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Abstract

This paper develops a model in which traders receive a stream of private sig-
nals, and differ in their information processing speed. In equilibrium, the fast
traders (FTs) quickly reveal a large fraction of their information, and generate
most of the volume, volatility and profits in the market. If a FT is averse to hold-
ing inventory, his optimal strategy changes considerably as his aversion crosses a
threshold. He no longer takes long-term bets on the asset value, gets most of his
profits in cash, and generates a “hot potato” effect: after trading on information,
the F'T quickly unloads part of his inventory to slower traders. The results match

evidence about high frequency traders.
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1 Introduction

Today’s markets are increasingly characterized by the continuous arrival of vast amounts
of information. A media article about high frequency trading reports on the hedge fund
firm Citadel: “Its market data system, for example, contains roughly 100 times the
amount of information in the Library of Congress. [...] The signals, or alphas, that
prove to have predictive power are then translated into computer algorithms, which are
integrated into Citadel’s master source code and electronic trading program.” (“Man
vs. Machine,” CNBC.com, September 13 2010). The sources of information from
which traders obtain these signals usually include company-specific news and reports,
economic indicators, stock indexes, prices of other securities, prices on various other
trading platforms, limit order book changes, as well as various “machine readable news”
and even “sentiment” indicators.

At the same time, financial markets have seen in recent years the spectacular rise of
algorithmic trading, and in particular of high frequency trading.? This coincidental ar-
rival raises the question whether or not at least some of the HFT's do process information
and trade very quickly in order to take advantage of their speed and superior computing
power. Recent empirical evidence suggests that this is indeed the case.®> But, despite the
large role played by high frequency traders (HFTs) in the current financial landscape,
there has been relatively little progress in explaining their strategies in connection with
information processing.

We consider the following questions regarding HF'T's: What are the optimal trading
strategies of HFTs who process information? Why do HFTs account for such a large
share of the trading volume? What explains the race for speed among HFTs? What are

the effects of HF T's on measures of market quality, such as liquidity and price volatility?

L “Math-loving traders are using powerful computers to speed-read news reports, editorials, company
Web sites, blog posts and even Twitter messages—and then letting the machines decide what it all means
for the markets.” (“Computers That Trade on the News,” New York Times, December 2274 2010).

2Hendershott, Jones, and Menkveld (2011) report that from a starting point near zero in the mid-
1990s, high frequency trading rose to as much as 73% of trading volume in the United States in 2009.
Chaboud, Chiquoine, Hjalmarsson, and Vega (2014) consider various foreign exchange markets and find
that starting from essentially zero in 2003, algorithmic trading rose by the end of 2007 to approximately
60% of the trading volume for the euro-dollar and dollar-yen markets, and 80% for the euro-yen market.

3See Brogaard, Hendershott, and Riordan (2014), Baron, Brogaard, and Kirilenko (2014), Kirilenko,
Kyle, Samadi, and Tuzun (2014), Hirschey (2013), Benos and Sagade (2013), Brogaard, Hagstromer,
Nordén, and Riordan (2013).



How can HFT order flow anticipate future order flow and returns? What explains
the “intermediation chains” or “hot potato” effects found among HFTs? Why do some
HFT's have low inventories? Regarding the last question, some recent literature identifies
HFTs as traders with both high trading volume and low inventories (see Kirilenko et al.
2014, SEC 2010). But then, a natural question arises: why would having low inventories
be part of the definition of HFTs?

In this paper, we provide a theoretical model of informed trading which parsimo-
niously addresses these questions. Because we want to study speed differences among
informed traders, we start with the standard framework of Kyle (1985), and modify
it along several dimensions.* First, the asset’s fundamental value is not constant but
follows a random walk process, and each risk-neutral informed trader, or speculator,
gradually receives signals about the asset value increments. Second, there are multiple
speculators who differ in their speed, in the sense that some speculators receive their
signal with a lag. Third, each speculator can trade only on lagged signals with a lag of
at most m, where m is an exogenously given number.

It is the last assumption that sets our model apart from previous models of informed
trading. A key effect of this assumption is to prevent the “rat race” phenomenon discov-
ered by Holden and Subrahmanyam (1992), by which traders with identical information
reveal their information so quickly, that the equilibrium breaks down at the “high fre-
quency” limit, when the number of trading rounds approaches infinity. In our model,
the speculators reveal only a fraction of their total private information, and this has
a stabilizing effect on the equilibrium. Economically, we think of this assumption as
equivalent to having a positive information processing cost per signal (and per trading
round).”> Indeed, since one of our results is that the value of information decays fast,
even a tiny information processing cost would make speculators optimally ignore their

signals after a sufficiently large number of lags m.

4As in Kyle (1985), we assume that informed traders submit only market orders; this is a plausible
assumption for informed HFTs (see Brogaard, Hendershott, and Riordan 2014). Also, we set the model
in continuous time, which makes it easier to solve for the equilibrium.

SIntuitively, information processing is costly because speculators need to avoid trading on stale
information, and this involves (i) constantly monitoring public information to verify that their signal
has not been incorporated into the price, and (ii) extracting the predictable part of their signal from
past order flow, so that speculators trade only on the unpredictable (non-stale) part.



To simplify the analysis, we restrict our attention to the particular case when m =1,
which we call the benchmark model. In this model, speculators can trade using only their
current signal and its lagged value. Thus, there are two types of speculators: fast traders
(or FTs), who observe the signal instantly; and slow traders (or STs), who observe the
signal after one lag. The benchmark model has the advantage that the equilibrium can
be described in closed form. In the Internet Appendix we verify numerically that the
main results in the benchmark model carry through to the general case (m > 1).

Our first main result in the benchmark model is that the FTs generate most of the
trading volume, volatility, and profits. To understand why, consider the decision of N
fast traders about what weight to use on the last signal they have received. Because
the dealer sets a price function which is linear in the aggregate order size, each FT
faces a Cournot-type problem and trades such that the price impact of his order is on
average 1/(N + 1) of his signal. That brings the expected aggregate price impact to
N/(N+1) of the signal, and leaves on average only 1/(N+1) of the signal unknown to the
dealer. Thus, once the STs observe the lagged signal, they now have much less private
information to exploit. Moreover, the ST profits are further diminished by competition
with FTs, who also trade on the lagged signal. Empirically, Baron, Brogaard, and
Kirilenko (2014) find out that the profits of HFTs are concentrated among a small
number of incumbents, and the profits appear to be correlated with speed.

Our second main result is that volume, volatility and liquidity are increasing with
the number of FTs. First, more competition from FTs makes the prices more infor-
mative overall, and thus increases liquidity (measured, as in Kyle 1985, by the inverse
price impact coefficient). As the market is more liquid, FTs face a lower price impact,
and therefore trade even more aggressively. This creates an amplification mechanism
that allows the aggregate F'T trading volume to be increasing roughly linearly with the
number of FTs. The effect of FTs on volatility is more muted but still positive; this
is because in our model price volatility is bounded above by the fundamental volatility
of the asset. Empirically, in line with our theoretical results, Hendershott, Jones, and
Menkveld (2011), Boehmer, Fong, and Wu (2014), and Zhang (2010) document a pos-
itive effect of HFTs on liquidity. Moreover, the last two papers find a positive effect

of HFTs on volatility. We should point out, however, that our model is more likely to



apply only to the subcategory of informed, market taking HFT's, and not to all HFTs.
Thus, our results should be interpreted with caution.

Our third main result in the benchmark model is the existence of anticipatory trad-
ing: the order flow of fast traders predicts the order flow of slow traders in the next
period. This comes from the fact that the fast traders’ signal does not fully get incor-
porated into the price, hence the slow traders have an incentive to use the signal in
the next period, after they remove the stale (predictable) part. Anticipatory trading
is therefore related to speculator order flow autocorrelation. Our model predicts that
the speculator order flow autocorrelation is positive, although it is small if the number
of fast traders is large. Empirically, Brogaard (2011) finds that the autocorrelation of
aggregate HF'T order flow is indeed small and positive. Also, using Nasdaq data on
high-frequency traders, Hirschey (2013) finds that HFT order flow anticipates future
order flow.

Despite being able to match several stylized facts about HFTs in our benchmark
model, a few questions remain. Why do many HFT's have low inventories, both intraday
and at the day close?® Why do HFTs engage in “hot potato” trading (or “intermediation
chains”), in which HFT pass their inventories to other traders?” What is the role of
speed in explaining these phenomena?

To provide some theoretical guidance on these issues, we extend our benchmark
model to include one trader with inventory costs. These costs can arise from risk aversion
or from capital constraints, but we take a reduced form approach and assume the costs
are quadratic in inventory, with a coefficient called inventory aversion (see Madhavan
and Smidt 1993). We call this additional trader the Inventory-averse Fast Trader, or
IFT.2 We call this extension the model with inventory management. In addition to

choosing the weight on his current signal, the IFT also chooses the rate at which he

SSEC (2010) characterizes HFTs by their “very short time-frames for establishing and liquidating
positions” and argues that HFTs end “the trading day in as close to a flat position as possible (that
is, not carrying significant, unhedged positions over-night).” See also Kirilenko et al. (2014), Brogaard,
Hagstromer, Nordén, and Riordan (2013), or Menkveld (2013).

"Weller (2014) analyzes both theoretically and empirically “intermediation chains” in which unin-
formed HFTs unwind inventories to slower, fundamental traders. Kirilenko et al. (2014) mention “hot
potato effect” during the Flash Crash episode of May 6, 2010, when some HFTs would churn out their
inventories very quickly to trade with other HF Ts.

8We do not introduce more than one IFT since the model would be much more difficult to solve.
The IFT is assumed fast because without slower traders it is not profitable to manage inventory.



mean reverts his inventory to zero each period. Without discussing yet optimality,
suppose the IFT does inventory management, i.e., chooses a positive rate of inventory
mean reversion. What are the effects of this choice?

The first effect of inventory management is that the IFT keeps essentially all his
profits in cash. To see this, suppose the IFT chooses a coefficient of mean reversion
of 10%. This translates into the inventory being reduced by a fraction of 10% in each
trading round. Therefore, the IFT’s inventory tends to become small over many rounds,
and because our model is set in the high frequency limit (in continuous time), the
inventory becomes in fact negligible.® We call this result the low inventory effect.

The second effect is that the IFT no longer makes profits by betting on the funda-
mental value of the asset. This stands in sharp contrast to the behavior of a risk-neutral
speculator, such as the fast trader in the benchmark model. Indeed, the F'T accumulates
inventory in the direction of his information, since he knows his signals are correlated
with the asset’s liquidation value. By contrast, although the IFT initially trades on
his current signal, he subsequently fully reverses the bet on that signal by removing a
fraction of his inventory each trading round. Thus, the IFT’s direct revenue from each
signal eventually decays to zero. We call this result the information decay effect.

The third effect of inventory management is that, in order to make a profit, the IFT
must (i) anticipate the slow trading, and (ii) trade in the opposite direction to slow
trading. By slow trading here we simply mean the part of order flow that involves the
speculators’ lagged signals.!® To understand this effect, consider how the IFT uses a
given signal. The information decay effect means that the IFT’s final revenues from
betting on his signal are zero. Therefore, the IFT must benefit from inventory reversal.
Since any trade has price impact, inventory reversal makes a profit only if gets pooled
with order flow in the opposition direction, so that the IFT’s price impact is negative.
But in order to be expected profit, the opposite order flow must come from speculators
who use lagged signals, i.e., from slow trading. We call this result the hot potato effect,

or the intermediation chain effect.!!

9Formally, the inventory follows an autoregressive process, hence its variance has the same order as
the variance of the signal, which at high frequencies is negligible.

10A subtle point is that slow trading does not need to come from actual slow traders. Slow trading
can also arise from fast traders who use their lagged signals as part of their optimal trading strategy.

1Tn our simplified framework, the intermediation chain only has one link, between the IFT and the

6



The reason behind this terminology is that the IFT’s current signal (the “potato”)
produces undesirable inventory (is “hot”) and must be passed on to slower traders in
order to produce a profit. Thus, speed is important to the IFT. Without slower trading,
there is no hot potato effect, and the IFT makes a negative expected profit from any
trading strategy that mean reverts his inventory to zero. Note also that the hot potato
generates a complementarity between the IFT and slow traders: Stronger inventory
mean reversion by the IFT reduces the price impact of the STs, who can trade more
aggressively. But more aggressive trading by the STs allows stronger mean reversion
from the IFT.

The optimal strategy of the IF'T produces two contrasting types of behavior, depend-
ing on how his inventory aversion compares to a threshold. Below the threshold, the IF'T
behaves like a risk-neutral speculator, and lowers his inventory costs simply by reducing
the weight on his signals. He does not manage inventory at all, because the information
decay effect ensures that even a small but positive inventory mean reversion eventually
destroys all revenues from the fundamental bets. With inventory aversion above the
threshold, the IF'T manages inventory and has all his profits in cash. The IFT benefits
not from fundamental bets on his signals, but from the hot potato effect.

