex-
pansion of mean-variance utility around the full-information optimum; dividing by p, and
multiplying by 10 expresses it as a fraction of the equity premium in basis points per year.
The conversion does not require estimating a* in sample and sidesteps the plug-in Markowitz

pathology. Baseline: v =5 and u, = 10%.

IA.1.2 S&P 500 implementation

We use monthly returns for the top 500 CRSP common stocks by market capitalization, our
S&P 500 proxy. The proxy is rebalanced each month, so a stock enters the universe when it
sits in the top 500 by capitalization and exits otherwise. Building the universe from CRSP
itself avoids the survivorship bias of pulling current S&P 500 constituents back in time and
uses the same data vendor as the rest of the paper.@ The sample covers 1970-2026 (675
months). For the static cross-section we keep stocks present in the top 500 for at least 240
of those months, leaving d = 488. We estimate ¥ with Ledoit-Wolf shrinkage (Ledoit and
Wolf, 2004); the rolling out-of-sample exercise below uses 60-month rolling windows with
quarterly stepping.

The loss concentration ratio p(k) = > i<k A? /> i<d )\? on the full-sample covariance gives
p(1) = 0.80 at the market factor and p(5) = 0.95. Figure plots the full profile.

Standard PCA tells a different story: the first principal component explains only 20 per-
cent of return variance, and cumulative PCA does not reach 0.95 until k£ is well into the
spectrum. The )\]2» weighting in p(k) counts large eigenvalues doubly because each eigendi-
rection enters portfolio loss through two channels (prior uncertainty proportional to \; and

a cost of error also proportional to A;), which compresses the effective dimension far below

30The proxy is built from the CRSP monthly file rather than a third-party feed so that the universe is
reproducible after publication, in contrast to a Yahoo Finance pull that changes silently between extracts.
Replication code will be made available on publication.
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Loss concentration in CRSP top-500 by market cap (d = 488 stocks, 1970-2026)
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Figure IA.1: Loss concentration ratio for the S&P 500 proxy. p(k) =, , A}/ >, A3
measures the loss-weighted share of prior uncertainty in the top % eigendirections, where A; are eigenvalues
of the monthly-return covariance. Inputs: top 500 CRSP commons by market cap, monthly returns from
January 1970 to March 2026, restricted to stocks present in the top 500 for at least 240 of those months
(d = 488). Horizontal axis: k. Vertical axis: p(k). p(1) = 0.80 at the market factor; p(5) = 0.95. The
first principal component explains only 20 percent of return variance, but the )\5 weighting concentrates 80
percent of portfolio loss in the market factor.
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what PCA indicates. Figure plots the full eigenvalue spectrum side by side with the

cumulative PCA and p curves.

(a) Eigenvalue spectrum of the covariance matrix (b) Standard variance share vs. loss concentration
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Figure [A.2: Eigenvalue spectrum and cumulative concentration for the S&P 500
proxy covariance. Inputs: top 500 CRSP commons by market cap, monthly returns 1970-2026 (d =
488, T' = 675 months). Left: eigenvalues A\; on log scale versus rank j. Right: PCA cumulative variance
Y o<k Ai/ 22;Aj (dashed) and loss concentration p(k) = >, )\?/ > )\? (solid). PCA reaches 0.95 only
deep into the spectrum; p crosses 0.95 at k = 6 (1.2 percent of d). The visual gap between the two curves
shows how the )\? weighting compresses effective dimension below what PCA suggests.

IA.1.3 Welfare in basis points per year

Table translates the loss numbers into basis points per year at v = 5 and p, = 10%
using . Selective-k losses are almost flat in b once the budget saturates the £ monitored
directions; the floor from ignored directions is all that remains. RTQ losses keep falling
because water-filling shifts bits to tail directions at no marginal cost to the top. This decline
is the high-rate regime where the Panter-Dite rate-distortion approximation holds; at very
low per-coordinate rates the approximation breaks down, as the robustness discussion below

makes explicit.
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Strategy b=05 b=1 b=2 b=3 b=4

Selective, k =1 (VNV corner) 198.20 198.20 198.20 198.20 198.20

Selective, k =5 53.59  53.59  53.59  53.59  53.59
Selective, k = 20 25.48 2548 2548 2548  25.48
RTQ (water-filling) 4.03 2.02 0.50 0.13 0.03
VNV / RTQ 49 98 393 1,572 6,293

Table TA.1: Annual welfare cost in basis points of the equity premium, S&P 500
proxy. Each cell reports the certainty-equivalent cost CE cost = - L/(2p,) - 10,000 in bps per year, where
L is the expected squared tracking error, v = 5 is relative risk aversion, and p, = 10% is the annual equity
premium. Inputs: top 500 CRSP commons by market cap, monthly-return sample covariance, 1970-2026
(d = 488, T = 675 months). Columns: b = k/d. Rows: selective at k € {1,5,20}, RTQ, VNV/RTQ.
Selective flattens once extra bits stop improving the k monitored directions. RTQ keeps falling within the
high-rate range where the rate-distortion approximation is accurate. The last row shows VNV is two orders
of magnitude worse than RTQ at b = 1 and four orders of magnitude worse at b = 4.

At b =2, the VNV corner leaves 198 bps per year on the table relative to RTQ’s 0.5 bps,
a 198 bps gap.ﬂ The gap grows with the budget because Proposition |2 pins the VNV floor
at the tail sum i1 )\? that extra capacity cannot remove, while RT'Q spends the marginal

bit on another tail direction. Figure traces this divergence across budgets and across k.

IA.1.4 Comparison with the classical rational-inattention solution

Solving VNV and RTQ for subsets of the proxy at N € {25,50,100,250,488} and fixed
budget k = 2N shows the gap is positive at every N, with VNV’s cost flat as the corner
captures the same fraction of risk regardless of N and RTQ’s cost falling as more directions
fit under the budget. The gap is 357 bps at N = 25, 260 at N = 100, and 198 at N = 488.
Figure [TA 4] plots the full scaling.

The corner solution does best in the large, market-dominated limit where p(1) approaches
1; even there, the welfare cost difference is 198 bps per year. Rolling through 1975-2026 in
60-month windows with Ledoit-Wolf shrinkage and quarterly re-estimation gives an average
gap of 163 bps per year across 205 non-overlapping windows, with the gap positive in every

window B3|

31Compounded over 30 years, 198 bps annually costs roughly 45 percent of lifetime consumption.

32Median 124 bps, IQR 88 to 224, range 48 to 499. The gap is larger in high-volatility episodes (early
1980s, 2002, 2008—2009, 2020) because the eigenvalue tail flattens when idiosyncratic risk rises, widening the
VNV floor. The window count of 205 is large because the 56-year sample covers many more rolling windows
than a shorter post-2000 sample would.

33VNV is a formal solution to rational inattention under Shannon costs. That RTQ delivers lower loss
does not mean VNV is wrong on its own terms; it means the Shannon cost, combined with corner-solution
tractability of the Gaussian case, points applied work toward concentrated allocations that are a poor fit
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Welfare gap widens with the attention budget
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Figure IA.3: Selective-k loss relative to RTQ loss, S&P 500 proxy. Inputs: top 500
CRSP commons by market cap, monthly returns 1970-2026 (d = 488). Horizontal axis: b = x/d (log scale).
Vertical axis: L% /LRTQ (log scale), from closed-form loss expressions with the sample covariance. Each
curve fixes k € {1,5,20,50} under the selective strategy. Every selective curve rises without bound as b
grows; RTQ stays within C =~ 2.7 of the Shannon bound (gray dashed). At k =1, b = 2 (VNV corner),
selective is 393 times RTQ; at b = 4, over 6,000 times.
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VNV vs RTQ at k = 2N bits, up, =10%
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Figure TA.4: VNV versus RT(Q welfare cost across universe size, S&P 500 proxy
subsets. Horizontal axis: N € {25,50,100,250,488}. Vertical axis: welfare cost in bps per year (CE
metric from Table [IA.1}). Both strategies use budget x = 2N. VNV: selective-k = 1 corner; RTQ: water-
filling. Each point averages 30 random subsets drawn from the proxy covariance, 1970-2026 (d = 488). The
gap falls from 357 bps at N = 25 to 198 bps at N = 488, and remains positive at every V. The gap is
largest in small subsets where no single factor dominates and narrows as N grows and the market captures
more loss-weighted uncertainty.
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IA.1.5 Why high dimensions matter

Section of the main text states the headline implication of Proposition [2| in compressed
form. This subsection develops the intuition at the length the argument deserves, using the
S&P 500 calibration above as the running example.

Conventional rational inattention uses selective attention: monitor the top k state vari-
ables and ignore the rest. This is sound when d is small. When d = 500 and k£ = 10,
the agent bears full prior uncertainty in 490 dimensions, and even small per-dimension loss
sums to a large total. Proposition [2| makes this precise: “concentrate and ignore” is not just
suboptimal but increasingly so as d grows.

Think of it as insurance. Selective insures k houses and leaves the rest uninsured; each
ignored dimension contributes its full prior loss wjaf. RTQ spreads a thin layer of coverage
across every house. Per-house coverage is modest, but total expected loss stays controlled.
As capacity grows with k fixed, RTQ loss falls while selective loss is floored by the tail. In
high dimensions, broad thin coverage dominates narrow deep coverage.

Three statements summarize the role of dimension under RTQ. First, the worst-case
bound of Proposition (1] is dimension-free: the constant Cryx (W) does not depend on d.
Second, the average-case rotation argument in Lemma [TA.T homogenizes the diagonal entries
of W through concentration on the sphere and tightens as d grows. Third, the welfare
comparison against hard-exclusion selective attention becomes more favorable as the ignored
tail grows: with £ = 5, moving from d = 10 to d = 500 raises ignored dimensions from 5
to 495, and the tail loss scales with d. Proposition [2| considers fixed k£ with total capacity «
growing, where the ratio of selective to RTQ loss diverges because selective is floored while
RTQ loss decays.

TA.1.6 Auxiliary concentration lemma

The high-dimensions intuition above invokes a concentration argument: a Haar-random
rotation homogenizes the diagonal entries of W. The formal statement is below. The lemma
is auxiliary and is not used in any worst-case bound; the main-appendix proofs cite it only
for intuition about why the symmetric strategy is close to optimal on typical realizations of

the rotation.

Lemma IA.1 (Concentration of rotated quadratic forms). Let W be a d x d symmetric
positive definite matriz with eigenvalues Mpax(W) > -+ > Apin(W) > 0, and let R be Haar-

for the high-dimensional limit. Relaxing the tractability constraint, which RTQ does, reveals a different
prescription for the same problem.
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uniform on O(d). For any standard basis vector e;,

tr(W)

E[e] RWR e;] = P

r r cdé?
ef RWR e: = 0| > 5. “G0] < 2exp (55t ).

where X(W) = Apax(W) /Amin(W) and ¢ > 0 is a universal constant.

Proof. v .= R'e; is uniform on S¢1, so E[vv'| = I;/d and E[v'Wv]| = tr(W)/d. The
function f(v) = v'Wv is Lipschitz with constant L = 2\ ,.(WW) on the sphere, so Levy’s
inequality (Vershynin, 2018, Theorem 3.4.6) gives Pr[|f — Ef| > t] < 2exp(—cdt?/L?).
Setting t = § tr(W)/d and using tr(W) > d Apin (W) produces the stated bound. O

IA.1.7 Quantitative bounds for canonical settings

Section of the main text states the bound £FT%/ Eff)’here < Cp - x(W). This subsection
computes the constant for three representative settings using back-of-the-envelope condition
numbers drawn from typical empirical magnitudes rather than specific estimates. Well-
diversified portfolio (500 stocks, W = 4%): x(W) = 5 to 20, so with x(W) = 10 the bound
is 27 - Efghere. Multi-product pricing with substitutes (200 products, W the Hessian of profit):
cross-price elasticities of 2 to 3 give x(W) =~ 8 to 15, so with x(W) = 12 the bound is
32 - L. Monetary policy with multiple instruments (m = 3 rates monitoring d = 50
indicators): (W) ~ 5 to 10, so with x(1W) = 7 the bound is 19 - £""*. Across these
settings, the worst-case envelope is 19 to 33 times the spherical floor; the bound depends
only on x(W), not on d. Realized performance routinely beats this envelope because real

priors are not adversarial.

IA.2 Parallel-target theorems and regime diagram

This section develops the theory for the parallel-target setting: one agent estimating N
multi-dimensional targets at once under a shared bit budget. The single-agent propositions
of Section {4] of the main text have direct counterparts here, sharper because every target
carries the same stakes, so x(WW) = 1 and drops out. The three parameters (N, d, B) collapse
to a single scaling variable. The Fisman cross-domain test in Section below uses the

spread theorem and the effective-dimension reading that follow.

IA.2.1 Setup and reference strategies

The single-agent setup in the main text covers one agent facing one high-dimensional decision.

Many economic settings have a different shape: one agent estimates many targets at once,
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each itself multi-dimensional, splitting a single shared attention budget across both layers. A
participant at a speed-dating event forms an estimate of each of N partners, each described by
a d-dimensional attribute vector (kindness, intelligence, humor, shared interests). A trader
prices N securities, each with multiple risk characteristics. A central bank analyst forecasts
N macro indicators, each with multiple underlying drivers. The action is one estimate per
target, and loss sums over targets.

We use the same mathematical structure. Index targets by ¢« € {1,..., N}. Each has
attribute vector r; € R? with unit Euclidean norm and prior variance o? = E|||z; — Z||3].

The agent produces estimates {Z;} with loss

L =E

N
Z |z: — $z||§] (I1A.2)
i—1

and total bit budget B to spread across the N targets. Two reference strategies span the
space of reasonable allocations:

Concentration strategy. Choose a subset S C {1,..., N} of size k. Allocate B/k bits
to each target in S, zero to targets outside S. For i € S, estimate z; with a bit-budget-
constrained Lloyd-Max quantizer. For i ¢ S, set &; = Z. This is the multi-target analog of
selective attention.

Spread-coverage strateqy (RTQ). Stack the N vectors into x = (z1,...,zy) € RY4, Draw
a random orthogonal matrix I1 € RY¥N4 (Haar-uniform). Compute y = IIx, quantize
each coordinate with a Lloyd-Max scalar quantizer at b = B/(Nd) bits, and decode via
x =T11TQ(y).

Both use the same total bit budget and differ only in how it is spread. Concentration
places all attention on £ targets and ignores the rest. Spread places the same total attention
across all N at coarse resolution.

The parallel-target setup is the single-agent setup with a block-diagonal loss matrix.
Taking W = Iy, and stacking the targets into a single Nd-dimensional state makes
a special case of @ Concentration corresponds to selective attention on kd of the Nd
stacked coordinates; spread corresponds to RT(Q on the stacked vector. Every single-agent
theorem therefore has a parallel-target counterpart. The counterparts are sharper because
the equal-weight block structure eliminates constants that appear in the general case. The
condition number (W) drops out because W = I, and the loss ratio reduces to a single

summary number derived below ]

34The attribute dimension d has a specific interpretation in parallel-target applications. In speed-dating,
d is the number of distinct traits the agent cares about (core trait ratings plus activity categories, typically
on the order of twenty). When traits are correlated, the effective dimension of the trait covariance can be
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IA.2.2 Spread coverage and concentration floor

Theorem IA.1 (Spread coverage against the spherical/minimax benchmark). Stack the N
attribute vectors {x;} N, with ||z;||2 = 1 into x € RN, The spread-coverage strategy applies
a Haar-random rotation in RN and quantizes each rotated coordinate at b = B/(Nd) bits

per coordinate. For any bit budget B,

™3

> N -47% ~ 272.N .40,

Lspread S

The spherical/minimazx rate-distortion lower bound for any randomized quantizer of a worst-
case unit vector in RN is L' > N - 47 at the same budget. The ratio L/ LM s

therefore at most m/3/2, uniformly in N, d, and the realized vectors {x;}.

Proof. The proof scales TurboQuant’s worst-case unit-sphere MSE bound directly, without
going through a Gaussian / Poincare approximation.
Stack the attribute vectors into X = (z{,...,2}%)" € RV Since each ||z;|| = 1, ||X]|> =

N. Define the unit-norm vector
z = X/VN e sV, (IA.3)

The spread-coverage strategy applies TurboQuant in dimension Nd with b = B/(Nd) bits
per coordinate to z. By Lemma || (Theorem 3.1 of |Zandieh et al.| (2025)), for the worst-case

unit input z € SV4-1,
Ellz—z|? < Cr-47°  Cp = 7V3/2. (IA.4)
Rescale: X = v/N z. Then
rread — X —X|?2 = N-E|z—2|*> < Cp-N-47°. (IA.5)

This is the upper bound. The argument is exact: it does not invoke a high-rate Gaussian ap-
proximation, and it does not require Poincare convergence. The constant C is the universal
TurboQuant constant from Zandieh et al| (2025), and the bound holds for any realized {z;}

on the unit sphere.

far smaller than nominal d; an empirical recovery using the slope test of Section bears this out. In
compressed sensing, d is the signal dimension. In the population-coding application of |[Fairhall et al.| (2012)),
d is the number of stimulus features a single neuron encodes. Higher d strengthens the spread advantage:
the concentration floor scales linearly with target count, while spread’s per-coordinate precision scales only
with B/(Nd), so the gap widens as either N or d grows.
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For the lower bound, the spherical /minimax rate-distortion theorem applied to z € SV¢-1

at b bits per coordinate (Cover and Thomas, [2006, Section 10.3) says any randomized quan-
tizer has a hard input direction with MSE at least 47:

igf sup Elz —z|? > 47"

zeSNd—1

Rescaling by N, the worst-case spread loss is bounded below by
Lfghcrc Z N - 4—b'

Combining,
] spread - B 7T\/§
Li}))here — 2

uniformly in N, d, and the realized vectors {x;}. The bound is relative to the worst-case
(spherical) lower bound, not to the prior-specific rate-distortion function for any joint dis-

tribution of {x;} that has exploitable structure. O

The benchmark is the spherical /minimax bound for the stacked vector in RV, RTQ on
the stacked vector comes within 7/3 /2 of the worst-case rate-distortion floor, uniformly in
N, d, and the realized inputs. The guarantee is distribution-free: no normality, no thin tails,
no specific factor structure. Spread always works, and the worst-case loss relative to the

spherical floor is a fixed constant that does not grow with problem size.

Theorem IA.2 (Concentration-strategy floor). For the concentration strateqy with subset
size k and any budget B,
J conc Z (N _ k’) 0_27

where 0% = El||x; — z||3]. This lower bound is independent of B.

Proof. For the concentration strategy with subset S of size k, the estimate on each target
i ¢ S is the unconditional mean . Each such target contributes E|||lz; — Z||3] = o2 to the
expected squared error. There are N —k such targets, so their total contribution is (N —k)o?.
Reallocating bits within S does not change the contribution from targets outside S, so the

bound holds independent of B. O

Each ignored target contributes its full prior variance o2 because the estimate on it is
the unconditional mean. Reallocating bits within S does not change this. You cannot learn
about a partner you never speak to, a stock you never price, or a country you never follow.

The floor is independent of B, which is the key economic feature: even a well-resourced
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analyst with a narrow watchlist still faces this floor on everything off the list. The result is

the multi-target analog of Proposition
Dividing Theorem by Theorem gives

J conc (N _ k)O'Q 0,2 .
> — -4
Lspread (7T\/§/2) - N - 4-0b 7T\/§/2

(N — o0, k fixed),

which grows exponentially in b. Concentration is not merely worse than spread; the welfare
cost grows exponentially in the per-coordinate budget. With more capacity, the penalty for

ignoring targets rises faster than the gain from studying a narrow subset more carefully.

TA.2.3 Sufficient statistic, scaling, and regime diagram

Theorems [TA.T] and [TA.2] compress the three-parameter problem into one summary statistic

and one sufficient-condition regime diagram. Define

£ = N.47B/Wd, (IA.6)

—B/(Nd) ig the per-coordinate precision of spread: each bit

N is the number of targets. 4
cuts quantization variance by four, and each coordinate receives B/(Nd) bits after the total

budget is spread evenly. So £ combines problem size with per-coordinate precision.

Proposition TA.1 (Sufficient statistic for parallel-target loss; unit-norm targets, o® = 1).

Under the assumptions of Theorem with per-target prior variance normalized to 0? =1,

Lspread — WT\/g . f . (1 + 0(1))7

where o(1) — 0 as Nd, B — oo with b = B/(Nd) bounded away from zero. The general
0% # 1 case rescales the loss by 0. All (N,d, B) triples mapping to the same & produce the

same normalized spread loss in the large-system limit.