Figure 1 illustrates the optimal mean reversion for the IFT as a function of his
inventory aversion coefficient. We see that, as his inventory aversion rises, the IFT
changes discontinuously from the regime with no inventory mean reversion to the regime
with positive inventory mean reversion. The threshold at which this discontinuity occurs
depends on the number of fast traders (FTs) and slow traders (STs) in the model.
This threshold is decreasing in both parameters, because the amount of slow trading
is increasing in both parameters. Slow trading is clearly increasing in the number of
slow traders. But it is also increasing in the number of fast traders because (i) the fast
traders also use their lagged signals, and (ii) more fast traders make the market more
liquid, which allows slow trading to be more aggressive.

Our results speak to the literature on high-frequency trading. One may think that

in practice HFTs have very low inventories because either (i) HFTs have very high

slow traders. But we conjecture that in a model where speculators use more than one lag for their
signals, the intermediation chains become longer, depending on the number of lags.



Figure 1: Optimal Inventory Mean Reversion. This figure plots the optimal mean
reversion coefficient of an inventory-averse fast trader (IFT), when he competes with Ny fast
traders (FTs) and Ng slow traders (STs), with Np, Ng € {1,5,25}. On the horizontal axis is
the IFT’s inventory aversion coefficient. The optimal mean reversion coefficient is computed
using the results of Section 5, in the inventory management model with parameters Np and
N, = Ngp + Ng. The other parameter values are: o, = 1, o, = 1.
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risk aversion, or (ii) HFTs do not have superior information and wish to maintain
zero inventory to avoid averse selection on their positions in the risky asset. Our results
suggest that this is not necessarily the case. Indeed, Figure 1 suggests (and we rigorously
prove in Proposition 6) that in the limit when the number of speculators is large, the
threshold inventory aversion converges to zero, and the optimal mean reversion is close
to one. In other words, even with low inventory aversion, the IFT chooses very large
mean reversion. Yet, even at these high rates of mean reversion the IFT does not loses
more than about 50% of his average profits from inventory management (the advantage
being that he has all his profits in cash).

We predict that in practice the fast speculators are sharply divided into two cate-
gories. In both categories speculators trade with a large volume. But in one category
speculators accumulate inventory by taking fundamental bets. In the other category

speculators have very low inventories; they initially trade on their signals but then



quickly pass on part of their inventory to slower traders. These covariance patters
produce testable implications of our model.

The division of fast speculators in two categories appears consistent with the empiri-
cal findings of Kirilenko et al. (2014), who study trading activity in the E-mini S&P 500
futures during several days around the Flash Crash of May 6, 2010. The “opportunistic
traders” described in their paper resembles our risk-neutral fast traders: opportunistic
traders have large volume, appear to be fast, and accumulate relatively large inventories.
By contrast the “high frequency traders” in their paper, while they are also fast and
trade in large volume, keep very low inventories. Indeed, HFT's in their sample liquidate

0.5% of their aggregate inventories on average each second.

Related Literature

Our paper contributes to the literature on trading with asymmetric information. We
show that competition among informed traders, combined with noisy trading strate-
gies, produces a large informed trading volume and a quick information decay.!? The
market is very efficient because competition among informed traders makes them trade
aggressively on their common information. This intuition is present in Holden and Sub-
rahmanyam (1992) and Foster and Viswanathan (1996). The former paper finds that
the competition among informed traders is so strong, that in the continuous time limit
there is no equilibrium in smooth strategies. Our contribution to this literature is to
show that that there exists an equilibrium in noisy strategies. This rests on two key as-
sumptions: (i) noisy information, i.e., speculators learn over time by observing a stream
of signals, and (ii) finite lags, i.e., speculators only use a signal for a fixed number of
lags—which is plausible if there is a positive information processing cost per signal.
Without the finite lags assumption, noisy information by itself does not gener-
ate noisy strategies, as Back and Pedersen (1998) show. Chau and Vayanos (2008),
Caldentey and Stacchetti (2010), and Li (2012) find that noisy information coupled with
either model stationarity or a random liquidation deadline produces strategies that are

still smooth as in Kyle (1985), but towards the high frequency limit they have almost

12 A speculator’s strategy is smooth if the volatility generated by that speculator’s trades is of a lower
magnitude compared to the volatility from noise trading; and noisy if the magnitudes are the same.



infinite weight. Thus, the market in these papers is nearly strong-form efficient, which
makes speculators’ strategies appear noisy (there is no actual equilibrium in the limit).
By contrast, in our model the market is not strong-form efficient even in the limit, yet
strategies are noisy. Foucault, Hombert, and Rogu (2015) propose a model in which
a single speculator receives a signal one instant before public news. The speculator’s
strategy is noisy, but for a different reason than in our model: the speculator optimally
trades with a large weight on his forecast of the news. Yet a different mechanism oc-
curs in Cao, Ma, and Ye (2013). In their model, informed traders must disclose their
trades immediately after trading, and therefore traders optimally obfuscate their signal
by adding a large noise component to their trades.

Our paper also contributes to the rapidly growing literature on High Frequency
Trading.'® In much of this literature, it is the speed difference that has a large effect
in equilibrium. The usual model setup has certain traders who are faster in taking
advantage of an opportunity that disappears quickly. As a result, traders enter into
a winner-takes-all contest, in which even the smallest difference in speed has a large
effect on profits. (See for instance the model with speed differences of Biais, Foucault,
and Moinas (2014), or the model of news anticipation of Foucault, Hombert, and Rosu
(2015).) By contrast, our results regarding volume and volatility remain true even if
all informed traders have the same speed. This is because in our model the need for
speed arises endogenously, from competition among informed traders. In our model,
being “slow” simply means trading on lagged signals. Since in equilibrium speculators
also use lagged signals (the unanticipated part, to be precise), in some sense all traders
are slow as well. Yet, it is true in our model that a genuinely slower trader makes less
money, since he can only trade on older information that has already lost much of its
value.

Our results regarding the optimal inventory of informed traders are, to our knowl-
edge, new. Theoretical models of inventory usually attribute inventory mean reversion

to passive market makers, who do not possess superior information, but are concerned

13See Biais, Foucault, and Moinas (2014), Ait-Sahalia and Saglam (2014), Budish, Cramton, and
Shim (2014), Foucault, Hombert, and Rosu (2015), Du and Zhu (2014), Li (2014), Hoffmann (2014),
Pagnotta and Philippon (2013), Weller (2014), Cartea and Penalva (2012), Jovanovic and Menkveld
(2012), Cvitani¢ and Kirilenko (2010).
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with absorbing order flow.!* Our paper shows that an informed investor with inventory
costs (the “IFT”) can display behavior that makes him appear like a market maker, even
though he only submits market orders (as in Kyle 1985). Indeed, in our model the IFT
does not take fundamental bets, passes his risky inventory to slower traders (the hot
potato effect), and keeps essentially all his money in cash. To obtain these results, even
a small inventory aversion of the IFT suffices, but only if enough slow trading exists.

A related paper is Hirshleifer, Subrahmanyam, and Titman (1994). In their 2-period
model, risk averse speculators with a speed advantage first trade to exploit their infor-
mation, after which they revert their position because of risk aversion; while the slower
speculators trade in the same direction as the initial trade of the faster speculators. The
focus of Hirshleifer, Subrahmanyam, and Titman (1994) is different, as they are inter-
ested in information acquisition and explaining behavior such as “herding” and “profit
taking.” Our goal is to analyze the inventory problem of fast informed traders in a fully
dynamic context, and to study the properties of the resulting optimal strategies.

The paper is organized as follows. Section 2 describes the model setup. Section 3
solves for the equilibrium in the particular case with two categories of traders: fast
and slow. Section 4 discusses the effect of fast and slow traders on various measures
of market quality. Section 5 introduces and extension of the baseline model in which a
new trader (the IFT) has inventory costs. Then, it analyzes the IFT’s optimal strategy
and its effect on equilibrium. Section 6 concludes. All proofs are in the Appendix or
the Internet Appendix. The Internet Appendix solves for the equilibrium in the general

case, and analyzes several modifications and extensions of our baseline model.

2 Model

Trading for a risky asset takes place continuously over the time interval [0, T'], where we
use the normalization:!®

T = 1. (1)

14See Ho and Stoll (1981), Madhavan and Smidt (1993), Hendershott and Menkveld (2014), as well
as many references therein.

15To eliminate confusion with later notation, we often use T instead of 1. This way, we can denote
below t — dt by ¢ — 1 without much confusion.
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Trading occurs at intervals of length dt apart. Throughout the text, we refer to dt as

representing one period, or one trading round. The liquidation value of the asset is
T
vp = / dv,, with dv, = o,dBy, (2)
0

where By is a Brownian motion, and o, > 0 is a constant called the fundamental
volatility. We interpret vy as the “long-run” value of the asset; in the high frequency
world, this can be taken to be the asset value at the end of the trading day. The
increments dv; are then the short term changes in value due to the arrival of new
information. The risk-free rate is assumed to be zero.

There are three types of market participants: (a) N > 1 risk neutral speculators,
who observe the flow of information at different speeds, as described below; (b) noise
traders; and (c) one competitive risk neutral dealer, who sets the price at which trading

takes place.

Information and Speed. At t = 0, there is no information asymmetry between
the speculators and the dealer. Subsequently, each speculator receives the following flow
of signals:

dSt = dvt+dnt, with d?]t = O'ndB?, (3)

where t € (0,7] and By is a Brownian motion independent from all other variables.
Denote by
w; = E(vr ’ {sr}r<t) (4)

the expected value conditional on the information flow until t. We call w; the value
forecast, or simply forecast. Because there is no initial information asymmetry, wy = 0.
Denote by o, the instantaneous volatility of wy, or the forecast volatility. The increment

of the forecast w;, and the forecast variance are given, respectively, by

2 Var(dwy) ol
dwy = — ds B = . 5
Lo ol o Tw dt o2+ o2 (5)

When deriving empirical implications, we call o, the signal precision, as a precise signal

(small 0,,) corresponds to a large o,.
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Speculators obtain their signal with a lag ¢ € {0,1,2,...}. A {-speculator is a trader
who at ¢t € (0, 7] observes the signal from ¢ periods before, ds;_¢q;. To simplify notation,

we use the following convention:
Notation for trading times: ¢ — ¢ instead of t— ¢dt. (6)

For instance, instead of ds;_,q; we write ds;_,.

Trading and Prices. At each ¢t € (0, 7], denote by dz} the market order submitted
by speculator ¢« = 1,..., N at ¢, and by du; the market order submitted by the noise
traders, which is of the form du; = 0,dB}*, where B} is a Brownian motion independent

from all other variables. Then, the aggregate order flow executed by the dealer at t is

N
dye = > daj + du,. (7)

i=1
The dealer is risk neutral and competitive, hence she executes the order flow at a price
equal to her expectation of the liquidation value conditional on her information. Let
7 = {yr }-<¢ be the dealer’s information set just before trading at t. The order flow at

date t, dy,, executes at

pe = E(or [T Udy). (8)

Together with the price, another important quantity is the dealer’s expectation at ¢ of
the k-lagged signal dw;_g:
Zi—kt = E(dwt,k | It) (9)

Equilibrium Definition. In general, a trading strategy for a /(-speculator is a
process followed by his risky assset position, z;, which is measurable with respect to his
information set jt(g) = {yr }r<tU{s; }r<t—¢. For a given trading strategy, the speculator’s

expected profit 7, from date 7 onwards, is

w= ([ r-man 1 2). (10)

As in Kyle (1985), we focus on linear equilibria. Specifically, we consider strategies
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which are linear in the unpredictable part of their signals,'®
dwt_k; — Zt—k?,ta kj = g, g + 1, .. (1].)

We restrict strategies to exclude signals older than a fixed number of lags m (which
is allowed to depend on the speculator’s speed parameter ¢). This assumption can
be justified by costly information processing, as explained at the end of this section.

Formally, the f-speculator’s strategy is of the form:

dry = yer(dwi—r—2zi—0t) + Yorre(dws—p-1—20—0-14) + -+ + Ymi(dWi—m—2t—m1). (12)

A linear equilibrium is such that: (i) at every date ¢, each speculator’s trading
strategy (12) maximizes his expected trading profit (10) given the dealer’s pricing policy,
and (ii) the dealer’s pricing policy given by (8) and (9) is consistent with the equilibrium
speculators’ trading strategies.

Finally, the speculators consider the covariance structure of z;_j; to be independent

of their strategy. More precisely, for all j, k > 0, the speculators consider the numbers
Zj,k,t = Cov(dwt_j, Zt—k,t) (13)

to depend only on j, k, and ¢. Thus, the covariance terms Z; s, are interpreted as being

computed by the dealer, as part of her (publicly known) pricing rules.!”