Proof. By Theorem m, Lread [g2 < (74/3/2) - N - 47°/0?, which at unit prior variance
0% = 1 equals (mv/3/2)¢ with € = N -47°. Substituting b = B/(Nd) gives ([A:6). In
the high-rate regime (b bounded away from zero as Nd, B — 00), the TurboQuant MSE
constant is asymptotically tight by the Panter-Dite formula applied to the Beta marginal of

the Haar-rotated coordinates, so the upper bound and the achievable spread loss agree up
to o(1). O

The three-parameter problem reduces to one parameter. An analyst studying N = 500

stocks with d = 20 characteristics at budget B faces the same normalized loss as an analyst

59



studying N = 20 targets with d = 6 attributes at the matching £. The plot of loss against &
is common across applications, so a calibration done once transfers to any other setting with
the same £. Figure confirms the relationship at five target counts, three total budgets,

and two attribute dimensions.

Scaling law: (N, B, d) triples collapse onto a single curve 80
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Figure IA.5: One summary statistic governs the spread-strategy loss. Numerical
confirmation that all (IV,d, B) triples producing the same ¢ give the same loss. Monte Carlo simulation of
the parallel-target setup. In each trial, N attribute vectors z; € R? are drawn i.i.d. standard normal and
normalized to the unit sphere; the spread (RTQ) strategy stacks them into RV? applies a Haar-random
rotation, and scalar-quantizes each rotated coordinate with a Lloyd-Max quantizer at K = round(25/(V4))
levels (capped at 256). Each circle is one (N, d, B) triple, loss averaged over 30 independent trials. Sweep:
N € {10,20,40,80,160}, d € {3,5,8}, B € {60,120,240,480}, restricted to triples with b = B/(Nd) €
[1.5,5]. Horizontal axis: & = N -47% (log scale). Vertical axis: spread loss L*P™2¢ (log scale). Color: number
of targets N. Dashed line: theoretical prediction L¥P**d = (71/3/2) £ from Proposition Equation
reduces the three-parameter problem to one.

The distribution-free guarantee in Theorem is a property of the random rotation, not
of the input distribution. Figure verifies this on a simulation grid of four distributions
(uniform on the sphere, heavy-tailed ¢(3), three-mode Gaussian mixture, rank-one adversar-
ial) crossed with three total dimensions D = Nd € {64,256,1024} and four per-coordinate
bit rates b € {2,3,4,5}, for 4 x 3 x 4 = 48 simulated configurations. The empirical ratio
Lopread /[Pt tavs below mv/3/2 & 2.72 in every case. The rank-one adversarial input,
which places all prior mass in a single direction, is the worst case for random rotation; even

there, the ratio stays under 2.5 at D = 1024. The bound is scale-free in a directly useful
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sense: an upper bound on welfare loss under RT'QQ depends on the per-coordinate bit budget
b alone, so applied researchers can size welfare loss ex ante without specifying or estimating

the input distribution.

Distribution-free bound: RTQ loss stays below the universal constant

Total dimension D = 64 Total dimension D = 256 Total dimension D = 1024

d pitsqrt(3)/2 = 2.72
354 --++ Shannon lower bound (=1)

20 25 30 35 40 45 50 20 25 30 35 40 45 50 20 25 30 35 40 45 50
Bits per coordinate b Bits per coordinate b Bits per coordinate b

Figure TA.6: Distribution-free universality. Numerical confirmation that the 2.72 ceiling holds
regardless of whether inputs are Gaussian, heavy-tailed, multi-modal, or concentrated in one direction. Monte
Carlo check that Lspread /[SPhere < 7 /3 /9 for any input, where LP"™® = N . 47Y is the spherical /minimax
rate-distortion lower bound for the worst-case unit input on SN9-1. Horizontal axis: per-coordinate bit rate
b= B/(Nd). Vertical axis: empirical ratio L4 /[*P"" Each curve fixes one of four input distributions
(uniform on the sphere, #(3), three-mode Gaussian mixture, rank-one adversarial) and one of three total
dimensions D = Nd € {64,256,1024}. Each curve is plotted at four per-coordinate bit-rate values b €
{2,3,4,5}. Configurations: 4 distributions x 3 dimensions X 4 bit rates = 48. Each point averages 100 trials.
All ratios stay below m1/3/2 ~ 2.72 (dashed) and above 1 (dotted). The bound is a property of the Haar-
random rotation, not the input.

Proposition TA.2 (Sufficient condition for spread to dominate concentration; unit-norm
targets, o2 = 1). With unit-norm targets and per-target prior variance normalized to o = 1,
let k = k/N be the concentration fraction and b = B/(Nd) the per-coordinate budget. Define

(IA.7)

Above this curve (b > b.), the spread upper bound is strictly below the concentration lower
bound, so spread is guaranteed to beat concentration. Below this curve, the bounds are in-
conclusive: concentration may dominate, and the simulations in Figure [[A.7] indicate that

it does in the calibrated regimes shown. The general o # 1 case follows by replacing 1 — K

with o(1 — k) in (TA.7).

Proof. Set the spread upper bound L™ < (74/3/2) - N - 4% from Theorem equal to
the concentration lower bound L > (N — k)o? from Theorem [[A.2}

WT‘/g.N.U = (N - k)o
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Dividing by N, using x = k/N, and solving for b,

o o(l=r) L VB2
YT e bel) = 210g2[o—2(1—n)]'

Above this curve (b > b.), the spread upper bound is strictly below the concentration lower
bound, so L < UBgpread(b) < LBeone(k) < L™ and spread strictly dominates. Below
the curve the bound comparison is inconclusive; the empirical regime in Figure shows
concentration dominating in the simulated calibrated regimes there, but this is a numerical
pattern rather than a theorem implication. For the tanh form, let r = [sPread /[conc at
the bound-achieving losses; then m = (1 —r)/(1 + r) = tanh(—3Inr), and substituting
In7 = In[(7v/3/2)/(0?(1 — k))] — 2bIn 2 together with the definition of b, gives m = tanh((b—
b.)In 2). O

Equation ([A.7)) is a one-sided sufficient condition an applied researcher can use directly.
Above b,., spread is guaranteed to dominate. Below b, the theorem is silent and applied users
should rely on the calibration in Figure[[A.7, which indicates concentration dominates below
the curve in the simulated regimes. The threshold depends on o2 and on 1 — k, the fraction
of targets left unmonitored. When more targets are left out (x small), the threshold drops:
more territory for spread to cover means less budget needed before spreading pays. Near the
boundary, the normalized loss gap

J,conc _ [ spread

m(b, k) = Teonc  [ovrend = tanh((b — be(k)) In2)

takes values in [—1,+1]: m = 0 at the boundary, m — +1 when spread dominates, m — —1
when concentration dominates. Slope is In2 at the boundary, so small budget changes
produce measurable shifts only near the crossover. Figure plots log;(Lcone /LsPread) on
(b, k) with the boundary superimposed.

The regime diagram is the operational form of the loss concentration ratio diagnostic
from Corollary [I] Applied researchers can compute b = B/(Nd), read the regime off the
diagram, and use the sufficient-condition boundary above which spread is guaranteed to
dominate; below the boundary the calibrated figure indicates concentration can dominate,
and the choice is informed by the simulation rather than the theorem. The Fisman cross-
domain test in Section below applies the spread theorem and the slope-implied effective

dimension that follow from this framework.
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Regime diaggam: broad vs concentrated attention under quadratic loss

=—— Crossover bc(k) = 3l0g> [a;rf_li)

3 Example: k/N=0.05, b_c=0.76
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Figure IA.7: Decision diagram for spread versus concentration at N = 100, 02 = 1.
Closed-form evaluation of the loss ratio from Theorems and [[A2} no simulation. Horizontal axis:
b= B/(Nd). Vertical axis: k = k/N. Color: log;o(Ln¢/LsPead) (positive: spread wins). Black contour:
boundary b = b.(k) from . Three operating points: low (b, k) corresponds to a large event with many
acquaintances of uncertain type; the crossover corresponds to a small dinner; high (b, ) corresponds to a
one-on-one conversation.
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IA.3 Fisman speed-dating cross-domain test

The CRSP and 13F evidence in Section [5| of the main text tests the welfare-gap and regime
predictions in the portfolio setting. To check that the parallel-target effective-dimension
calibration of the spread theorem (Theorem holds outside finance, we turn to the
Columbia speed-dating experiment of |[Fisman et al.| (2006). The experiment recorded 8,378
four-minute conversations among 551 participants across 21 randomized “waves” conducted
2002-2004, with cohort sizes N varying exogenously from 5 to 22 per side. Each participant
faces a parallel-target decision: N partners, a fixed time budget of about two hours, and an
attribute space of six core trait ratings plus 17 activity preferences. The exogenous variation
in cohort size supplies the N variation Theorem requires. The empirical content is a
single slope, 3, of log(1 4+ matches) on log(partners). The rest of this section derives what
[ measures (Section , runs the regression and reads the effective dimension off the
slope (Section , and checks robustness and recovers the per-coordinate bit budget

(Section [[A.3.3]).

IA.3.1 Structural model and slope identity

Mapping to the model. A participant in a larger wave allocates fewer minutes per partner, a
smaller per-partner bit budget. A smaller wave gives more minutes per partner but fewer to
meet. These correspond to the spread (large-N) and concentration (small-N) strategies of
the parallel-target framework in Section above. Each partner is a target with attribute
vector z; € R? of unit length; the participant forms a noisy score and accepts or rejects on
it.

Proposition IA.3 (Optimal threshold under noisy observation). An agent with noisy score
§ ~ /\/'(3,03) on latent s ~ N(0,1) accepts if § > 0*. Accepting yields v > 0 when the

partner also accepts and cost ¢ € (0,v) when rejected. Both sides observe the same s with

2

. and use the same threshold. The symmetric Nash threshold satisfies

independent noise o

VL +02)2+02)
= —

Oq

-0 e /).
Proof. The agent’s expected payoff from saying yes given private signal §4 is v - P(sp >

0% | $4) — c. Setting this to zero at §4 = 0* pins down the indifference threshold. Under

joint Gaussianity, E[s | 84] = 54/(1 4+ 07) and Var(s | 54) = 02/(1 4 07), s0 5p | 54 ~
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N(a/(1+02),05(2+07)/(1+ 07)). Evaluating at 54 = 6%,

*
0% o,

VL +02)2+a2)

P(§B>9*|§A:9*) = | —

Equating to ¢/v and inverting gives the symmetric Nash threshold. O

Under spread, each rotated coordinate is quantized at b = B/(Nd) bits and produces

noise with variance 03 = (mv/3/2) - 47" per coordinate. The expected match count is

g

E[M | N, B] = N'?T(O‘2), 7T(02) = ESNN(OJ) [(D(S_H)Q] ) o= 0*\/8
Differentiating log E[M] with respect to log N gives the slope identity

_ dlogE[M] _ 1+bln4-dlogﬂ(02)

— IA.
dlog N dlog o2 (1A.8)

252
(e —O'q

Define the noise elasticity k(c0?) = —dlogm(c?)/dlogo® > 0. Equation becomes
B =1—rk(0;)bln4. The product s(o})bIn4 is the inverse of an effective dimension that
captures how loss-relevant attributes the participant actually uses; writing 5 = 1 — 1/deg
defines

1 1

deg = = .
. k(02)blnd 1-p

This is the slope-implied effective dimension. The next proposition links it back to the

eigenvalue structure of the trait covariance.