Model Notation. If all speculators in the model have a strategy of the form (12)
with the same m > 0, we call it the model with m lags, and write M,,. In the paper, we
focus on the particular case with m = 1 lags. In this setup, the 0-speculators are called

the fast traders, and the 1-speculators are called the slow traders; thus, we call M the

16Intuitively, if the strategy had a predictable component, the dealer’s price would adjust and reduce
the speculator’s profit. We formalize this intuition in a discrete version of our model in Internet
Appendix M. In the paper, however, we work in continuous time since it is easier to obtain analytical
solutions. Similarly, Kyle (1985) directly assumes that the speculator’s strategy in continuous time is
linear in the unpredictable part of the fundamental value, v — p;.

"For instance, the coefficient p; in the dealer’s pricing rule z;—1 ¢ = pydy; is computed using the
covariance term Cov(dwy,dy;) (see equation (A11)). Hence, even though a speculator affects dy; by his
strategy, he can consider the covariance term Cov(dwy, dy;) to be independent of his strategy. In Internet
Appendix M.3, we explore an alternative specification in which the speculator takes into account his
effect on dy;. We find, however, that the overall effect on the equilibrium coefficients is very small.
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model with fast and slow traders.

If some (-speculators have strategies of the form (12) with different m,, we call this
the mized model with m lags, where m is the maximum of all m,. We are particularly
interested in the mixed model with m = 1 lags in which 0-speculators (fast traders)
only trade on their current signal (my = 0) and the 1-speculators (slow traders) only
use their lagged signal (m; = 1). We call this the bechmark model with fast and slow
traders, and denote it by B;. In Section 3, we solve for the equilibrium in both M; and

By, and show that M can be regarded as a particular case of B;.

Information Processing. The assumption that speculators cannot use lagged
signals beyond a given bound can be justified by introducing an information processing
cost 0 > 0 per individual signal and per unit of time. More precisely, we consider an
alternative model in which a ¢-speculator can use all past signals, but must pay a fixed
cost 0y dt each time he trades with a nonzero weight (vx.) on his k-lagged signal (see
equation 12). Then, intuitively, because the value of information decays with the lag,
and the speculator does not want to accumulate too large a cost, he must stop using
lagged signals beyond an upper bound. In Result 1 we show that for a particular value
of § the alternative model is equivalent to M.

In this paper, we do not model the exact nature of the speculators’ signals and their
processing costs. But, intuitively, an information processing cost per signal (and per
trading round) is plausible, because in practice speculators must constantly monitor
each signal in order to avoid trading on stale (predictable) information. In our model,
this can be done by simply removing the predictable part (z;;—x) from the lagged signal
(dw;_g). In practice, however, speculators must monitor various sources of public infor-
mation (such as news reports, economic data, or trading information in various related
securities), to extract the part of the signal has not yet been incorporated into the price.

Note that an individual processing cost implicitly means that speculators cannot
simply rely on free public signals, such as the price, to shortcut the learning process. This
is because in reality prices may contain other relevant information about the fundamental
value, along which the speculators are adversely selected. We formalize this intuition in
Internet Appendix L, where we introduce an orthogonal dimension of the fundamental

value, and show that trading strategies that rely on prices make an average loss.
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3 Equilibrium with Fast and Slow Traders

In this section, we analyze the important case in which speculators use signals with a
maximum lag of one. There are two types of speculators: (i) the Fast Traders, or FTs,
who observe the signal with no delay (called 0-speculators in Section 2); and (ii) the Slow
Traders, or STs, who observe the signal with a delay of one lag (called 1-speculators).

The trading strategy of FTs and STs is of the form (see (12)):
dxt = %(dwt — Zt,t) —+ ,ut(dwt_l — Zt—l,t)a t € (O, T], (14)

where the weight v, must be zero for a ST. There are two possibilities: either the FT
can trade on both the current and the lagged signals, or the FT can trade only on the
current signal, i.e., the FT’s weight v, must be zero.!® The former case is the model
denoted by M, the model with fast and slow traders. The latter case is the model
denoted by By, the benchmark model.

In Section 3.1, we solve for the equilibrium of the model M in closed form. One
important implication is that the FTs and STs trade identically on their lagged signal
(¢ is the same for all). Therefore, if we require the F'Ts to use only their current signal
(as in By) and introduce an equal number of additional STs, then the aggregate behavior
remains essentially the same. Hence, the model M can be regarded as a particular case
of By, and we are justified in calling B; the benchmark model with fast and slow traders.
This more general model can also be solved in closed form, by using essentially the same

formulas as in Section 3.1. We discuss the benchmark model in Section 3.2.

3.1 The Model with Fast and Slow Traders

In this section, we solve for the equilibrium of the model M with fast and slow traders.
From (14), the FTs have a strategy of the form dx; = v (dwy — z4) + pe(dwe—1 — 24-1.4),
while the STs have a strategy of the same form, except that p; must be zero. The
current signal (dwy) is not predictable from the past order flow, hence the dealer sets

2zt = 0. The lagged signal (dw,_;) has already been used by the FTs in the previous

BIntuitively, this can occur if the FT must pay a higher processing cost per signal than the ST; see
the discussion at the beginning of Section 3.2.
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trading round, hence the dealer can use the past order flow to compute the predictable
part z;,_1,."? To simplify notation, let azvut_l be the unanticipated part at t of the lagged
signal:

a\{ut—l = dw;; — Zt—1,t- (15)

In Theorem 1, we show that there exists a closed-form linear equilibrium of the
model. The equilibrium is symmetric, in the sense that the FTs have identical trading
strategies, and so do the STs. We also provide asymptotic results when the number Ng
of fast traders is large. We say that X, is the asymptotic value of a number X which
depends on Np, if the ratio X/X,, converges to 1 as N approaches infinity, and we
write:

X

Let “F” refer to the fast traders, and “S” to the slow traders. Denote by Ng the
number of fast traders, and by Ng the number of slow traders. We denote the total

number of speculators by

N, = Ng+ Ng. (17)

This is the same as the number of speculators who use their lagged signals, hence the

“L” notation. We also call Ny the number of lag traders.

Theorem 1. Consider the model My with Np > 0 fast traders and Ng > 0 slow
traders; let N, = Np + Ng. Then, there exists a symmetric linear equilibrium with

constant coefficients, of the form (t € (0,7]):

dxtF = ydwt—i-u(i\fvt_l, dxf = M&\[Ut_l,

— (18)
dwiy = dwiq — pdy;-1, dps = Adyy,
where the coefficients v, p, p, \ are given by:
1 1 1 1 1
Y= SN L o= T
A Np+1 ANL+11+0b (19)
Ow Np
= — V(1 - — b2 A=
p = V-a)a-t?), s

19Tn Theorem 1, we show that that the dealer sets zt—1,4 = pdy,—1 for some constant coefficient p.
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with

Np
1 N w2 +4 — w Ne—b
w:1+ L P b = Mol ) a = r . (20>
Nr Ny +1 2 Nr+1

We have the following asymptotic limits when Ng is large:

—1 1
*/52 D e = poo = (21)

Oy VNF.

woo:aoo:]- boo:

The number b is increasing in both Np and Ng. Moreover, w € [1,2), a € (0,1),
bel0,b).

One consequence of the Theorem is that F'T's and STs trade with the same intensity
(1) on their lagged signals. This is true because the current signal dw; is uncorrelated
with the lagged signal &’cvut,l, which implies that the FTs and the STs get the same
expression for the expected profit that comes from the lagged signal.?’

We now discuss some comparative statics regarding the optimal weights v and u
(for brevity, we omit the proofs). The fast traders’ optimal weight v is decreasing in
the number of fast traders, yet it is increasing in the number of slow traders. The first
statement simply reflects that, when the number of fast traders is larger, these traders
must divide the pie into smaller slices. The same logic applies to the coefficient on the
lagged signal: p is decreasing in both Nz and Ng, as the fast and slow traders compete
in trading on their common lagged signal. This last intuition also shows that the fast
traders’ weight v is increasing in the number of slow traders. Indeed, when there is
more competition from slow traders, the fast traders have an incentive to trade more

aggressively on their current signal, as the slow traders have not yet observed this signal.

The next Corollary helps to get more intuition for the equilibrium.

20This result does not generalize to the case when there are more lags (M > 1). In Internet
Appendix I, we see that there is a positive autocorrelation between the signals of higher lags, which
reflects a more complicated covariance structure. Mathematically, this translates into the covariance
matrix A having non zero entries A; ; when ¢ > j > 1.
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Corollary 1. In the context of Theorem 1, we have the following formulas:

_ NF _ 1 NL
AT = e A=
Np+1 1+b Np+1
Var(dw,) — (1—a)o? — 1+5b 2 Cov (dwy, wy) _ 1—a(72 _ o2
dt w Np+1 " dt 1+0 " Np+1

(22)

The first equation in (22) implies that Aydw, = +%£~dw;, which shows that most of

N 1
the current signal (dw;) is incorporated into the price by the fast traders. The intuition
comes from the Cournot nature of the equilibrium. Indeed, when trading on the current
signal, the benefit of each of each FT increases linearly with the intensity of trading ~

on his signal; while the price at which he eventually trades increases linearly with the

aggregate quantity demanded. Given that the price impact of the other Np — 1 fast

traders aggregates to NF 1dwt, the FT is a monopsomst against the residual supply
curve, and trades such that his price impact is half of =7dwy, l.e., his price impact
equals N Hdw

After incorporating N]z = dw; in trading round ¢, the fast traders must compete with
the slow traders for the remaining ﬁdwt in the next trading round. As explained
before, the speculators must trade a multiple of the unanticipated part of the lagged
signal, c/ﬂ/vt = dw; — pdy;. Thus, when trading on the lagged signal, the benefit of each
speculator—fast or slow—increases linearly with the intensity of trading u, and is pro-
portional to the covariance Cov (&Zut, wt). At the same time, each speculator faces a price
that increases linearly with the aggregate quantity demanded, and which is proportional
to the lagged signal variance Var(azvut). The argument is now similar to the Cournot
one above, except that everything gets multiplied by the ratio Cov(a\z/ut, wy)/ Var(atvut),
which according to (22) is equal to 1/(1 4 b). This justifies the second equation in (22).
It also implies that in the case of the lagged signal only a fraction 1/(1 + b) of it is
incorporated by the speculators into the price.

We use the results in Theorem 1 to compute the expected profits of the fast traders

and the slow traders.

Proposition 1. In the context of Theorem 1, the expected profit of the FTs and STs at
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t =0 from their equilibrium strategies are given, respectively, by:

nF B v + 1 7
o B 1 7
O'%U - NF + 1 NL + 1'
The ratio of slow profits to fast profits is therefore
s 1 s Nr 1
ied 1+% 7t (Np 4+ Ng)? 1+ by

Thus, even if there is only one ST (Ng = 1), the ST profits are small compared
to the FT profits. The reason is that FTs trade also on their lagged signals, and thus
compete with the STs. Indeed, FTs compete for trading on dw, only among themselves,
while they also compete with the STs for trading on the lagged signal (/1\1/0,5_1.

Finally, Proposition 1 gives an estimate for the information processing cost ¢ that
would be sufficient to discourage speculators from trading on lagged signals beyond one,

if that were not imposed by the model. We state the following numerical result.

Result 1. Consider the alternative model setup with Ng fast speculators and Ng slow
speculators, in which each speculator can use past signals at any lag, but must pay for

each signal (used with nonzero weight) an information processing cost of

1 H 2

o = .
Np+1 NL+1%

(25)

Then, the alternative model is equivalent to the model with fast and slow traders (M;).

3.2 The Benchmark Model

We now consider the benchmark model By, in which the fast traders use only the current

signal, while the slow traders use only the lagged signal.?! The strategies of the FTs

21As in Result 1, My is equivalent to an alternative setup with information processing costs, in
which (i) the STs pay the cost § from (25), while (ii) the FTs pay a cost slightly higher than ¢. Indeed,
if a F'T paid 9, he would be indifferent between using his lagged signal and not using it; while with a
slightly higher cost, he would be strictly worse off and would ignore his lagged signal.
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and STs are, respectively, of the form
doel’ = ~dwy, dz? = predw, 1, (26)

where &Zut_l = dw;_1 — pidy;—1. The dealer sets the price using the rule dp, = A\ dy;.
Let Nr > 1 be the number of FTs and Ny, > 0 the number of STs.

The next result shows that the model M; with N fast traders and Ng slow traders
produces essentially the same outcome as the benchmark model By with Ny fast traders

and N; = Ny + Ng slow traders.

Corollary 2. Consider (a) the model My with Ngp > 1 fast traders and Ng > 0 slow
traders; and (b) the benchmark model By with Ng fast traders and N, = Nr + Ng slow

traders. Then, the equilibrium coefficients v, u, X\, p in the two models are identical.

This Corollary is obtained by simply following the proof of Theorem 1 to solve for
the equilibrium in the B; model. The key step is to observe that in Theorem 1 the fast
trader’s choice of p is the same as the slow trader’s choice of u, and therefore it does
not matter who does the optimization, as long as the total number of speculators using
their lagged signal is the same.

We finally note that the benchmark model By with N > 0 fast traders and Ny, slow

traders has two important particular cases:

e If N, > Np, By is equivalent to the model M with N fast traders and Ng =

N — Np slow traders;

o If N =0, B; is the model M, (with 0 lags).

4 Market Quality with Fast and Slow Traders

In this section, we study the effect of fast and slow trading on various measures of market
quality. The setup is the benchmark model B; with Nr > 1 fast traders and Ny > 0 slow
traders. In this context, “fast trading” is the speculators’ aggregate trading on their
current signal, and “slow trading” is the speculators’ aggregate trading on their lagged

signal. The measures of market quality analyzed are illiquidity (measured by the price
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impact coefficient), trading volume, price volatility, price informativeness, the speculator
participation rate, and the speculator’s order flow autocorrelation. The main conclusion
of this section is that fast trading has the strongest effect on most of our measures of
market quality, while slow trading has a relatively smaller effect. The only measure that
depends crucially on slow trading is the speculators’ order flow autocorrelation, which
becomes positive only in the presence of slow trading. This is shown to be related to
anticipatory trading: the order flow coming from fast traders anticipates the order flow

coming from the slow traders in the next period.

4.1 Measures of Market Quality

We first decompose the aggregate speculator order flow into fast trading and slow trad-
ing. Denote by dz, be the aggregate speculator order flow. Let 4 be the aggregate weight
on the current signal (dw,), and i the aggregate weight on the lagged signal (cfl\fut_l). We
decompose the aggregate speculator order flow dz; into two components: fast trading,
which represents the aggregate trading on the current signal; and slow trading, which

represents the aggregate trading on the lagged signal:
Az, = ~dw, + pdws,, with 5 = Npy, i = Npp. (27)
—— ——
Fast Trading Slow Trading

As in Theorem 1, we define b = pi. We call b the slow trading coefficient. Then, slow
trading exists (is nonzero) only if the number of traders who use their lagged signal is

positive, or equivalently if b > 0:
Slow Trading exists = N, >0 = b > 0. (28)

Note that the case when there is no slow trading coincides with the model M, with 0
lags from Section 2. In that model, Ny fast traders use only their current signal.
We now define the measures of market quality. Recall that the dealer sets a price

that changes in proportion to the total order flow dy = dz; + duy:

dps = Mdy, = A <ﬁ dw; + i dw;_y + dut>, (29)
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First, as it is standard in the literature, we define #lliquidity to be the price impact
coefficient A. Thus, the market is considered illiquid if the price impact of a unit of
trade is large, i.e., if the coefficient X is large.

Second, we define trading volume as the infinitesimal variance of the aggregate order
flow dy;,:

Var(dy;)

We argue that this is a measure of trading volume. Indeed, in each trading round the
actual aggregate order flow is given by dy;. Thus, one can interpret trading volume as
the absolute value of the order flow: |dy|. From the theory of normal variables, the
average trading volume is given by E(|dyt|) = %ay. With our definition TV = 03 ,
we observe that 7'V is monotonic in E(|dyt]), and thus 7'V can be used a measure of
trading volume. Using (29), we compute the trading volume in our model by the formula
Var(dw

TV = 02 + 202 +02, with o2 = % (31)
The trading volume measure 7'V can be decomposed into the speculator trading volume
and the noise trading volume:

TV = TV®+ TV", with TV® = 3°0. +ji*o%, TV" = o.. (32)

u

Third, we define price volatility o, to be the square root of the instantaneous price

o (V)" -

variance:

From (29), it follows that the instantaneous price variance can be computed simply as

the product of the illiquidity measure A and the trading volume TV = 05. Thus,

o2 = NTV = )\ (WQ ol + i o+ 05). (34)

p

Fourth, we define price informativeness as a measure inversely related to the forecast
error variance >; = Var((wt — pt,1)2). Thus, if prices are informative, they stay close

to the forecast wy, i.e., the variance ¥, is small. In Internet Appendix I, in the general
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model with at most m lagged signals (M,,) we show that ¥, evolves according to

r_ 2 2 2
¥, = o, — 0,, Where o7

is the price variance (Proposition I.1). Therefore, since 3} is
inversely monotonic in the price variance, we do not use it as a separate measure of
market quality.

Fifth, the speculator participation rate is defined as the ratio of speculator trading

volume over total trading volume:

TV?® ¥ o + i? ok
SPR = = s v . 35
TV ¥ 02 + 2 0% + o2 (35)

SPR can also be interpreted as the fraction of price variance due to the speculators.

Figure 2: Market Quality with Fast and Slow Traders. This figure plots the
following measures of market quality: (i) illiquidity A; (ii) trading volume TV (iii) price
volatility o,; and (iv) speculator participation rate SPR. Panel A plots the dependence of the
four market quality measures on the number of fast traders Nz, while taking the number of
slow traders Ny, = 5. Panel B plots the dependence of the four market quality measures on
Ny, while taking N = 5. The other parameters are o, = 1, 0, = 1.
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4.2 Comparative Statics on Market Quality

We now give explicit formulas for our measures of market quality. As before, we use

asymptotic notation when Np is large: X ~ Y stands for lim & = 1.

NF—N)OY
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Proposition 2. Consider the benchmark model with Ngp > 1 fast traders and Ny > 0
slow traders. Then, the price impact coefficient, trading volume, price volatility, and

speculator participation rate satisfy:

oy VNrF+1 Np—b

TV = JZ(NF—I—l)(l—{—b)(a—bQ)’

N7 b2(1 4 b) (36)
2 2 F
= PR = R S
T s Ve M P
where b* +b(1+ 77 7,45) = w1 ond o = §E57

Panel A of Figure 2 shows how the four measures of market quality vary with the
number of fast traders Np, while holding the number of slow traders N constant.
Panel B of Figure 2 shows how the four measures of market quality vary with Ny, while
holding N constant. We find that all four market quality measures vary in the same
direction with respect to Ng and N. Nevertheless, the number of fast traders has a
much stronger effect on these measures than the number of slow traders.

To get more intuition about the effect of fast trading on market quality, we consider
the simplest case, when Ny, = 0. Since all speculators trade only on their current
signal, this case coincides with the model M, as defined in Section 2. In this model

there is no slow trading (z = 0), hence the slow trading coefficient b is zero. Moreover,

Np—b _  Np
Np+1 = Np+1°

a = Thus, we can solve the model M, by simply using Proposition 2.

Nevertheless, it is instructive to solve for the equilibrium of M, independently.

Proposition 3. Consider the model My, with Ng fast traders whose trading strategy
1s of the form dx; = vy dwy. Then, the optimal coefficient v is constant and equal to
v = % ﬁ = g—z ﬁ The price impact coefficient, trading volume, price volatility,

and speculator participation rate satisfy, respectively,

Ow Np 2 2 2 Np Np

y _ TwV TV = o(Np+1 . SPR = .

0w Np+ 17 o, (Nr+1), o, o N+ 1 Np+1
(37)

Using Proposition 3, we now discuss in more detail the effect of the number Ng of
fast traders on the measures of market quality. First, we note by quickly inspecting the

formulas in Proposition 3, that we obtain the same qualitative results as those displayed
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in Figure 2. Namely, illiquidity is decreasing in N, while the other three measures are
increasing in Np.

An important consequence of Proposition 3 is that in our model the speculator
participation rate can be made arbitrarily close to 1 if the number of fast traders is
large. Thus, noise trading volatility is only a small part of the total volatility. This
stands in sharp contrast for instance with the models of Kyle (1985) or Back, Cao, and
Willard (2000), in which virtually all instantaneous price volatility is generated by the
noise traders at the high frequency limit (in continuous time).

The market is more efficient when the number of fast traders is large. Indeed, in the
proof of Proposition 3 we show that the rate of change of the forecast error variance

2
Tw

Np+1°

37 is constant and equal to Since by assumption there is no initial informational

asymmetry (3 = 0), it follows that 3; < N‘ﬁ’rl for all ¢. In other words, the price stays
close to the fundamental value at all times. Thus, a larger number N of fast traders,
rather than destabilizing the market, makes the market more efficient.

The trading volume TV strongly increases with the number of fast traders. This
occurs because of the competition among F'T's make them trade more aggressively. By
trading more aggressively, FTs reveal more information, which as we see later lowers
the traders’ price impact. This has an amplifier effect on the trading aggressiveness,
such that the trading volume grows essentially linearly in the number of speculators
(see equation (37)). Moreover, the speculator participation rate SPR also increases in
Np, since SPR is the fraction of trading volume caused by the speculators.

Surprisingly, a larger number of fast traders make the market more liquid, as more
information is revealed when there are more competing speculators. This appears to be
in contradiction with the fact that more informed trading should increase the amount
of adverse selection. To understand the source of this apparent contradiction, note that
illiquidity is measured by the price impact A of one unit of volume. But, while the
trading volume TV strongly increases in Ng in an unbounded way, its price impact is
bounded by magnitude of the signal dw,.?? Thus, the price impact per unit of volume

actually decreases, indicating that prices are more informative. This makes the market

22Tn Internet Appendix I, we make this intuition rigorous in the general case; see the discussion
surrounding Proposition 1.4.
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overall more liquid. This result is consistent with the empirical studies of Zhang (2010),
Hendershott, Jones, and Menkveld (2011), and Boehmer, Fong, and Wu (2014).

To understand the effect of fast traders on the price volatility o,, consider the pricing
formula dy; = Ady,, which implies 02 = A>TV There are two effects of N on the price
volatility op. First, the trading volume TV strongly increases in Ng, which has a
positive effect on op. Second, price impact A decreases in N, which has a negative
effect on op. The first effect is slightly stronger than the second, hence the net effect
is that price volatility op increases in Nr. This result is consistent with the empirical
studies of Boehmer, Fong, and Wu (2014) and Zhang (2010).

A few caveats are in order. First, all these studies analyze the effects of HF'T activity,
where activity is proxied either by turnover or by intensity of order-related message
traffic, and not by the number of HFTs present in the market. An answer to this
concern is that, as we have seen, trading volume does increase in Ng. Second, in our
paper we do not model passive HF T's, that is, HFTs that offer liquidity via limit orders.
Therefore, it is possible that an increase in the number of passive HFT's decreases price
volatility, which would cancel the opposite effect of the number of active HFTs. For
instance, Hasbrouck and Saar (2012) document a negative effect of HF'Ts on volatility,
possibly because they also consider passive HFTs, which by providing liquidity have a
stabilizing effect on price volatility. Moreover, Chaboud, Chiquoine, Hjalmarsson, and
Vega (2014) find essentially no relation. In our model, the dependence of price volatility
on Np is weak, which may explain the mixed results in the empirical literature.

Next, we discuss how the various measures of market quality depend on the spec-
ulators’ signal precision o,. Note that, according to equation (5), the signal precision
is related to the fundamental volatility o, by a monotonic relation: ¢, = M’W
Therefore, we only analyze the dependence of market quality on signal precision, while
keeping in mind that these results apply equally to the fundamental volatility.

The price volatility o, increases in signal precision, indicating that speculators trade
more aggressively when they have a more precise signal. Indeed, o, is the volatility
of dp;, which is the price impact of the aggregate order flow. In particular, the order

flow coming from the FTs has an aggregate price impact which is proportional to dw;.?

23From Proposition 3, the FTs’ order flow equals A Npydw; = Ndet.

F
Ft1
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Thus, price volatility increases in the signal precision.

A larger signal precision o, generates more adverse selection between fast traders
and the dealer, hence the illiquidity A is increasing in the signal precision. However, the
trading volume 7'V is independent of o,,. To get some intuition for this result, note that
TV = j—é Since both the numerator and denominator increase with signal precision,
the net effect is ambiguous. Proposition 3 shows that the two effects exactly offset each

other.

4.3 Order Flow Autocorrelation and Anticipatory Trading

We start by analyzing the autocorrelation of the components of the order flow. Since the
dealer is competitive and risk neutral, the total order flow dy; has zero autocorrelation.
But because the dealer cannot identify the part of the order flow that comes from
speculators, the speculator order flow can in principle be autocorrelated.
As in Section 4.1, in the benchmark model with fast and slow traders, the aggregate
speculator order flow decomposes into its fast trading and slow trading components:
dz, = dzl’  + i:?ﬁ . with dzF = jdw, d¥ = pdw,,,  (38)

~—~
Fast Trading Slow Trading

with ¥ = Npvy and i = Npu. As before, we say that slow trading exists if b = piz > 0,
or equivalently Ny > 0.
We define speculator order flow autocorrelation by Corr(di’t, d:ftﬂ). Because di’f}rl

is orthogonal to both components of dz!", we obtain the decomposition:

Cov(dzl, dz? Cov(dz?,dz?
pr = COI’I’(dZZ‘t,di’t_i_l) _ ( t ~ t+1) ( t ~ t+1) (39)
Var(dz;) Var(dz;)
Anticipat;?y Trading ExpectatiorTAdjustment

We denote the anticipatory trading part by par and the expectation adjustment part by
pea. The first component arises because fast trading at ¢ anticipates slow trading at
t + 1. Indeed, there is a positive correlation between fast trading at ¢t and slow trading
at t+1 (ﬂ&ﬂ)t). The second component arises because slow trading at ¢ + 1 is based on

lagged signals, adjusted by subtracting the dealer’s expectation which incorporates past
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lagged signals. Because of this expectation adjustment, we see below that the slow order
flow is negatively autocorrelated. Formally, slow trading at ¢ + 1 (ﬁ&?ut) is proportional
to the lagged signal minus dealer’s expectation, &{ut = dw; — pdy;. But the dealer’s
expectation is proportional on the total order flow at ¢, which includes the previous slow
trading (dy; = 5 dw; + &Tut_l + duy). We compute:

. __ Var(dwt) _3 Var(&:ut_l)
pz = par + ppa, Wwith par = [y Var(dz,)’ PEA = — PH Var(dn) (40)

Figure 3: Speculator Order Flow Autocorrelation. This figure plots the speculator
order flow autocorrelation pz (solid line) and the anticipatory trading component p47 (dashed
line) as a function of the number N of fast traders. The four graphs correspond to four values
of the number Ny, of speculators using their lagged signal: Ny =1, 3,5, 20.