Proposition TA.4 (Effective-dimension calibration under an equal-eigenvalue approxima-
tion). Let z; € R be iid with zero mean, unit norm, and trait covariance . Define the

slope-implied effective dimension
1

1-p
where [ is the log-linear slope of log(1 + M) on log N obeying (IA.8)), and the PCA-implied

effective dimension

slope __
dg =

(IA.9)

€ [1,d]. (TA.10)
If the informative attribute subspace has roughly equal nonzero eigenvalues, dzlf?pe ~ dEEA(D).

Proof. Write ¥ = >, Awexe, with >« A = 1. The inner product of x4 with a random

partner’s vector x; has variance Y, A\} = tr(X?), because the two sides are independent
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and each eigendirection contributes A7. Rescaling to unit variance, s = (x4, x;)/ \/m .
A central limit theorem on the eigendirections (valid when dg is large enough) gives s LN
N0, 1).

The agent’s quantization error on x4 is isotropic after RT'Q and has total MSE 02, S0 its
projection onto z; has variance ag /d when averaged over z;. Restricting to the informative
sub-space spanned by the eigendirections with non-trivial A; replaces d by deg in the per-
direction variance. The substitution is exact when eigenvalues are evenly concentrated within
the informative sub-space.

Combining with the slope formula ([A.8), the match probability becomes m (07 /deg), and
the slope is 8 = 1 — x(02) bln4 with x(02) bIn4 = 1/deg. The identity &> = (tr £)? /tr(?)
is exact when the informative subspace has equal eigenvalues; in general it is a calibration

approximation. ]

The structural model gives a sharp prediction: the slope [ is bounded above by one,
strictly positive, and inversely related to the effective dimension. A hard-concentration al-
ternative, in which only a fixed number of partners receives attention regardless of N, predicts

weak or zero scaling with NV, so a positive slope is inconsistent with hard concentration.

TA.3.2 Main regression and effective-dimension comparison

For each participant i, let M; be the count of mutual matches and NN; the wave size. We
estimate
log(1+ M;) = a+ plogN; + €. (IA.11)

The estimated slope is § = 0.472 with wave-clustered SE 0.063 (p < 1079). The slope
is positive across genders, age bands, and Poisson and negative-binomial GLMs; a placebo
on seating position is indistinguishable from zero. Figure plots the scatter and fit;
Table TA.2| reports the full robustness grid.
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Matches scale with partner count, as broad attention predicts

Speed-dating participants (n = 551)
== QLS fit: slope = 0.472 (wave-clustered SE 0.078)
= == Broad-attention prediction (d = 17): slope = 0.941

N
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Figure IA.8: Matches scale with partner count, Columbia speed-dating. Horizontal

axis: log N;. Vertical axis: log(1+ M;). Each point is one of 551 participants, with small jitter for readability.

Red line: OLS fit with B = 0.472; SE 0.063 both wave-clustered (21 waves) and from a participant-level

bootstrap with 2,000 resamples. Green dashed line: nominal slope prediction 8 = 1 —1/d = 0.94 under
slope

d = 17. The gap reflects correlation among attributes: the effective dimension d_g"" =1/(1 — B) = 1.89 sits
well below nominal d. Data: [Fisman et al.| (2006)).
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Specification n B SE (cluster) SE (boot)  95% CI (boot) D

Main (log-linear) 551  +0.472 0.063 0.063 [+0.350,+0.593] 1.7 x 107!
female 274 +0.442 0.106 0.106 [+0.229,40.645] 4.4 x 1075
male 277  +0.498 0.090 0.090 [+0.320,40.675] 6.6 x 1078
age < 24 186  +0.359 0.126 0.126 [+0.117,+0.609] 5.0 x 1073
age 25-28 225  +0.561 0.109 0.109 [+0.350,+0.783] 5.7 x 1077
age 29+ 132 +0.463 0.126 0.126 [+0.223,+0.723] 3.3 x 10~*

Wave-demeaned (OLS) 551 +40.748 0.497 0.497 [-0.224,+1.714] 1.3 x 1071

Placebo (position) 520 —0.010 0.008 0.008 [—0.026,40.005] 2.2 x 107!

Poisson 551  40.462 0.058 0.058 [+0.349,+0.575] 2.4 x 107*2

NegBinomial 551  +0.458 0.062 0.062 [+0.336,+0.580] 1.9 x 107!

Table TA.2: Partner-count slope across specifications, Fisman speed-dating data
(n = 551, 21 waves). Dependent variable: log(1 + M;) in OLS rows, M; in Poisson and negative-
binomial rows, where M; is participant ¢’s count of mutual matches. Independent variable: log N;. B: slope
on log N;. Main: pooled OLS. Gender/age: sub-sample OLS. Wave-demeaned: OLS with wave dummies.
Placebo: OLS with seating position in place of log IV;. Poisson and NB: log-link GLM with log IV;. Cluster
SE: 21 waves. Bootstrap SE: 551 participants with replacement, 2,000 draws. p-values two-sided against

B=0.

Plugging 3 = 0.472 into the slope-implied identity (TA.9) gives A5 = 1.89. The PCA-
implied dimension on the standardized six-trait correlation matrix is dis® = 2.68, with the

first principal component capturing 57.6 percent of the trait variance. Figure plots the

scree.
Attribute space is effectively low-dimensional, matching the slope
(a) Scree plot (b) Cumulative variance
0.6 o1 0T
Activity attributes (17) | 8§ 1.0
0.5 B Trait attributes (6) E 0.9
g d
<] > 0.8
< 0.4 qs
G 0.7
@ )]
> 03 g 0.6
8 a7
) o 0.5
;:E 0.2 2
0.4
w ‘?‘: —o— Activity
0.1 g 0.3 ! —8— Trait
=] 1 - -i i =
00 3024 i Slope-implied d_eff = 1.90
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Principal component Number of components

Figure TA.9: PCA of the Fisman attribute space. Inputs: 551 participants, 17 activity prefer-
ences and six partner-trait ratings, standardized. Left: scree plot of eigenvalues A; of the sample correlation
matrix (blue: activities, red: traits) versus component index. Right: cumulative variance >, A;j/ D25 A;

versus k, with horizontal line at the empirical dSIOPe = 1/(1 — ) = 1.89. The 1.9 line sits between the first
and second components of the trait PCA, consistent with two-factor readings of the survey.
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The two numbers agree on the qualitative reading (the trait space is effectively one to
three dimensional) and the direction of the gap matches the theory. The slope-implied df;f;pe
is decision-weighted: it picks up the dimension of the loss-relevant attribute subspace as par-
ticipants actually use it. The PCA-implied d5c? weights all trait variation equally. Survey
evidence in Fisman et al.|(2006) shows participants weight a small subset of traits (attractive-
ness, shared interests) more heavily than others, so the decision-weighted dimension should
sit below the equal-weighted PCA value, and it does. We treat this agreement as supportive
of the parallel-target prediction in a non-portfolio setting, not as an exact identity. Doubling

20.472

wave size from 10 to 20 raises expected matches by ~ 1.39, what spread predicts and

concentration rejects ]

IA.3.3 Per-coordinate bit budget and out-of-sample stability

Per-coordinate bit budget. The slope 3 identifies dog but does not separately identify o, and p.
We recover the per-coordinate bit budget from the joint distribution of (N;, M;, partner attractiveness).
Under the threshold model of Proposition the within-person probit of the yes decision
on z-scored partner attractiveness has slope 1/0, and intercept —u/o,. The pooled probit
on 8,378 conversations returns slope 0.662 and intercept —0.218, implying o, = 1.51 and
1= 0.33. Inverting 02 — (7v/3/2)-47" gives b = 0.127 bits per coordinate per partner. With
di}?pe = 1.89, total attention per partner-conversation is B = b - dug ~ 0.24 bits. Over the
240-second window, this is about 1073 bits per second in the useful channel. The magnitude
is small in absolute terms but matches the design: the protocol asks for one binary decision
per partner, and 0.24 bits is below one bit per partner-conversation, consistent with a very
noisy binary decision. Attention, not raw information-processing capacity, is the binding
constraint.

Out-of-sample slope stability. We split the 21 waves 156 by random permutation and
re-estimate the main regression on training waves. Figure reports training-versus-test
slopes across 100 splits. The held-out slope on six unseen waves is close to the training slope,
so the fit is not driven by a few influential waves.

The headline cross-domain finding is the agreement between the slope-implied and PCA-
implied effective dimensions, plus the positive slope itself. The positive slope is inconsistent
with a hard-concentration model in which only a fixed number of partners receives atten-

tion regardless of N. We treat this exercise as a calibration and cross-domain validation

35The Columbia experiment does not randomize wave size at the participant level, so we cannot rule out
self-selection of attentive daters into larger waves. The claim is observational: within the scale observed,
the relationship between wave breadth and match success is consistent with spread and inconsistent with
concentration.
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Observed M;

Out-of-sample prediction on 6 held-out waves (n = 182)

Structural broad-attention model: R? = -0.279

Reduced-form OLS: R2 = -0.022
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Figure TA.10: Out-of-sample slope stability, Fisman speed-dating. Horizontal axis: in-
sample slope Btrain from on 15 random waves. Vertical axis: out-of-sample slope Btest on the 6
held-out waves. Each point is one of 100 independent 15/6 splits. Dashed: 45-degree line. Points cluster
around the diagonal with mean Btest close to the full-sample B = 0.472, indicating slope stability across
splits. The point-prediction R? values are naturally low because the dependent variable is a noisy match
count; the test in this figure is on slope stability, not on point prediction of M;.

of the parallel-target framework rather than a structural test, given the equal-eigenvalue

approximation underlying Proposition [[A.4]
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IA.4 Connection to Transformer-Based Portfolio Con-

struction

This section formalizes the link between RTQ and learned cross-asset attention in Transformer-
based portfolio models such as |Cong et al.| (2026). We show that RTQ approximates, in
expected welfare loss, the population-optimal linear-attention layer at matched bit budget,
with a worst-case multiplicative bound. The bound holds for any prior with finite second
moments and any positive definite welfare matrix. Two consequences follow. RTQ provides
a closed-form, distribution-free theoretical foundation for what cross-asset linear attention
learns asymptotically. And RTQ’s composite signals admit a direct economic interpretation
as welfare-weighted factor portfolios, whereas the Transformer’s learned attention recovers

the same kind of object only implicitly through gradient descent.

IA.4.1 Setup

An investor with welfare matrix W = 0 minimizes expected loss £(a) = E[(a—u) W (a—u)],
where u € R? has prior mean zero and covariance > = 0 with finite second moments. We
compare two candidate signal structures.

Linear-attention layer. A rank-k linear projection s = Au with A € R¥*? followed by a
linear-MMSE decision rule. This is the population analog of a single-head linear-attention
layer trained end-to-end to minimize the portfolio loss. Among rank-k linear signal structures
with linear-MMSE decoding, the optimum chooses A to minimize L.

RTQ at bit budget B. A random orthogonal R € O(d) rotates u, each rotated coordinate
(Ru); is quantized at b = B/d bits via TurboQuant, and the decoded state @ enters the
welfare-weighted action rule. RTQ’s expected loss is bounded by Proposition (1| of the main
text.

IA.4.2 Optimal linear-attention projection

Proposition TA.5 (Optimal rank-k linear-MMSE projection under welfare loss). For any
prior with finite second moments and any positive definite welfare matrix W, the rank-k
linear projection A* that minimizes the linear-MMSE welfare loss projects onto the top-k

eigenvectors of
M = 12wyl (IA.12)
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The achieved minimum loss is

k

Liar(k) = (W) = > N(M), (IA.13)

j=1
where \j(M) denotes the j-th largest eigenvalue of M.

Proof. Given the signal s = Au, the linear-MMSE estimator is ¢"MMSE = S AT (AL A7) Au.

The expected welfare loss is
,C(A) — E[(U _ fLLMMSE)TW(U _ aLMMSE)]

=tr(W [Z — SAT(ASAT) ' AX])
tr(WE) — tr(WEAT(AXAT)'AY).

Minimizing £(A) over rank-k A is equivalent to maximizing the second trace. Set B := AX!/2
and M := SV2WxY2, The second trace becomes

tr(MB'(BB")'B),

which equals the sum of the eigenvalues of M on the subspace spanned by row(B). By
Ky Fan’s maximum principle (Poincaré separation theorem; Bhatial, [1997)) applied to the
eigenvalue decomposition of M, this trace is maximized over rank-k£ B by aligning row(B)
with the top-k eigenvectors of M. The maximum equals Z?:l A;(M). Translating back, A*
projects onto the top-k eigenvectors of M, and the minimum loss is ([A.13]). O

The optimal projection is welfare-weighted principal-component analysis on the prior
covariance. This is the population target that a sufficiently large training set drives the

linear-attention weights toward when the training objective is the portfolio’s welfare loss.

TA.4.3 RTQ within a constant factor of optimal linear attention

Proposition TA.6 (RTQ matches optimal linear attention within a constant factor in the
minimax sense). Let Li2"°(B) denote the spherical minimaz rate-distortion floor at bit bud-
get B, in the known-norm Gaussian-spherical signal class on adversarial priors with finite

second moments. For any prior with finite second moments and any W > 0:

(a) RTQ at bit budget B satisfies

Lrrg(B) < Cp-x(W)- LP(B), (IA.14)
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where Cp = m/3/2 = 2.72 and x(W) = Anax(W) /Amin(W).

(b) The worst-case loss of the optimal linear-attention layer across priors satisfies supp Lf zp(F, B) >
£ ()

Consequently, RTQ is within constant factor Cpx (W) of the worst-case loss of the asymp-

totically optimal linear-attention layer at matched bit budget.

Proof. Statement (a) is Proposition [1| of the main text applied at bit budget B. Statement
(b) follows from the definition of the spherical minimax floor: signal structures in the known-
norm spherical class, including a rank-£ linear projection followed by linear-MMSE decoding,
must achieve at least £?"°(B) on the worst-case prior in that class. Combining (a) and
(b) gives the constant-factor relationship between RT(Q and the worst-case linear-attention
loss. [

The substantive content of is that RTQ is within a known multiplicative constant
of the worst-case asymptotically optimal linear-attention Transformer. The constant depends
only on the welfare matrix’s condition number and is independent of the dimension and the
bit budget. This is the closed-form, distribution-free, capacity-bounded benchmark for the
family of methods that includes Cong et al.| (2026). For priors with exploitable structure,
an oracle-tuned linear-attention layer can do better than the minimax floor; RTQ’s bound

is the worst-case envelope, the appropriate comparison when the prior is not known.

TA.4.4 Explainability: RT(Q composite signals as welfare-weighted

factor portfolios

Corollary TA.1 (Composite signals admit a factor-portfolio interpretation). The eigenvec-
tors of M = SY2WXY? are welfare-weighted factor portfolios: linear combinations of the
underlying state that maximally trade off variance explained against welfare relevance. By
Proposition [TA.Y, the population-optimal linear-attention weights A* project onto the top-k
such factor portfolios. By Proposition RTQ’s loss is within Cpx(W') of the minimaz
rate-distortion floor that bounds the worst-case loss of any linear-attention layer at matched
bit budget. RTQ’s composite signals at b = B/d bits each thus form a closed-form, capacity-

bounded approzimation of the same factor portfolios that the Transformer learns implicitly.

The economic content is direct. Each RT(Q composite signal is a portfolio of the un-
derlying assets with computable weights given by the random rotation. The bit allocation
across composites, governed by water-filling on welfare-weighted eigenvalues, identifies which

composite portfolios receive more resolution. The Transformer’s learned attention recovers
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the same factor portfolios in the large-sample limit, but the weights are obtained by gra-
dient descent without a closed-form interpretation. RTQ supplies that interpretation: at
construction time, the agent knows which composite portfolios are being attended to and at

what resolution, with a worst-case guarantee on the resulting loss.

IA.4.5 Discussion and limitations

The bounds in this section concern the linear-attention mechanism that sits inside many
Transformer architectures (Vaswani et al., 2017)) and is the specific layer that |Cong et al.
(2026)) use for cross-asset attention in portfolio choice. Proposition characterizes the
population-optimal rank-k linear projection by the top eigenvectors of M = SY2Wx1/2,
a standard Ky Fan / Eckart-Young-Mirsky statement. Proposition gives a minimax
comparison: RTQ is within a constant factor Cpx (W) of the spherical rate-distortion floor
at matched per-coordinate bit budget, the same floor that the optimal rank-£ linear-MMSE
attention layer attains asymptotically. The four architectural variations below clarify what
extends from this benchmark to fuller Transformer pipelines and what does not.

Consider first the softmax normalization that wraps the inner product in standard at-
tention. Softmax replaces the linear inner product with an exponentially normalized weight,
which is nonlinear. Population-limit arguments suggest that under quadratic loss and Gaus-
sian features the softmax weights concentrate around a direction that the linear-MMSE pro-
jection also identifies, but the equivalence is heuristic rather than a theorem in the present
paper. We do not claim that Proposition extends without modification to nonlinear
softmax attention.

A second extension concerns multi-head attention, in which each head learns a separate
projection. Mapping h heads to RTQ’s rotated coordinates is suggestive rather than a
formal equivalence: an h-head Transformer with learned head projections is a different object
than a Haar-rotated RTQ representation. We expect the bound to remain informative as a
benchmark for multi-head attention but do not prove it.

The downstream feedforward (MLP) layers raise a separate scope question. The data-
processing inequality applies to the entire pipeline only if the attention layer is explicitly
treated as a bit-limited information bottleneck. Standard continuous Transformer layers are
not bit-limited in the Shannon sense; the pipeline-level bound therefore requires either (i)
an explicit quantization step at the attention layer or (ii) an additional argument that the
post-attention representation has bounded mutual information with the input. In either
case, conditional on the attention layer being bit-limited, RTQ is within C7x(W) of the

rate-distortion floor for that layer, and no downstream MLP can recover information that
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the attention layer did not transmit.

A separable feature of RTQ also deserves mention: the regime-conditional guidance the
framework supplies. The Transformer attention mechanism is flexible: through learned
attention weights, it can place near-zero weight on most inputs (effective focus) or distribute
weight broadly (effective spread). What it does not provide is a principled criterion for
which regime to expect. The choice emerges empirically from training data. RTQ delivers
the corresponding closed-form criterion: the loss concentration ratio p(k) in Corollary [1f of
the main text and the parallel-target sufficient statistic £ in Proposition identify, ex
ante and distribution-free, when focus pays and when spread pays. In the high-dimensional
regime where the US equity universe lives, RT(Q predicts that broad cross-asset attention
dominates, consistent with the empirical findings in |Cong et al.| (2026]). In lower-dimensional
regimes, such as a central bank with a few policy instruments or a hedge fund concentrated
in a handful of active bets, RT'(Q predicts that focus pays.

This appendix provides a conceptual bridge to learned cross-asset attention rather than
a formal equivalence with the entire Transformer architecture. Proposition [[A.5| character-
izes the population-optimal linear projection. Proposition gives a minimax benchmark
showing RTQ is within a constant factor of the spherical rate-distortion floor at matched bit
budget, the same floor the optimal linear-attention layer attains asymptotically. The connec-
tion to softmax, multi-head, and MLP-augmented Transformer architectures is suggestive of
broader applicability but does not extend the proved bound. Random-rotation RT(Q pro-
duces feasible diversified signals whose welfare loss is bounded uniformly, but those signals
are not the top-M eigenvectors of /21312 unless the rotation is deliberately aligned with
M; the resulting signals are economic objects (factor portfolios), but the alignment between

RTQ composites and learned factor portfolios is qualitative rather than exact.
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IA.5 Extensions

IA.5.1 Equilibrium with heterogeneous attention

The main text studies a single agent’s attention allocation. We now embed RTQ-constrained
agents in a noisy rational-expectations equilibrium with full-information counterparties and
noise traders. The Gaussian-CARA case admits a closed-form characterization of the equi-
librium price, each type’s posterior, and the welfare loss to RT(Q agents. The framework
reduces by orthogonal diagonalization to d independent one-dimensional REE problems, so

we develop the analysis at the per-coordinate level and aggregate at the end.

Setup. Let x € R? be the vector of risky-asset payoffs with x ~ A(0,%), ¥ = 0. The

risk-free rate is zero. A continuum of CARA agents with absolute risk aversion v has two

types:

e Type F (full-information), fraction a € (0,1): observes yp = x + e with
er ~ N(0,722). We maintain 7 > 0 throughout. The limit 7 — 07 gives full
price revelation in equilibrium, the standard Grossman-Stiglitz degenerate case, and is

not the substantive object of interest; all formulas below hold for = > 0.

e Type R (RTQ-bounded), fraction 1—a: receives an RTQ signal at total bit budget
B with rotation aligned to the eigenbasis of ¥ and equal allocation b = B/d bits per

rotated coordinate.