Proposition 4. Consider the benchmark model with Ngp > 1 fast traders and Ni > 0

slow traders. Then, the speculator order flow autocorrelation and its components satisfy

_ b+ Da—0?) 1 par @ PEA _ R (41)
Pz a?+b*(1—a) Np+1’ Dz a—b%’ Pz a — b?’

where a and b are as in Proposition 2. Moreover, pz is strictly positive if and only if

there exists slow trading, i.e., Ny > 0.

One implication of Proposition 4 is that, as long as there exists slow trading, the
speculator order flow autocorrelation p; is nonzero. To understand why, note that both
the anticipatory trading component and the expectation adjustment component depend
on the existence of slow trading. Formally, if there is no slow trading, g = 0 implies

that both components of the speculator order flow autocorrelation are zero.

29



Figure 3 shows how the speculator order flow autocorrelation (pz) and its anticipatory
trading component (par) depend on the number of fast traders (Ng) for four different
values of the number of slow traders (N, = 1,3,5,20). We see that both p; and par

are decreasing in Np. Indeed, when the number of fast traders is large, there is only

1
Npt1

of the signal left in the next period for the slow traders. Hence, one should expect

1

Mo T which is indeed the case. For

the autocorrelation to decrease by the order of
instance, when N, = 5, we see that the speculator order flow autocorrelation is 22.56%
when there is one FT, but decreases to 2.84% when there are 20 FTs. Our results are
consistent with the empirical literature on HFTs. For instance, Brogaard (2011) finds
that the autocorrelation of aggregate HF'T order flow is small but positive.

The anticipatory trading component p7 is increasing in the number of slow traders
Ny, (to see this, fix for instance Np = 10 in each of the four graphs in Figure 3). The
intuition is simple: when the number of slow traders is larger, fast trading in each period
can better predict the slow trading the next period, hence the correlation p4r is larger.
Using Nasdaq data on high-frequency traders, Hirschey (2013) finds that HFT order
flow anticipates non-HF'T order flow. But Nasdaq defines HF'Ts along several criteria
including the use of large trading volume and low inventories. In our model, these are
indeed the characteristics of fast traders, but not those of slow traders (see the next
section for a discussion about traders’ inventories). Thus, if in our model we classified

fast traders as HFTs and slow traders as non-HFTs, our previous results would imply

that HE'T order flow anticipates non-HFT order flow.

5 Inventory Management

In this section, we analyze the inventory problem of fast traders. Because the benchmark
model cannot address this problem (when speculators are risk-neutral, their inventory
follows a random walk), we modify the model by introducing an additional trader with
inventory costs.?* We call this new trader the Inventory-averse Fast Trader, or IFT, and

the resulting setup the model with inventory management, or the model with an IF'T.

24Introducing more than one inventory-averse trader makes the problem considerably more compli-
cated, as the number of state variables increases.
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To get intuition for the model with inventory management, we first solve for the
optimal strategy of the IFT in a partial equilibrium framework, taking as fixed the
behavior of the other speculators and the dealer. The solution of this problem is provided
in closed form. Then, we continue with a general equilibrium analysis. We show that
the equilibrium reduces to a non-linear equation in one variable, which can be solved
numerically. We then study the properties of the general equilibrium, and the effect of

the inventory management on market quality.

5.1 Model

To define the model with inventory management, we consider a setup similar to the
benchmark model, but we replace one risk-neutral fast trader with an inventory-averse
fast trader (IFT). Specifically, the IFT maximizes an expected utility U of the form
(recall that 7' = 1):

U = E(/OT(U1 —pt)dxt) _ OE </0Txt2dt), (42)

where x; is his inventory in the risky asset, and C; > 0 is a constant. We call C} the
wventory aversion coefficient. We do not identify the exact source of inventory costs
for the IFT, but these can be thought to arise either from capital constraints or from
risk aversion.

In this model, there are N fast traders, N slow traders, and one IFT. The equi-
librium concept is similar to the linear equilibrium from Section 2. But, because the
inventory problem is very difficult in a more general formulation, we assume directly

that the speculators’ strategies have constant coefficients, and that the dealer has pric-

ing rules as in the benchmark model. Thus, the fast trader i = 1,..., Nrg and the slow
trader j = 1,..., N1 have strategies, respectively, of the form:
dxf:t = ydwy, dxit = ujatvut,l. (43)
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The dealer has pricing rules of the form:

dp; = Ady, Zg—1t = pdy—1, (44)

where dy; is the aggregate order flow at ¢, and z;_1, = E;(dw;_) is the dealer’s expec-
tation of the current signal given the past order flow. The coefficient A is chosen so that
the dealer breaks even, meaning that her expected profit is zero.?

Since the IFT has quadratic inventory costs, it is plausible to expect that his opti-

mal trading strategy is linear in the inventory.2® Therefore, we assume that the IFT’s

strategy is of the following type:
d.’L't = —0 Ti_1 + deta (45)

with constant coefficients © € [0,2) and G € R. Equivalently, the IFT’s inventory x;

follows an AR(1) process

Ty = Qﬁxtfl‘i‘det, (Zﬁ = 1—@, (46)

with autoregressive coefficient ¢ € (—1,1].%7

If © > 0, in each trading round the IF'T removes a fraction © of his current inventory,
with the goal of bringing his inventory eventually to zero. One measure of how quickly
the inventory mean reverts to zero is the inventory half life. This is defined as the
average number of periods (of length dt) that the process needs to halve the distance

from its mean, i.e.,

In(1/2) . In(1/2)

I tory Half Life = —2dt = —1—~_
nventory Half Life (o) (1 - 0)

dt. (47)

25Note that because of inventory management, the aggregate order flow is no longer completely
unpredictable by the dealer. Nevertheless, the only source of predictability is the IFT’s inventory, and,
as we prove later, this inventory in equilibrium is very small because of fast mean reversion. Moreover,
not being able to properly compute the expectation of IFT’s inventory does not mean that the dealer
loses money. Indeed, we have assumed that the dealer chooses A so that her expected profit is zero.

26This is standard in the literature. See for instance Madhavan and Smidt (1993), but also Hender-
shott and Menkveld (2014), or Ho and Stoll (1981).

2TA standard result is that the AR(1) process becomes explosive (with infinite mean and variance)
if ¢ is outside [—1, 1], or equivalently if © is outside [0, 2].
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Hence, the inventory half life is of the order of d¢. This in practice can be short (minutes,
seconds, milliseconds), which means that when © > 0 the IFT does very quick, “real-
time” inventory management.

We end this section with a brief discussion of the different types of inventory man-
agement. In Section 5.2 we will see that there is a discontinuity between the cases © = 0
and © > 0. To explain this discontinuity, we introduce a new case, © = 0., in which
the IFT mean reverts his inventory, but much more smoothly (formal details are be-
low). It turns out that this intermediate inventory management regime indeed connects

continuously the other two. Thus, there are three different cases (regimes):

e O = 0, the neutral regime: the IFT’s strategy is of the form dz; = Gdw,, similar
to the strategy of a (risk-neutral) fast trader.

e O > 0, the fast regime: the IFT’s strategy is of the form dx; = —Ox;_; + Gdw;.

In this regime, the inventory half life is of the order of dt.

e O = fAdt, the smooth regime: the IFT’s strategy is of the form dx; = —6x,_dt +

Gdw,, with 6 € (0,00).% In this regime, the inventory half life 1111?1(1/02) dt = @,

which is much larger than the inventory half life in the fast regime.

The smooth regime is discussed in detail in Internet Appendix K. We find that
indeed the smooth regime connects continuously the cases © = 0 (neutral regime) with
the case © > 0 (fast regime).? However, we show that the smooth regime is not optimal
for the IFT when there is enough slow trading (this is true for instance if the Ny > 2
and Np > 1). Therefore, in the rest of the paper we assume that there is enough slow

trading, and ignore the smooth regime.

5.2 Optimal Inventory Management

In this section, we do a partial equilibrium analysis, and solve for the optimal strategy

of the IFT while fixing the behavior of the other players. This allows us to get insight

28This is called an Ornstein-Uhlenbeck process.
29More precisely, # = 0 in the smooth regime coincides with © = 0; while the limit when § * oo in
the smooth regime coincides with the limit when © \, 0 in the fast regime.
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about the IFT’s behavior, without having to do a full equilibrium analysis. We leave
this more general analysis to Section 5.3.

Consider the inventory management model with one IFT, N fast traders and Ny,
slow traders. Let v, u be the coefficients arising from the strategies of the FTs and
STs (not necessarily optimal), and A, p the coefficients from the dealer’s pricing rules.

Define additional model coefficients by:

A B ) _ _ _
= o 1T Npy, = Npp, a =py, b= ph (48)

Proposition 5 analyzes the inventory management regime, where by definition the
[FT has a trading strategy with positive mean reversion (© > 0). For this result, the

strategy need not be optimal.

Proposition 5. In the inventory management model, let dz; = —Ox,_1 + Gdw, be the
IFT’s strategy (not necessarily optimal), with © > 0. Suppose b € (—=1,1). Then, the

IFT has zero inventory costs, and all his expected profits are in cash. His expected profit

1—a b+
ﬂzA(uG ¢ G2—1+¢> o2 (49)

T satisfies:

1+¢b  1+¢b

Because the IFT reduces his inventory by a fraction © > 0 in each trading round, his
inventory decays exponentially on average. As our model is set at the high frequency
limit (in continuous time), the decrease in IFT inventory is very quick, and the inventory
remains infinitesimal at all times.?"

In general, the expected profit 7 of any speculator satisfies:

T T
T = E/ (vp — py)day = E('UTxT) + E/ (—py) day (50)
0 S—— 0
Risky Component — N

Cash Component

The risky component is the expected profit due to the accumulation of inventory in the
risky asset. This does not translate into cash profits until the liquidation date, T' = 1.
The cash component is the expected profit that comes from changes in the cash account

due to trading. Because the IFT has an infinitesimal inventory, his risky component of

30Mathematically, the average squared inventory E(z?) is of the order of dt; see equation (A32).
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profits is negligible. Hence, all IFT profits come from the cash component, as stated in
Proposition 5.

As a result of keeping all his profits in cash, the behavior of the IFT is very different
than the behavior of a risk-neutral speculator. Indeed, while the risk-neutral speculator
trades directly on his private information, the IFT benefits only indirectly, from timing
his trades and unloading his inventory to slower traders.

To understand why the IFT behaves differently, suppose he observes a new signal
dwy. Initially, the IFT trades on his signal (Gdwy), but subsequently he fully reverses
his trade by unloading a positive fraction of his inventory each period. Therefore, the
only way for the IFT to make money is to ensure that the inventory reversal is done at
a profit. This can occur for instance if the IFT expects that when he sells, other traders
buy even more, and as a result his overall price impact is negative. But this is only
possible if there exist slow traders, whose lagged signals can be predicted by the IFT.

In general, the expected profit of a speculator who manages inventory satisfies the

following formula:3!

T
™ = E/ Ti—1 dpt (51)
0

Thus, inventory management is profitable only when the speculator can use his past
inventory (z;_1) to forecast the current price change (dp;). In particular, this formula
explains why the IFT trades at t — 1 an amount Gdw;_; even though he knows that
subsequently he will fully reverse his trade. He trades like this because his signal dw;_
anticipates the slow trading at ¢, which in turn affects dp;. To make this intuition more

precise, the next result specializes the formula (51) to our model.

Corollary 3. In the context of Proposition 5, the IFT’s expected profit satisfies:

T . T
T = E/ Ti_1 ()\ﬂdwt_1> — \O E/ xf_l. (52)
0 0

If there is no slow trading (= 0), the IFT’s makes negative expected profits.