Noise traders supply n ~ A (0, 02X per capita, independent of x. The net per-capita supply

of risky assets is zero. Market clearing requires adp 4+ (1 — a)dg + n = 0.

Diagonalization. Let ¥ = VAV be the eigendecomposition, A = diag()\y, ..., \q). Ro-
tated quantities x = V'x, yr = V'yg, P = V'p, and n = V' n satisfy x ~ N(0,A),
n ~ N(0,02A), and rotated coordinates are mutually independent. In the rotated frame,
RTQ’s high-rate Lloyd-Max quantization on the Beta marginal gives noise € ~ N (0, 0%A)
with

0% = Cp-47%  Cp = 7/3/2. (IA.15)

The market clearing condition decomposes coordinate by coordinate. We henceforth analyze
a single rotated coordinate j, dropping the subscript; aggregation across coordinates follows

by summation.
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Per-coordinate equilibrium: derivation. Within coordinate j (subscript suppressed
below), the scalar problem has prior x ~ N(0,\), informed signal yr = x + e with ep ~
N(0,72)) and finite 7 > 0, RTQ signal yp = = + g with ex ~ N(0,0%\), noise supply
n ~ N(0,02)), and zero net supply. Conjecture a linear price p = n,z + n,n. Denote
prior precision o, = 1/, signal precisions ar = 1/(7?A) and ag = 1/(c%\), and the price-

precision induced by p,
UE
oA

oy =

Type t € {F, R} has Gaussian posterior with precision P, = a, + oy + a, and mean m; =
P awyi+app/n.). CARA demand at risk aversion v is d; = (my—p)P;/v. After substitution
and routine algebra:

1 1—n,
dy = 5 ayy — (o +a)p + ay- !

p| - (TA.16)

x

Continuum aggregation over each type eliminates the cross-sectional noise terms ( f .
i€type F
0 and A/;Etype RsRvi

numbers convention for a continuum of ii.d. agents (see Sun, 2006)). Market clearing

EF; di =

di = 0 in the per-capita aggregate, by the standard exact-law-of-large-

adp + (1 — a)dg + n = 0 then yields, after matching coefficients on x and n in the conjec-

tured linear price:

(coef. onz): A — Bn,+a,(1—mn,) = 0, (IA.17)
— /’7$

T

1
(coef. onn): — Bn, + M+ = 0, (TA.18)

where A = aar + (1 — a)ag is the aggregate signal precision and B = «a,, + A.

Theorem TA.3 (Existence and uniqueness of the linear equilibrium). For any positive pa-
rameter tuple (T,0r,0n,7,A) and o € (0,1), there exists a unique linear-Gaussian equilib-
rium with price p = n,x + n,n. The coefficients are

A(A+720)) V1

r = ) n — s TA.19
T T A (A 202N 202 A (1A.19)

with A = a/(T?X) + (1 — ) /(6%\). The induced price precision is a, = A?/(y*02\).

Proof. From ([[A17), a,(1 — 1) = By — A = (o + Ay — A, s0 @ = (e, — A(L —
n2))/(1—=nz) = nwo/(1—n,) — A. From (TA.18), substituting o, (1 —1,) /1 = (Nea, — A(1—
Nz)) /N = ax — A(1 —1n2) /N, the equation reduces to —Bn, + (. — A(1 — 1) /1) +77 = 0,
which simplifies (using B = a, + A) to —An, — A(1 — n,)/n: - 0, + v = 0. Combining
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the two coefficient equations yields the closed-form result. The definition of «, gives the
consistency condition a, = 1?2/ (772 2)). Substituting 7, = 1, /A from the second equation:

= nx/( nioi\/A?) = A?/(y?02)\). Equating with n,a,/(1 —n,) — A and solving for 7,
gives ([A.19). Existence is by constructlon. the closed-form (7, n,) in satisfies both
coefficient equations and the consistency condition for ;. Uniqueness follows because after
substituting 7, = yn./A and a, = A?/(y*¢2)) into the first relation, we obtain a single
equation of the form 7,/(1 —n,) = K with K = A(A + 7?02)\)/(v*02Aa,) > 0 a positive
constant in the model parameters; the function 1, — n,/(1 — n,) is strictly increasing on
(0,1) with range (0, 00), so the equation has the unique solution n, = K/(K + 1) € (0,1),

and (7, ;) are then determined uniquely. O

Limits and comparative statics. The closed form ([A.19) delivers the following:

e As 7 — 0" at fixed « > 0: A — o0, so n, — 1 and 1, — 0. Price fully reveals
x (Grossman-Stiglitz limit; RTQ agents free-ride on price information and posterior

variance vanishes).

e Asa — 0 at fixed 0% > 0and 7 > 0: A=a/(7°\)+ (1 —a)/(cx\) — 1/(c%\), finite.
Equilibrium price partially reveals x through the RTQ signal aggregate.

e As B — oo (equivalently 0% — 0): A — oo, 7, — 1, 1, — 0 regardless of 7, .

e 1), is monotone increasing in A, hence in B (at fixed a, 7) directly through ag. Mono-
tonicity in « at fixed (7, o) requires Type F to be more precise than Type R, ar > agr

2 < 0%). This is the natural ordering when Type F is called full-

(equivalently 7
information (7 small) and Type R is RTQ-bounded (o finite). Under this condition,

more informed counterparties produce more revealing prices.

Type R’s posterior and welfare loss. The Type R posterior variance per coordinate is

. 1
Var(z | yn.p) = (0w +on+op) ! = — VAR (TA.20)

Substituting a, = 1/), 0% = Cr - 472/? and A from Theorem m yields a closed form in
(o, B,7,02,7,\). Aggregating across coordinates, the total welfare loss to a Type R agent

in certainty-equivalent terms is

d
1
AWy = 2—2 Nar(e; | yrg.y); (1A.21)
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where w; = (W)jj is the jth diagonal entry of W = VWV in the rotated basis. The
next proposition shows that off-diagonal entries of W do not enter the welfare loss under
eigenbasis-aligned RT(Q, so the framework is valid for arbitrary positive definite W regardless
of whether W commutes with .

Proposition TA.7 (Welfare loss under non-commuting W). Let W = 0 and ¥ > 0 be
arbitrary, not necessarily commuting. Under eigenbasis-aligned RT(Q) with rotation V' from
the eigendecomposition ¥ = VAV, the per-coordinate posterior covariance in the rotated
frame is diagonal with entries Var(Z; | yr;, p;) given by . The total welfare loss is

d
1
AWg = > Z -Var(Z; | Yrj,Dj)s (TA.22)

and depends on W only through the diagonal of W = VWYV, not on any off-diagonal

entries.

Proof. Let ¥.. = Cov(x — X) be the posterior error covariance in the original frame, where
X is the agent’s Bayes-optimal action. Under eigenbasis-aligned RT(Q with rotation V', the
posterior error covariance is diagonal in the rotated frame: V'V = D where D is diagonal,
because all inputs to the posterior (prior ¥, RT'Q signal noise, equilibrium price, and noise-
trader covariance) factor across rotated coordinates, making rotated coordinates mutually

independent given the signals. The quadratic loss is

E[(x—x) W(&—x)] = tr(W%.) = e(WVDV") = t2(VIWV-D) = (WD) = > (W);;D;;,

where the last equality uses the diagonality of D. Off-diagonal entries of W multiply zero
entries of D in the trace, so they do not enter the loss. The certainty-equivalent welfare
loss scales the quadratic loss by 1/(2y) under CARA preferences. Identifying D,; with the
per-coordinate posterior variance and applying the CARA prefactor gives . O]

Proposition [[A.7] shows that the eigenbasis-aligned RTQ design produces a welfare loss
that depends on W only through diag(V TWV). The off-diagonal entries are irrelevant given
that the posterior is diagonal in the chosen rotation basis. The choice of Vy delivers the
cleanest equilibrium decomposition because it diagonalizes the prior. The welfare-optimal
rotation Vy; (with M = XY2WX1/2) diagonalizes the welfare-weighted prior instead; both
rotations are feasible under the main-text bound, but in equilibrium changing the rotation
also changes the price-information fixed point, so the cost of choosing Vs over Vj; depends

on the equilibrium structure rather than directly on the static Crx (W) constant.
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Comparative statics. From ([A.20): Var(z | yg,p) is strictly decreasing in (i) « at fixed

> < 0%, so Type F is more precise than Type R),

B provided ar > ag (equivalently 7
(ii) B at fixed « (through 1/(c%\) increasing and «, increasing), and (iii) the fraction of
informed agents «, again under ar > ag, through both the direct RTQ-precision channel
and the indirect price-revelation channel. The third statement quantifies the free-riding
result: low-attention investors benefit from the price information generated by high-attention
counterparties, an effect that the worst-case bound of Proposition (1| of the main text does

not capture but the equilibrium analysis does.

Relation to the main-text bound and to learned attention. Equation is the
Gaussian-CARA closed-form analog of the worst-case bound Cypy (W) - L2 from Propo-
sition [1] of the main text. Under the Gaussian-CARA equilibrium the welfare loss is exact
rather than worst-case, and it decomposes into a per-agent RTQ noise contribution and a
price-information contribution. For non-Gaussian priors, the worst-case bound continues to
hold by Proposition [1, and the equilibrium prices satisfy a fixed-point characterization anal-
ogous to but without the explicit Gaussian closed form. An empirical reading speaks
to current debates about indexing and Al-driven trading: as the fraction of well-informed
(e.g., learned-attention) traders grows, prices become more informative, the welfare cost of
being attention-bounded falls, and the equilibrium tilts toward passive participation. Inter-
net Appendix formalizes the corresponding constant-factor relationship between RTQ

and the asymptotically optimal linear-attention layer.

Scope. The closed form above relies on Gaussian payoffs, CARA preferences, equal-allocation
RTQ, and finite 7 > 0, with 7 — 0" as a limiting case. Extensions to water-filling across
rotated coordinates, non-Gaussian priors, heterogeneous bit budgets across agents, multiple
risk-aversion levels, dynamic learning, and informed-trading strategy are substantial and
are deferred to follow-up work. The framework here is intended to establish the qualitative

structure and the closed-form benchmark; full generality belongs to a separate paper.

IA.5.2 Heterogeneous bit budgets and risk aversion

Extend the baseline to K +1 agent types indexed k € {0,1,..., K} with mass oy, >, o = 1.
Type 0 is full-information (7 — 07 as in the baseline). Types k = 1,..., K are RTQ-bounded
with bit budget By (per-coordinate by = Bj/d) and risk aversion -y,. Noise traders, prior,
and net supply are unchanged.

The eigenbasis diagonalization of the baseline carries through unchanged: the equilibrium

decomposes coordinate by coordinate. Within rotated coordinate j, type k receives RT(Q
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signal ypyr = x + egy with egy ~ N(0,0’%vk)\) and le%’k = COr -47%. Type k’s posterior

precision given (ygx,p) is

2

1
Precy = ~+ —— + 7, Ty = gy

A ORgA
where the price precision 7, is the same across types (everyone observes the same price).

CARA demand from type k at risk aversion ~;:

dp = 716_1 - Precy, - (Exl@ | yri, p] — p)-

Market clearing requires agdp + Zle agdr +n = 0, where dg is the Type 0 demand.

Corollary TA.2 (Equilibrium under heterogeneous bit budgets and risk aversion). Define

the two aggregates
sig K

K
o O O o (072
=y el oy
—o Jk —o Tk
with ag® = 1/(72\) and o}® = 1/(0%,A) = 1/(Cr4=B+/4)\) for k > 1. There exists a unique
linear-Gaussian equilibrium with price p = n,x + n,n, and the coefficients have the closed

form
A, (A, 4+ 02)/G) Ma
o 5 oy = TA 2
T A (A T o2NG) + o2 (1A.23)

The induced price precision is a, = A2 /(a2 )).

Proof. The derivation parallels that of Theorem with two modifications. Demand from
type k is d, = 7, [}y — (aw + a3%)p + ap(1 — 10,)p/1.). Aggregating S, apdy, +n = 0
produces two distinct aggregates: A, on the signal-precision side and G on the prior-precision
and price-precision side. The coefficient on z in market clearing reads A, —n,(a,G + A,) +
Ga,(1—n,) = 0, and on n reads —n,, (a,G+A, ) +Gnpo,(1—n,) /n:+1 = 0. After substitution
the algebra simplifies analogously to the proof of Theorem , yielding n, = 7,/A, and
the closed form (TA.23). The induced price precision ay, = 12/(n202X) = A2 /(02 N).

The homogeneous case (Theorem is recovered by setting v = v for all k: then
A, = AJy and G = 1/, so 62\/G = ~o2), and substituting reproduces the formulas

in (TA.19). O

The equilibrium price aggregates information from all types, weighted by signal precision
per unit of risk aversion (a®/v;). Both aggregates A, and G are the sufficient statistics

for the heterogeneous-types economy; under homogeneous risk aversion the two collapse to
scaled versions of the single A of Theorem [[A.3]

81



Higher bit budget By raises type k’s signal precision ozzig and lowers the posterior variance
(holding equilibrium prices fixed), so welfare loss falls monotonically in By. The effect of
lower risk aversion -, is ambiguous for individual welfare loss: lower 7 raises the trading
aggressiveness of type k and shifts price informativeness through A,, but the certainty-
equivalent welfare loss also scales with 1/(2vy), so lower 7, mechanically raises the loss
expressed in CE-bps units. The net ranking across types in 7 therefore requires additional
restrictions on the relative magnitudes of the price-informativeness channel and the CE-
scaling channel; we leave this for follow-up work.

The welfare loss to type k is the per-coordinate posterior variance times the welfare
weight, summed across rotated coordinates and scaled by inverse risk aversion. From (IA.20)),

type k’s posterior variance is

2
ch,k)\

2 2 )
1+ Opp T+ aRk)\Tp

Vary(z | yrx,p) =

with 7, from ([A.23)). The welfare ranking is monotone in the bit budget: higher By, lowers
type k’s posterior variance and lowers welfare loss, holding prices fixed. The cross-type
ranking in 7 is ambiguous, as noted above: lower 7, raises trading aggressiveness and price
informativeness through A, but CE welfare loss also scales with 1/(27;), so the two effects
pull in opposite directions. The free-riding pattern of Grossman and Stiglitz (1980)) carries
through: low-budget agents benefit from price revelation generated by high-budget agents,

with the size of the benefit increasing in the precision-weighted mass of well-informed types.

IA.5.3 Dynamic extension with attention revision over time

The baseline equilibrium is one-shot: the agent commits to a signal structure, observes
the signal, takes an action, and incurs loss. We now develop the dynamic extension in
which the agent allocates attention across multiple periods, observes signals sequentially,
and revises beliefs as new information arrives. Under Gaussian AR(1) dynamics the model
admits a closed-form characterization via Kalman filtering, the optimal allocation reduces to
a tractable Bellman recursion, and the three predicted features (inertia, sluggish response,
budget pooling) follow as derived consequences. We focus on the single-agent problem; em-
bedding the dynamic agent in the heterogeneous-attention equilibrium of Subsection

follows the same logic.
Setup. Discrete time t = 1,2,...,T. The state z; € R follows a Gaussian AR(1) process

Ty = pri1+ U, vy ~ N(0,Q), zo ~ N(0,%), (IA.24)
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with persistence |p| < 1 for stationarity and innovation covariance @ > 0 in the same
eigenbasis as ¥y. The agent has quadratic welfare loss with matrix W > 0, time discount
B € (0,1], and total bit budget B > 0 to be allocated across periods, Zle B, < B with
B; > 0. Within each period, the agent applies RTQ to the rotated state at bit budget B,

observes the quantized signal, and updates beliefs.

High-rate regime. We maintain the high-rate Lloyd-Max approximation throughout:
per-period bit allocations are assumed to satisfy B;/d > b for a threshold b large enough
that the Panter-Dite asymptotic MSE ~ Cp - 475/ . Var is accurate. In numerical practice
b = 1 bit per coordinate suffices; the formulas below break down at very low per-coordinate

rates and require a separate low-rate analysis with bounded posterior variance.

Per-period Kalman update. Let P,;_; = Var(z; | F;—1) denote the pre-update posterior
covariance, where F;_; is the agent’s information set after observing signals through period
t — 1. Diagonalize in the time-invariant eigenbasis V' of ¥, (and of ), by assumption), so
Py = VAt|t_1VT with Ay¢—; diagonal.

The RTQ signal at period ¢, in the rotated frame and under the high-rate Lloyd-Max

model on the Beta marginal, is
G = ¥+ &, E~N(0,0Ny 1), o = Cp-47B Op=mV3/2. (IA.25)

The Kalman update gives the post-update covariance

CT .4~B/d
1 +CT '4fB/d’

At\t = At|t—1 . QS(B,:), ¢(B) = B/d Z Q, (IAQG)

where ¢(B) is the per-period RTQ shrinkage factor on the admissible high-rate range B/d >
b. On this range ¢ is strictly positive, strictly decreasing in B, and converges to 0 as B — oo
(full attention, posterior collapses to a point). The low-rate boundary B — 0 is outside the
high-rate regime; under the no-attention convention ¢(0) = 1 (posterior unchanged), but the
formulas below are stated and used only for B/d > b. The pre-update covariance at t + 1

follows the standard prediction step:
Aigae = PP Mg +Q = p*0(By) Ay + Q. (IA.27)

Equations ([A.26]) and ([A.27) together fully characterize the dynamics of the agent’s pos-

terior covariance as a function of the bit allocation {B;}.
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Stationary covariance: pre- and post-update fixed points. The recursion ([A.26)-
(LA.27]) has two distinct stationary objects, which we distinguish:

@
1 —p2p(B)’

¢(B) @

AL(B) = 1—p?¢(B)’

AR(B) = §(B)- A(B) — (1A.28)
Under a constant allocation B; = B, the pre-update covariance Ay_; converges to AR°(B)
and the post-update covariance Ay, converges to AB™(B). The Bellman state in (TA.30))
is the pre-update covariance, so AL is the relevant fixed point for the state recursion;
the per-period welfare loss tr(W Ay¢) involves the post-update covariance, which equals
¢(B)tr(W AP*®) in stationarity. Both are continuous and monotone-decreasing in B under

the high-rate regime (B/d > b > 0), with AR>®(c0) =0 as B — 0.

Bellman recursion for optimal allocation. The agent minimizes total discounted wel-

fare loss

T T

Lol {BY) = DA (W) = D87 - 0(B) - (WAt ), (1A29)

t=1 t=1

subject to >, By < B, B; > 0, and the dynamics ([A.26)-([A.27); here W =VTWYV is the

welfare matrix in the rotated frame. Let Vi(A,b) denote the optimal cost-to-go starting at

period ¢ with pre-update covariance Ay,—; = A and remaining budget b = B— > st Bs. The
Bellman equation is
Vi(Ab) = min  G(B)-tr(WA) + 8- Vier (PO(BIA+ @, b— B),  (IA.30)

0<B;<b

with terminal condition Vy,q; = 0. The first-order condition with respect to B; gives the
Euler equation linking marginal welfare savings at ¢ to the resulting reduction in V;; through
the predict step. Because ¢ is decreasing in By, the marginal benefit of an extra bit is largest

where the pre-update covariance Ay;_; is largest in the welfare-weighted sense.

Optimal stationary policy in the infinite-horizon case.

Proposition TA.8 (Optimal stationary allocation in the infinite-horizon discounted case).
Consider the infinite-horizon problem (T = oo) with discount factor 5 € (0,1), stationary
AR(1) dynamics (p,Q), and the high-rate regime maintained for the bit allocation. The
agent’s stationary problem is closed either by a per-period information cost uB with shadow
price i > 0 on the bit budget, or equivalently by an exogenous per-period budget Bpp > 0 that

pins B = By, with u as the shadow value of relaxing that constraint; without one of these
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closures the welfare-loss minimization sends B — oo. Within the class of stationary (time-
invariant) policies By = B > 0, and given p > 0 (whether structural or as the shadow value

of a fixed per-period budget), the optimal stationary allocation B* solves the Euler condition

tr <W Agge(B*))
1 — Bp*¢(B*)

where A2°(B) = Q/(1 — p?¢(B)) is the pre-update stationary covariance from ([A.28). On
the high-rate range where the per-period loss g(B) = ¢(B)tr(WAP*(B))/(1 — Bp*¢(B)) is
strictly conver (Lemma below), the Euler condition pins down a unique B*. Under
stationary initial conditions Ayjg = AR (B*), the constant policy B, = B* attains the steady-
state per-period welfare loss ¢(B*)tr(W AR(B*)) at every period.

|¢'(B")| - = u, (1A.31)

Proof. With stationary dynamics and stationary cost, the Bellman recursion admits a time-
invariant value function V. (A) on the pre-update state A in the infinite-horizon case. Substi-
tuting the linear ansatz Vo (A) = c+tr(PA) into the Bellman equation Vao(A) = ¢(B)tr(WA)+
BVio(p?¢(B)A + Q) and matching coefficients on A yields P = ¢(B)W /(1 — Bp*¢(B)). The
first-order condition with respect to B, evaluated at the stationary pre-update covariance
AP'¢(B*), gives

o' (B )tr(WARS(B")) + Bp°¢' (B")tr(PARS(BY) + u = 0.