Using Corollary 3, we see that the IFT’s speculative trade Gdw;_; is part of the

31For the IFT, see equation (A35). The result is true in general when the speculator has infinitesimal
inventory. Indeed, if we integrate d(z:p;) = pedas + x4—1dps, we get zppr, which is zero in expectation

since xp is infinitesimal. Hence, 7 = EfOT(—pt)dxt = EfOT Ti_1dpy.
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I[FT’s inventory x; 1, and is also correlated with the price change dp; via the slow
trading component of the order flow ﬁdf;jut_l. Without slow trading (g = 0), there is
no correlation, hence no revenue source for the IFT. Therefore, the IF'T makes negative
profits on average, as he loses from the price impact of his trades.

The main result of this section describes the IF'T’s optimal strategy when there is

enough slow trading, i.e., the slow trading coefficient b is above a threshold.

Figure 4: Optimal IFT Inventory Management. This figure plots the coefficients
of the IFT’s optimal trading strategy (dzy = —© 24— + G dwy) in the inventory management
model with Ngp = 5 fast traders and Ny, = 5 slow traders. On the horizontal axis is the IFT’s
inventory aversion, C7. The parameter values are o, = 1, 0, = 1. For the model coefficients,
we use the equilibrium values from Section 5.3: a= = 0.7088, b = 0.5424, A = 0.3782, p =
0.3439. The formulas for G, ©, and C7 are from Theorem 2.
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Theorem 2. In the inventory management model, suppose the model coefficients satisfy

0<a,b<1andX\p>0. In addition, suppose b > % = 0.3904.32 Let C; =

2\ <(17R“_)2(1+v 10 _ 1). Then, if C; < C;, the optimal strategy of the IFT is to set

R2b(1—a—)2

1— Ra™

O =0 G = ——. 53
’ 2\ + C; (53)
If C; > Cy, the optimal strategy of the IFT is to set
1-b 1—a"
O=2-Y"—c (02, C-= S (54)

2p <1+ ﬁ)

32In equilibrium (section 5.3) we have the following numerical results: the condition b < 1 is always
satisfied, and the condition b > @ is equivalent to having (i) Np > 2 and (ii) N > 6 if Np = 0.
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Thus, there are two different types of behavior (regimes) for the IFT, depending on

how his inventory aversion compares to a threshold value (Cf).

e (Neutral regime) If the inventory aversion coefficient is small (below C;), the IFT
sets © = 0 and controls his inventory by choosing his weight GG. As his inventory
aversion gets larger, the IFT reduces his inventory costs by decreasing G. The
tradeoff is that a smaller G also reduces expected profits. The behavior of the IF'T

when © = 0 is essentially the same as the behavior of a FT.

e (Fast regime) If the inventory aversion is large (above Cj), the IFT manages his
inventory by choosing a positive mean reversion coefficient (© > 0). There is no
longer a tradeoff between expected profit and inventory costs, as the IF'T has zero
inventory costs. Hence, the IFT chooses the weight G and the mean reversion ©

to maximize expected profit (more details below).

Theorem 2 implies that a small change in IFT’s inventory aversion can have a large
effect on the IFT’s behavior. Figure 4 plots the coefficients of the optimal strategy
when Np = 5, Ng = 5. We see that when the IFT’s inventory aversion rises above
the threshold C; = 0.1021, his optimal mean reversion coefficient jumps from © = 0 to
© = 0.7530. Also, his optimal weight jumps from G = 0.1186 (the left limit of G at the
threshold) to G = 0.1708 (the constant value of G above the threshold).

The sharp discontinuity between the two regimes arises because the IF'T has zero
inventory costs in the fast regime (© > 0). Let U?_ and U?_ be the maximum expected
utility of the IFT respectively when he manages inventory versus when he does not.
Because the IFT has zero inventory costs in the fast regime, U}_ ~does not depend on
Cr; while in the neutral regime U7 _ s decreasing in C; and is precisely equal to U7 _ at
the threshold value C; = C;.%* This implies that the neutral regime is optimal when Cf
is below the threshold, while the fast regime is optimal when C7 is above the threshold.

Note that a necessary condition for Theorem 2 is the existence of enough slow trading.
Formally, the slow trading coefficient must be larger than the threshold b = 0.3904,
which numerically is true for instance if there are Np > 1 fast traders and N; > 2 slow

traders. If slow trading is below the threshold, we show that a similar analysis holds,

33Formally, these statements follow from equations (A43) and (A39) in the Appendix.
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but with the fast regime replaced by the smooth regime, in which the IFT still manages
inventory but with a strategy of the form: dz; = —0x,dt + Gdw,. (See Section J.1 in
the Internet Appendix.) To simplify presentation, we assume that there is enough slow
trading, and ignore the smooth regime in the rest of the paper.

Using our results, we predict that in practice fast speculators are sharply divided into
two categories. In both categories speculators generate large trading volume. But in
one category the speculators make fundamental bets and accumulate inventories, while
in the other category speculators mean revert their inventories very quickly, and keep
their profits in cash. Our results appear consistent with the “opportunistic traders” and
the “high frequency traders” described in Kirilenko et al. (2014). Both opportunistic
traders and HFTs have large volume and appear to be fast. But while opportunistic
traders have relatively large inventories, the HFTs in their sample (during several days
around the Flash Crash of May 6, 2010) liquidate 0.5% of their aggregate inventories
on average each second. This implies that HF'T inventories have an AR(1) half life of a
little over 2 minutes.

We finish this section with a brief discussion of how the IFT’s optimal strategy is
correlated with slow trading. Corollary 3 shows that if there is no slow trading, the IFT
cannot make positive profits. Theorem 2 shows that with enough slow trading, the IF'T
can manage inventory and make positive profits (see equation (A43) in the Appendix).
In the previous discussion, we have argued that this is possible only if the IFT trades

in the opposite direction to the slow trading. We now prove this is indeed the case.

Corollary 4. In the context of Theorem 2, suppose the IFT is sufficiently averse (Cr >
C;). Denote by dz? = [L&E}t_l the slow trading component of the speculator order flow.

Then, the IFT’s optimal strategy is negatively correlated with slow trading:
Cov(day, dzy) = —0 Cov(zy_q,dzy) < 0. (55)

We call this phenomenon the hot potato effect, or the intermediation chain effect.
The intuition is that the IFT’s current signal generates undesirable inventory and must
be passed on to slower traders in order to produce a profit. The passing of inventory

can be thought as the beginning of an intermediation chain. Kirilenko et al. (2014) and
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Weller (2014) document such hot potato effects among high frequency traders.

5.3 Equilibrium Results

In this section, we solve for the full equilibrium of the inventory management model.
For simplicity, we assume that the IFT is sufficiently averse, meaning that his inven-
tory aversion is above a certain threshold (formally, above the threshold value C; from
Theorem 2). Then, the solution can be expressed almost in closed form, except for the

slow trading coefficient b, which satisfies a non-linear equation in one variable.

Theorem 3. Consider the inventory management model with one sufficiently averse
IFT, N fast traders, and Ny, slow traders. Suppose there is an equilibrium in which
the speculators’s strategies are: drx; = —Ox;_ + Gdw; (the IFT), dxl” = ~vdw; (the
FTs), dz? = M&?Ut_l (the STs); and the dealer’s pricing rules are: dp, = Adyy, dw, =
dw; — pdy;. Denote the model coefficients R, a™, b as in (48). Suppose @ <b< 1.
Then, the equilibrium coefficients satisfy equations (A44)-(A46) from the Appendix.
Conversely, suppose the equations (A44)-(A46) have a real solution such that @ <
b<1,a<1, A\>0. Then, the speculators’ strategies and the dealer’s pricing rules with

these coefficients provide an equilibrium of the model.

Rather than relying on numerical results to study the equilibrium, we start by pro-
viding asymptotical results when the number of FTs and STs is large. The advantage
is that the asymptotic results can be expressed in closed form, and thus help provide a
clearer intuition for the equilibrium. Let C; be the threshold aversion from Theorem 2.
Let 7 be the expected profit of a sufficiently averse IFT (C; > C;), and 777 the max-
imum expected profit of a risk-neutral IFT (C; = 0), where the behavior of the other
speculators and the dealers is taken to be the same. Let 7y the benchmark FT weight,

Yo
Np+2

and 7} = o2 the benchmark profit of a FT, as in Proposition (1). We use the

asymptotic notation: X ~ X stands for lim 2 = 1.
Np,Np—o00 >

Proposition 6. Consider (i) the inventory management model with one sufficiently
averse IFT, Ng fast traders, and Ny slow traders, and (ii) the benchmark model with

Ng + 1 fast traders and Ny slow traders. Then, the equilibrium coefficients v, pu, A, p

39



are asymptotically equal across the two models when Np and Ny, are large. Also, a ~ 1,

b~ by, = 0.6180, and we have the following asymptotic formulas:

0 ~ 1, g ~ 1—byx = 0.3820,
Y0

o & Sbe = 49.44%, Cp m~ =)~ 20451

The first implication of Proposition 6 is that model with inventory management is
asymptotically the same as the benchmark model when both Nr and Ny, are large. This
is not surprising, since when there are many other speculators, the IFT has a relatively
smaller and smaller role in the limit.

The behavior of the IFT is more surprising. First, when there are many other
speculators, the TFT’s inventory mean reversion becomes extreme (© approaches 1).
This means that the IFT’s inventory half life becomes essentially zero, as the IFT
removes most of his inventory each period. This extreme mean reversion is possible
because the existence of a sufficient amount of slow trading allows the hot potato effect
to generate positive profits for the IFT. Furthermore, the equation 7 &~ 49.44% x 7"
implies that even under extreme inventory mean reversion (© = 1) the IFT can trade
so that he only loses on average only about 50% of his maximum expected profits when

he has zero inventory aversion.®*

The equation C; =~ 2.0451 o N; = implies that the threshold inventory aversion
above which the IFT chooses to mean revert his inventory becomes very small when the
number of competing fast traders is large. This is perhaps counterintuitive, since one
may think that the IFT chooses fast inventory mean reversion because he has very high
inventory aversion. This is not the case, however. Indeed, even when the IFT has small
inventory aversion, a sufficient amount of slow trading is enough to convince the IF'T to
engage in very fast inventory mean reversion. This is because inventory management is
a zero/one proposition. Once the IFT engages in inventory management (© > 0), any

profits from fundamental bets become zero, and the hot potato effect is the sole source

of profits.

34This recalls the saying attributed to Joseph Kennedy (the founder of the Kennedy dynasty) that
“I would gladly give up half my fortune if I could be sure the other half would be safe.”
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We now compare the IFT with the other speculators. For the IFT, we consider
the following variables: (i) IFT’s trading volume, measured by the his order flow
variance TV, = Var(dz,)/d¢t, as in Section 4.1, (ii) IFT’s order flow autocorrelation,
pr = Corr(day, dzyy1); and (i) B, zs = Cov(dxy, dzf)/ Var(dzy), which is the regression
coefficient of the IFT’s strategy (dz;) on the slow trading component (dz7). We are
also interested in the individual F'T volume, TV r; the aggregate F'T volume, TV ;r;
and the aggregate ST volume, TV ;s; the aggregate FT order flow autocorrelation, pgzr;
and the aggregate ST order flow autocorrelation, pzs.

The next result computes all these quantities, and provides asymptotic results when
both Nr and Nj are large. Some of these results provide new testable implications,

regarding the relationship between trading volume, order flow covariance, and inventory.

Proposition 7. In the context of Theorem 3, consider a sufficiently averse IFT. Then,

the variables defined above satisfy the following formulas:

TV, 2G? TVzs 031 —a) Do
— ~ 4 —6by = 0.2918, = = ~ ;
TV .r (1+ ¢)y? TV zr (a=)? Np+1
1

py = _g N =S g =0 ps A —be = —06180, (57)
5 O(l—a) 3+ boo 0.7236

x, 75 — ~ = - .

’ 2b(1 +2v/1 —b) 5(Np +1) Np+1

The last result illustrates the hot potato effect. The IFT’s order flow has a negative
beta on the STs” aggregate order flow, which means that the IFT and the STs trade in
opposite directions. As the number of FTs becomes larger, there is more information
released to the public by the trades of the fast traders, hence there is less room for slow
trading. As a result, the hot potato effect is less intense when there is a large number
of FTs.

Proposition 7 implies that in the limit when Ng and N, are large, the IF'T’s trading
volume is about 30% of the individual FT trading volume. This implies that the IFT’s
trading volume is comparable to that of a regular FT. By contrast, just as in the
benchmark model, the volume coming from ST's is much smaller than the volume coming
from FT's. This confirms our intuition that in an empirical analysis which selects traders

based on volume, the IFT and the FTs are in the category with large trading volume,
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while the STs are in the category with small trading volume.

If we compare order flow autocorrelations, we see that the IFT is similar to the ST,
but not to the FTs. Indeed, the IFT and the STs have negative and large order flow
autocorrelation. By contrast, the FTs have zero order flow autocorrelation.®® Finally,
if we compare inventories, the IFT has infinitesimal inventory, while the variance of the
other speculators’ inventory increases over time.>® Nevertheless, the STs’ inventories
are smaller relative to the FTs” inventories, since the STs have smaller volume.

We now present some numerical results for the equilibrium coefficients. Figure 5
plots the equilibrium coefficients (©, G, v, u, A, p). We normalize some variables X in
the inventory management model by the corresponding variable X in the benchmark
model. Panel A of Figure 5 plots the variables against Ng, while holding N constant.

Panel B plots the same variables against Ny, while holding N constant.3”

Figure 5: Equilibrium Coefficients with Inventory Management. This figure
plots the equilibrium coefficients that arise in the inventory management model. Some variables
X are normalized by the corresponding variable X in the benchmark model. The coefficients
are O, G, v, u, A, p. Panel A plots the dependence of the six variables on the number of fast
traders Np, while taking the number of slow traders Ng = 5. Panel B plots the dependence
of the six variables on Ng, while taking Nr = 5. The other parameters are o, = 1, o, = 1.
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As expected, we find that the mean reversion coefficient © is increasing in the number

35Even if we allowed FTs to trade on lagged signals, one can see that the FTs would still have very

small order flow autocorrelation (of the order of ﬁ) because of their large trading volume.

36For the IFT, Var(z;) = %03} dt (see equation (A25) in the Appendix); while for the FT,
Var(zf") = to2), as the FT’s inventory follows a random walk.

3"We consider N, N; > 2. The reason is that in order to apply Theorem 2, we need to have

b > @. This is true in equilibrium if Ng, Ny, > 2.
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of slow traders N. This is because the IFT needs slow traders in order to make profits.
The IFT’s weight G is less than half the benchmark weight 7y, indicating that the IFT
shifts towards inventory management in order to make profits. This leaves more room
for fundamental profits, which explains why both the FTs and the STs are better off
with inventory management than in the benchmark model (v/v and u/pe are both
above one), despite the price impact A being larger than in the benchmark (we see that
A/Ao > 1). The reason why the market is more illiquid in the inventory management
model is that the IFT trades much less intensely on his signal (G is less than half of ~p),
and therefore the informational efficiency is lower. To see directly that the market is
less informationally efficient in the inventory management model, we use the fact that
in our model price volatility is a proxy for informational efficiency (see the discussion
in Section 4). Then, we verify numerically that indeed o,/0, < 1, which implies that

with inventory management the market is less informationally efficient.

6 Conclusion

We have presented a theoretical model in which traders continuously receive signals over
time about the value of an asset, but only use each signal for a finite number of lags
(which can be justified by an information processing cost per signal). We have found
that competition among speculators reveals much private information to the public,
and the value of information decays fast. Therefore, a trader who is just one instant
slower than the other traders loses the majority of the profits by being slow. Another
consequence is that the market is very efficient and liquid. As a feedback effect, because
of the small price impact (high market liquidity), the informed traders are capable
of trading even more aggressively. In equilibrium, the fast speculator trading volume
is very large and dominates the overall trading volume. We have also considered an
extension of the model in which a fast speculator, called the inventory-averse fast trader
(IFT), has quadratic inventory costs. We find that a sufficiently averse IFT has a very
different behavior compared to a risk-neutral fast trader. The IFT keeps his profits in
cash, makes no fundamental bets on the value of the risky asset, and quickly passes

his inventory to “slow traders,” who use their lagged signals. This hot potato effect is
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possible because the existence of slower traders more than reverses the price impact of

the IFT.

Appendix A. Proofs

Notation Preliminaries

Recall that t + 1 is notation for ¢ + dt, and
T = 1. (A1)

In general, a tilde above a symbol denotes normalization by o,. For instance, if o,
is the instantaneous volatility of the noise trader order flow, and o, the instantaneous

volatility of the total order flow, we denote by

~ Ou N o _ 9 Var(du,) 9 Var(dy;)
Oy = a, oy = i, with o, = T, Oy = T (A2>

Consider a trading strategy dx; for ¢t € (0, 7], where T'= 1. Denote by 7 the normalized
expected profit at ¢ = 0 from the strategy dw;:

7= 0—13} E </OT(wt —pt)dxt) . (A3)

For variances and covariances, a tilde the symbol means normalization by both o2 and

dt. For instance, denote by

Var (&Tut)
o2 dt

Cov (wt, (/i—;/l)t)

Var(dw,;) = o2 di

= At, (/:B-\//(wt,(/i:l/ﬂt) = = Bt- (A4)

Proof of Theorem 1. We look for an equilibrium with the following properties: (i)
the equilibrium is symmetric, in the sense that the F'T's have identical trading strategies,
and the same for the STs; (ii) the equilibrium coefficients are constant with respect to
time.

To solve for the equilibrium, in the first step we take the dealer’s pricing functions as

given, and solve for the optimal trading strategies for the FTs and STs. In the second
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step, we take the speculators’ trading strategies as given, and we compute the dealer’s
pricing functions. In Section 2, we have assumed that the speculators take the signal
covariance structure as given (see equation (13)). In the current context, this means
that the speculators take the following covariances as given and constant:

—~ o~ Var(&:ut) — —~ Cov(wt,@t)
At = Var(dwt) = W’ Bt = Cov(wt,dwt) = W (A5)
Thus, in the rest of the Appendix we consider that the dealer also sets A and B, in

addition to setting A and p.

Speculators’ Optimal Strategy (v, p)

Since we search for an equilibrium with constant coefficients, we assume that the spec-
ulators take as given the dealer’s pricing rules dp, = Ady; and z._;1,; = pdy,—;, and also
the covariances A = \Er(cflzut) and B = ES\//(wt, &th)

Consider a FT, indexed by ¢ = 1,..., Np. He chooses dz! = vidw; + uia\t/ut_l, and

assumes that at each t € (0,77, the price satisfies:

dp; = Ady;, with dy, = (’YZ + ’Y;i)dwt + (Mi + M;i)&\{Ut—l + duy, (A6)

2

where the superscript “—i” indicates the aggregate quantity from the other speculators.
Since dw; and cfl\fut_l are both orthogonal on the public information set Z;, and p;_; € Z;,
it follows that dz! is orthogonal to p;_; as well. The normalized expected profit of FT
1 at t = 0 satisfies:
1 T ~
~F 7 —1 7 —3 7
== E/ <wt —Pe-1— A((% + 0 )dwe + (g + g )dwr g + dut)>dxt
0

2
Ow

(A7)
= % = M () B = A (g ) A

This is a pointwise optimization problem, hence it is enough to consider the profit at
t = 0, and maximize the expression over 7 and p!. The solution of this problem is

Ay = 17’\2%_1., and Ayl = B/A*TW. The ST j = 1,..., Ng solves the same problem,

only that his coefficient on dw; is 7/ = 0. Thus, all 4’s are equal for the FTs, and
all p’s are equal for the FTs and STs. We also find that they are constant, and since
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N = Nr + Ng, we have

Dealer’s Pricing Rules (), p, A, B)

The dealer takes the speculators’ strategies as given, and assumes that the aggregate

order flow is of the form:
dy, = dug+7dw; +jpdw,1, with 5 = Npy, i = Npp (A9)
Moreover, the dealer assumes that, in their trading strategy, the speculators set:
&Zut_l = dw; — p"dy;_1. (A10)

Naturally, later we require that in equilibrium the dealer’s pricing coefficient p coincides
with the coefficient p* used by the speculators.
Since the order flow dy; is orthogonal to the dealer’s information set Z;, the dealer

sets A, pt, Ay, By such that the following equations are satisfied:

Cov(w, dy,) 7+ fiBi,

At = — = , dp, = \dy,
' Var(dy;) 0§,t ' o
Cov(dwy, d 5 —
Pt = M = %, dwt = d'UJt - Ptdyt,
Var(dy;) Oyt
U;,t = \73/r(dyt2) = 55 + ”72 + /12 A, (A11)

B, = Cov(w,dw, — p*dy,) = (1— p*9) — p*iBi_1,
Ap = Var(dw, — pdy,) = 1-2p"3 + (p)%02,

= 1-2p"7+ (p")? (G5 +7°) + (0")** Ap-r.

Consider the last equation in (A11), Ay = 1—2p*y+ (p*)?(62+72) + (p*)*i* A;_1, which
is a recursive equation in A;. Then, Lemma A.1 (below) implies that A does not depend
on t, as long as |p*i| < 1. But, since the dealer takes the speculators’ strategies as given,

we can use the equilibrium condition p*i = b € (0,1). The same method shows that
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B does not depend on ¢t. Moreover, Lemma A.1 can be used to compute the constant
values of A and B:
A~ (=P )+ (p") 1-p

- ) B =
1= (p*p)? 1+ p*

Y

(A12)

=

Then, equation (A1l) shows that A, p, &, are independent on ¢ as well.

Equilibrium Conditions

We now use the equations derived above to solve for the equilibrium values of v, u, A,
p=p*, A, B, ¢,. Denote by

o

From (A12) we have A = %. Then, substitute A in 67 = & + 7 + @°A

from (A11), to obtain p*G; = p2&ﬁ+(‘f_222_2ab2). To summarize,
1— 1— )2+ 252 252 2 12 _ 942
B = a’ A = ( a) +p0—u’ p25_2: p0u+(a + a ) (A14)
1+ 1 -0 v 1 -0
. atbloa
Using (A11), we get R = % = VJ%MB = +ba1+b = a(“ltrbb). Also, the equation for p implies
p= al; = %. Using the formula for p*7 in (A14), we compute p*¢; = (1 —a)(a —b?).

Using this formula, we obtain p*6) = a and A = 1 — a. To summarize,

A a+b 22 2 22

R = i a5 D)’ p a; = (1—a)(a—b"), po, = a, A=1-a. (Alb)
Fffbm (A8), we have N]Zil =\y = %a = 4. From this, a = JJ\\E;({, and B = 7% =
N — _1 B Ny _ y7_ Ap_ blath) «: B _ 1 Ny, _ ba+b)
= N Also, 3 7k = M= 2b = {4, Since 7 = 15, we have kg = 22,
or m% = ‘1‘—12 The two formulas for ‘f—iz imply b(1 + b) NJZ{TH = aforl. To
summarize,

Np —b 1 N Np—b N

o =2~ B= C b1+ —t = F L (A16)

Np+1 Np+1 Nr+1 Nrp+1 Np+1

From 2 a = N]Zil and a = xi:ll’, we get % = N]Zib, as stated.
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From (A16), we obtain the quadratic equation b* + bw = NN—%H, with w = 1 +
1/2

w+ (w+4 Ny +1 )

NLF N]Zil. One solution of this quadratic equation is b = 5 > 1, which
leads to a negative o, (see (Al4)). Thus, we must choose the other solution, b =
1/2
—w—+ Lu—&—4L
( ZNL“) > 0. Let by = % Since b2, + bye = 1 and w > 1, we have

b2 +bsow > 1. Moreover, since b% + bw = < 1, we get b* + bw < b2 +bow. But the

N+1

function b? + bw is strictly increasing in b when b > 0, hence we obtain b < bs,. Thus,

b € [0,b), as stated in the Theorem. We also obtain a = JJ\\;FH (0,1). The proof of

the exact formulas in (19) is now complete.

We now derive the asymptotic formulas in (19). When Ny is large, note that a =

Np

N R G = l,w=1+-L L ~ w, = 1. Therefore, we also get b~ by, = VE-1,

NFN—H 2

One can now verify that the formulas for V.., fio, Moo, and pe, are as stated in (19).
We now show how b depends on Ng and Ny, (the dependence on Ng is the same as the

dependence on N, = Np+Ng). Consider the function F'(f,w) = y/w? + 45—w, and note

that b = F(8,w)/2, with § = N+1 and w = 1+ 57 We compute 5 = 53 = oy,
oy = —mEtnare < 0w = mewep > 00 Abo, §5 = 2 > 0, and
R i T Y N T T e
Z(TW;) _ g_g ) 85?@ X 85 aaTwL _ m@ - NLF) > 0, where the last inequality

follows from b € (0, 1).

We end the analysis of the equilibrium conditions, by proving several more useful
inequalities for @ and b. Denote by Br = N_ljrl and recall that § = N]Zil‘ Then, b
satisfies the quadratic equation b* + bw = 3, with w = 1 + N_F' Now start with the
straightforward inequality b < BF + 1, and multiply it by Br. We get 88r < 8% + Br.
Since fp =1 — &£, we get B(1 — ) < Bt + Br, or equivalently 5 < 7 + Br(1+ & )
Since b? + bw = 6 and w =1+ %, we get b? + bw < % + Brw. Because the function

f(z) = 2% + zw is increasing in x € (0,1), we have b < p =

N .. . .
£5. This inequality is

—b > b — bfp. But

equivalent to Ng — b > Ngb. Dividing by Ng + 1, we get a = N 1w

we have already seen that Bp > b, hence a > bBr > b%. To summarize,

Np
Np+1’

b < a > b (A17)
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Lemma A.1 can now be used to show that the coefficients A and B are constant.
Indeed, in the proof of the Theorem, we have seen that both A; and B, satisfy recursive

equations of the form X; = a4+ fX;_1, with § € (—1,1). Then, Lemma A.1 implies

[e]

5
we work in continuous time, and ¢ + 1 actually stands for ¢ 4+ dt, the convergence occurs

that X; converges to a fixed number regardless of the starting point. But, since

in an infinitesimal amount of time. Thus, X, is constant for all ¢, and that constant is

equal to ﬁ O

We now state the Lemma that is used in the proof of Theorem 1.