Substituting P = ¢(B*)W /(1 — Sp*$(B*)) and collecting:

: Bp*¢(B”)
¢ (B )tr(WAR(BY) |1+ ————=—| = —p,
(B aze(s7) |1+ T2 =
and simplifying 1+ 8p%¢/(1—p*¢) = 1/(1— Bp?¢) gives ([A.31]) after taking absolute values
(since ¢'(B*) < 0). Uniqueness on the high-rate range follows from Lemma [[A.2]| O

Lemma IA.2 (Strict convexity of stationary loss on the high-rate range). Define g(B) =
d(B)tr(W A*(B)) /(1 — Bp*¢(B)) on the high-rate range B/d > b. There exists b* > b such
that g is strictly convex on {B : B/d > b"}, hence the Euler condition ([A.31)) has at most

one stationary minimizer on that range.

Proof. Write u = ¢(B); on the high-rate range ¢ is a strictly decreasing, strictly convex, and
analytic function of B with image u € (0, Umax] Where Uy = ¢(bd) < 1. The stationary loss
is g(B) = tr(W Q) - u/[(1 — p*u)(1 — Bp*u)], a smooth function of u. Its second derivative
with respect to u is positive on a neighborhood of u = 0 and the second derivative with
respect to B is g = Guu(?d')? + gud”, with both ¢”(B) > 0 on the high-rate range and
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gu = tt(WQ)-[(1=p*u) (1= Bp*u)+u(p* (1= Bp*u)+ Bp* (1= p*u))]/[(1=p*u)* (1= Bp*u)?] > 0.
For u small enough (equivalently, B/d large enough), ggp > 0 strictly; let b* be any threshold
above which both terms remain positive. Strict convexity on {B/d > b*} follows, and

uniqueness of the Euler-condition root on this range is immediate. O

The proposition restricts to stationary policies and the infinite-horizon case. For finite
horizon T" < oo, the global optimum is given by the Bellman Euler condition in the next
proposition and may deviate from any stationary policy. In short horizons, front-loading
attention can be globally optimal: concentrating the bit budget in early periods reduces
early posterior variance enough that the welfare savings dominate the cost of higher late-
period variance. As T grows, the value of front-loading shrinks and the optimum approaches
the stationary B*. The following proposition characterizes the optimum for any finite 7" and

any initial conditions.

Proposition IA.9 (Bellman characterization under maintained regularity). The Bellman
recursion characterizes the finite-horizon optimum. At each (t, A,b) with A > 0, un-
der the maintained high-rate convexity conditions of Lemmal[IA. together with the reqularity
hypothesis that Vi 1(-,b— B) is non-decreasing in the Loewner order on A and convex in b,
the one-step Bellman summand is strictly convezr in B, so the period-t minimizer B} (A,b)
is unique. By Bellman’s principle of optimality, the resulting trajectory {B;} defines the

finite-horizon optimum.

Proof. Under the stated regularity hypothesis on V1, the Bellman summand ng(B)tr(WA) +
BVii1(p?d(B)A+Q,b— B) is a sum of a strictly convex term (by Lemma applied to the
first piece) and a convex term in B on the high-rate range. The minimum over the compact
convex set [0, 0] is therefore attained uniquely. Bellman’s principle of optimality then gives

the finite-horizon optimum trajectory by per-step minimization. O

Proposition[TA.9 gives a per-step uniqueness statement and a computational characteriza-
tion of the optimum, conditional on the regularity hypothesis on V;,;. We do not establish
that hypothesis recursively from Vy,; = 0, because the minimum over B of a family of
convex-in-A functions is not in general convex in A; verifying that the value function inherits
monotonicity and convexity from the per-step problem would require additional structure on
the Bellman operator that goes beyond what we use in this paper. The per-step characteri-
zation remains sufficient for the substantive uses below: under stationary initial conditions,
Proposition gives the optimal stationary policy with the cleaner Lemma unique-
ness argument; under non-stationary initial conditions, the optimal allocation front-loads
or back-loads attention depending on whether Ayjg is above or below AR(B*), with the

trajectory characterized by the Bellman recursion subject to the stated regularity.
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Turnpike intuition (informal implication). The finite-T" optimum is expected to ap-
proach the stationary policy in the interior of long horizons. Under the high-rate regime, ¢ is
Lipschitz and bounded, the Kalman recursion has a bounded invariant set for the pre-update
covariance (any constant policy keeps A;,—; in the compact range [AR(B),Q/(1 — p?)]),
and the discounted Bellman operator on continuous bounded functions over the compact
state set is a contraction with modulus # < 1. The Banach fixed-point theorem then gives
Vr(-,t) = Voo(:) uniformly as T'— t — oo. If the Lagrange multiplier sequence on the total
budget constraint converges to its stationary value p* and the optimal policy is continuous in
the value-function derivative (which holds under standard regularity by the implicit-function
theorem applied to the strictly convex per-step problem of Proposition , then for any
e>0and ¢ € (0,1/2) there exists Ty = Ty(e, d) such that

)B:’T ~ B < e forall T>Tandall t € [5T, (1 — 6)T], (IA.32)

at geometric rate in the horizon distance to the boundary. This is the standard turnpike
pattern of Cass| (1965) and McKenzie (1976) for budget-constrained dynamic programs. We
state this property as an informal implication rather than as a theorem: a fully rigorous
proof requires additional regularity conditions on the value-function derivative and on the
multiplier sequence that go beyond the scope of the present paper, and is left for follow-
up work. In the empirical sections we use the Bellman recursion as the computational
characterization (Proposition and report stationary-policy results for stationary initial
conditions (Proposition [[A.g).

Three derived features. The Bellman recursion produces three qualitative features ob-
served in the dynamic-RI literature.

Inertia. Equation shows that the post-update covariance is the pre-update co-
variance scaled by ¢(B;) € (0, 1], not replaced. The agent’s belief at ¢ is a precision-weighted
average of the new RTQ signal and the carry-over from ¢ — 1, with weight p?¢(B;_1) on the
past and weight 1 — ¢(B;) on the new signal. As p — 1 (high persistence), the past weight
rises and the agent’s belief moves slowly. This is the formal sense in which RT(Q reuses past
attention rather than re-rotating each period.

Sluggish response. A structural break at ¢ = t* that shifts Q) to Q" # @ propagates
through only after the agent observes signals reflecting the new innovation variance.
The pre-update covariance Ay« py41—1 converges to the new stationary pre-update value
AP (B*) = Q'/(1 — p*¢(B*)) at geometric rate (p?¢(B*))*; for small B* or high p, this

convergence is slow. The agent’s belief catches up to the new regime sluggishly, with half-life
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—log 2/ log(p*¢(B*)) periods.

Budget pooling. In the infinite-horizon discounted case with stationary dynamics, the
optimal stationary policy is constant per-period allocation B = B* (Proposition ; the
agent does not front-load or back-load. In finite 7', the optimum can deviate from equal
allocation, with front-loading favored when initial uncertainty Ao is above the stationary
pre-update covariance and back-loading favored when it is below. The turnpike intuition
above implies that for sufficiently long horizons the interior of the policy approaches the

stationary B*, with the front-/back-loading effects confined to the boundary periods.

Connection to the static framework. Under the stationary policy and stationary initial
conditions, the dynamic problem reduces to a sequence of static RT'Q problems with per-
period budget B/T and per-period welfare-weighted covariance W AP (B /T)), equivalent to
¢(B/T)W AP(B/T). The parallel-target sufficient statistic of Section m generalizes from
the static £ = N-4-8/(Nd) to the dynamic Edyn = T-4-B/(Td) with the persistence parameter

entering through the stationary covariance scaling 1/(1 — p2¢).

Corollary TA.3 (Dynamic loss bound under equal allocation, Gaussian AR(1)). Under
Gaussian AR(1) state dynamics with innovation covariance Q, equal allocation By = B/T,
and stationary initial conditions Ayjg = A2(B/T), the total welfare loss is bounded by

~ 1—
Ltotal S C(T : X(W) : /6

T
sphere / 15

L), (14.33)

where L' (b) is the static minimaz rate-distortion floor at per-coordinate bit rate b/d from

Proposition (1| of the main text.

Proof. Under the equal-allocation policy B; = B/T, applying the Kalman recursion (TA.26)-
starting from Ayg = AR®(B/T) gives Ay—q = ARS(B/T) for all t: the stationary
pre-update covariance is preserved by the constant-allocation policy, by direct substitution
into -. Proposition |1| of the main text, applied to a single period at per-
coordinate bit rate B/(Td), gives ¢(B/T) - tr(W AR(B/T)) < Cpx(W) - LI(B/T).
Summing the discounted per-period losses 7, 8! = (1—7T)/(1— ) gives the bound. [J

Corollary bounds the dynamic welfare loss under equal allocation in the Gaussian
AR(1) case, where the Kalman recursion gives the closed-form posterior and the stationary
covariance has the closed form AP"(B) = Q/(1—p*$(B)). For non-Gaussian innovations with
finite second moments, the static main-text bound continues to apply period by period to

the corresponding posterior error covariance, but the closed-form Kalman recursion and the
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stationary covariance formula do not carry over; the dynamic worst-case bound in the non-
Gaussian case requires the per-period covariance trajectory under whatever signal structure
the agent uses, which is no longer closed-form. The Gaussian-AR(1) case in ([A.33) is the

substantive content.

Comparison to Steiner-Stewart-Matejka and scope. [Steiner et al.| (2017) character-
ize dynamic rational inattention under Shannon capacity and find the same three features
(inertia, sluggish response, an interior stationary allocation). The development above re-
places Shannon capacity with the RTQ rate-distortion bit budget and inherits the static
RTQ worst-case guarantee period by period; the closed-form covariance recursion holds for
Gaussian AR(1). General non-Gaussian state dynamics inherit the static worst-case bound
applied at each period to the corresponding posterior error covariance, but the closed-form
Kalman recursion does not carry over. Embedding the dynamic agent in the equilibrium of
Subsection with full-information counterparties and noise traders is a substantial ex-
tension and a natural direction for follow-up work; the per-period equilibrium pricing follows
the static analysis of Subsection applied at each t with 0% = Cp-47P/4 and posterior
covariance from ([A.26)).
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