Lemma A.1. Let X; € R, and consider a sequence X; € R which satisfies the following

recursive equation:

Xt — ﬁXt,1 = Q, t 2 2. (A18>

Then the sequence X, converges to X = ﬁ, regardless of the initial value of X1, if and

only if B € (—1,1).

Proof. First, note that X is well defined as long as 3 # 1. If we denote by Y; = X, — X,
the new sequence Y; satisfies the recursive equation Y; — fY;_; = 0. We now show that
Y; converges to 0 (and X is well defined) if and only if 8 € (—1,1). Then, the difference

equation Y; — BY;_1 = 0 has the following general solution:
Y, = CB, t>1, with C € R. (A19)

Then, Y; is convergent for any values of C' if and only if all 5 € (—1, 1]. But in the latter

case, 1 — B = 0, which makes X nondefined. n
Proof of Corollary 1. In the proof of Theorem 1, equation (A8) implies Ay = NJZ £
M=% N]Z-Li-l' But from (Al4) and (A15), we have £ = 713, which proves the first

row in (22). The second row in (22) just rewrites the formulas for A and B from

equations (A14) and (A15). O

Proof of Proposition 1. From Corollary 1, \y = N]Zil and A\l = % N]ZLH' From (A7),
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the equilibrium normalized expected profit of the FT is

N N
A= =M B - iA = (1= ) 4 Bu(1- ) (A20
a V=AY fif gl N1/ TPH N, +1 (A20)

From (A16), B = ﬁ, which proves the desired formula for 7. The profit of the ST
is the same as for the FT, but with v = 0. The last statement now follows from the

asymptotic results in Theorem 1. O]

Justification of Result 1. According to Proposition 1, §dt is the expected profit
that speculators get per unit of time dt¢ from trading on their lagged signal (&th_ﬂ-
Given that all speculators break even on this lag, they would not trade on any signal
with a larger lag, as this would cost them the same (), but would bring a lower profit.
For this last statement we use the results of Internet Appendix I (Proposition 1.3), where
we show numerically and asymptotically that the profit generated by lagged signals is

decreasing in the number of lags. O]

1+b Nrp
Np+1 Ne—b

a—b? . . :
u V(1 —a)(a— bZ)% = v (T/J;\I;;(Hb ) N]Zib’ which proves the first equation in (36).

By definition, the trading volume is TV = 0. From (A15), TV =0, =&

Proof of Proposition 2. Since 1—a = equation (19) implies that A = p

20'2 — .
y-w P
From (19), p* = Z—%(l—a)(a—b2), hence TV = 07} 5—5f-—p;- Substituting 1 —a = e

we get TV = 02(Np + 1)(1+b)?Tb2)’ which proves the second equation in (36).

The price volatility is o) = A>TV = (%)2/)2 TV = (%)2aafu. From (19), % = NJZib,

QZ(NF)2NF_—b 2 _ N

No5) Mot 0w = NN O Which proves the third equation in (36).

hence o,

. . . . 72 02+ o2 2(32 02 + a2 o2
The speculator participation rate is SPR = 17« %a — 7 O ouwti oy

i e ) Since pY =

a, pii = b, and o2 = (1 — a)o?, we get SPR = w This proves the last equation

: : l—-a __ _1+4b
in (36), since = = 2. O

Proof of Proposition 3. As in Theorem 1, we start with the FT’s choice of optimal
trading strategy. Each FT ¢ = 1,..., Np observes dwy, and chooses dz! = ~idw; to

maximize the expected profit:

T T
m = E (/ (wt — pr—1 — Me(day +dz " + duﬂ)dxi) = / Yoo dt—Ny; (v ) oo dt,
0 0
(A21)
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*3)

where the superscript “—¢” indicates the aggregate quantity from the other FTs. This

-y, ¢ s .
th_ Since this

is a pointwise quadratic optimization problem, with solution \;y; =

1 1
At 1+Ng*

is true for all = 1, ..., Np, the equilibrium is symmetric and we compute v, =
The dealer takes the FTs’ strategies as given, thus assumes that the aggregate order

flow is of the form dy; = du; + Npydw;. To set A;, the dealer sets p; such that dp, =

Medy, with A, = C"Vvajf;igﬂ = Uﬁfjvgjt . This implies A\202 + (NpyA)202 = Npyho,.
2 .
But NpAey, = N . Hence, No? + (NNi1> 02 = NN’L o2, or No? = (Nivfl)Qai, which
ow VNF 1 Nrp _ oo _1

implies the formula A\ = We then compute v; =

Oy N +1 >\t 1+NF - Ow NF

We have TV = 2 = NI%,Y gw +Ju‘ But NF/Y = g_:)\/_ hence TV = 2(1 +

TV —0o2
Nr). Next, oy = N*TV = % (N;V%)Qag(zvp +1) = o), 55q. Also, SPR = =37
og(Np+l)—of _ _Np
O'Z(NF+1) - Np+1-°

Finally, we compute ¥’. From the formula above for \, we get Var(dp;) = A\* Var(dy;) =
A Cov(wy, dy;) = Cov(wy, dpy). Since X = Var(wy —pi—1) = E(( —pt,l)Q) we compute

22 = é E(2(d'IUt+1 - dpt)(wt — ptfl) -+ (dwt+1 — dpt)Q) = 2% —+ O' + M

2

2 _ 2 _ oy
Tw = O = Np+1- O

Proof of Proposition 4. We use the formulas from the Proof of Theorem 1. Since

1+b
NF+1 :

ghvut is orthogonal on dy;, we have E&(&Z}t, dwt) = G/(&Zut, &Zut) =A=1—-a=
Then, @T/(&/ut, (/i\t/Ut_l) = a;/(dwt — pydw; — pﬂ(/i\l/ut_l, (/i\t/ut_l) = —pjA. Therefore,

a;(di’tﬂa dz,) = E\O\//(’deﬂrl + fidwy, Ydw, + ﬂ(fi\{Utfl) = yA+ i*(—bA)

. o . (A22)
Var(dz;) = Var(ydw, + dw,—1) = 7° + p*A.
By multiplying both the numerator and denominator by p?, we compute
iy A bii?A ab(l —a (1l —a
Pz = = lWi — = a — = ( ) - ( ) = par+pea. (A23)

¥4+ 2A 2+ p?A a?+b*(1—a) a®+b*(1—a)

ab—b3 (1 . CL) _ (a—b?)b 14-b

Then, p; = FH2(1=a) = @®4b2(1—a) Np+1’

which implies the desired formulas.

We now prove that pz; > 0 if and only if there exists slow trading. When there is

no slow trading, b = pjit = 0, hence p; = 0. When there is slow trading, we show that

__ b(+1)(a—b?) 1
Pz = a’+b?(1—a) Np+1

a—b%>0. O

> (0. Indeed, we have b > 0, a < 1, and from equation (A17),
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Proof of Proposition 5. If x; is the IFT’s inventory in the risky asset, denote by

Orr — E(l’?) Ore — E(xt<wt_pt)) X, — E(xtazut)

b o2dt’ b o2dt ’ T 2de (A24)
Qv — E ItQUt) O — E(Zlftpt) B E(xt—ldyt)

T Tae WS Tan AT Toa

Since © > 0, we have © € (0,2), or ¢ =1 —0 € (—1,1). From (46), z; satisfies the

E((@)?) _ E((¢ws_1+Gdwy)?) _
o2dt o2,dt

recursive equation x; = ¢x;—; + Gdw,. We compute (}* =
$*Q7, + G2, Since ¢* € (—1,1), we apply Lemma A.1 to the recursive formula Q¥ =
$*QF* + G?. Then, Q7” is constant and equal to:

G? G?

= —¢2  O(l+9) (A25)

which is the usual variance formula for the AR(1) process. The order flow at ¢ is

dy; = —Ox;_1 + ydw; + [L(i\z/ut_l + dug, with 4 = v~ 4+ G. Then, Z, is a function of X;_;:

E(l't_ldyt> G2
Jy = ————42 = —00O¥ uX; 1 = — 0Xi_1. A26
t o2 dt t—1 T M1 1_{_¢+N t—1 ( )
The recursive formula for X; is X; = E(:ggft) = E((mt*1+Gj§§)t(dwﬁpdyt)) = —opZs + G —
Gpy = —oppn X1 + gbfTG; +G—-Gpy=—¢bX; 1 +G(l—a) — %. By assumption,

0 <b< 1, hence ¢b € (—1,1). Lemma A.1 implies that X; is constant and equal to

G(l—a™) -2
X = axiy A2
1+ ¢b (A27)

From (A26), Z, is also constant and satisfies:

G? l—a” b+ 15
Z = iX — = G -G A28
P15 T 1+ ¢b (A28
We are interested in Q¢ = QF* —Qy”. The recursive equation for QF" is QF¥ = —Egﬁtit) =

E( (62114 Gdwe) (we_1-+dwy) )
o‘?udt

= o7, + G. Since ¢ € (—1,1), Lemma A.1 implies that Q7"
is constant and equal to

G
QY = —. A2
= (429)
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E(wepe) _ E((¢$t*1+det)(pt*1+>‘dyt)) — &P
o2dt o2,dt - ¢ t—1 T

AoZ + AG7. Lemma A.1 implies that Q;? is constant and equal to Q™ = ’WZJ;#. It

The recursive formula for Q37 is QO =
t t

follows that Q¢ = QF* — ;" is constant and satisfies:
—00" = —(69™ - 0Q™) = —G+ \Z + \G7. (A30)

The IFT’s expected profit satisfies 7, , = EfOT(wt — p)dxy = EfOT(wt_l — D1 +
dw; — )\dyt) (det — @a:t_l). Hence, the IFT’s normalized expected profit is 7 _, =
fg(-@Q“ +G - MG+ A@Z) dt. If we use the formula (A30) for Q*¢, we obtain:

Y e el e Lk - (A31)
oo = A2 T ANTTG T Ty )

where the second equality comes from (A28). This proves (49).

We now show that the inventory costs are zero, which implies that the I[FT’s expected

utility is the same as his expected profit. According to equation (A25), Q" = %—i(ﬁ) is
constant. Then, by the definition (A24) of QF*, we have
2 G? 2
E(z;) = ———o,dt, A32
( t) @(1 + ¢) w ( )

which implies that the expected squared inventory of the IFT is infinitesimal, and there-
fore becomes zero when integrated up over [0,1] (d¢* = 0). Hence, from the defini-
tion (42), the inventory costs of the IFT are C; fOT E(z7)dt = 0.

To show that all IFT’s expected profits are in cash, consider the decomposition

T T T
Toso — E/o (v — pg)day = E/O wydzy — E/o peday, (A33)

which is the same as (50). We need to show that the first term (the risky component)
is zero. From (A29), Q7 = £. Thus, we compute
E [} wd E [} (w1 + dw;) (O, + Gd
f() Wy ATy — fO (wt 1 wt)( Lt-1 wt) — _@Qmw+G = 0. (A34)

2
o2 o

2
w
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which implies that the risky component is indeed zero. This finishes the proof. O

Proof of Corollary 3. From (A24), Z, = W, which implies E(z;_dy;) = Z;02dt.

From this, EfOT T 1dp; = /\fOT Zywo2dt = \Zco?, since Z; is constant. But from (A31),

the IFT’s expected profit is 7,_, = AZo?2. Therefore,

©>0
T
Tosg — E/O ‘thldpt. (A35>

Now, write dp; = Ady; = )\(—@xt_l + ~ydw; +ﬂcflzut_1 +dut). Since x;_ is orthogonal to
dw; and du;, we get dp; = )\(ﬂa\t/ut_l - @xt_l). If we substitute this formula in (A35),
we obtain (52). O

Proof of Theorem 2. Let © = 0. Then, the [FT’s strategy is of the form dz; = Gdw;.
We compute the IFT’s expected profit 7,_, = E fOT(wt—pt)dxt =E fol (w1 —pr1+dw,—
Ay:) (Gdw,) = E [ (dw, — Mdy;) (Gdwy) = E [} (dw, — Aydw,) (Gdw,) = G(1 — Ay)a2.
But Ay = A\G + Ay~ = AG + Ra~. The normalized IFT’s expected profit is:

Foo = G(1—=MNy) = G(1 — Ra™) — \G”. (A36)
To compute the IFT’s inventory costs, denote by €2* = %‘Zg) We compute dg# =

% E(2z,-1dz, + (dzy)?) = ﬁ E(2Gz,_1dw, + G*(dw;)?) = G?. Since QF" = 0, the
solution of this first order ODE is Q#* = ¢G?, for all ¢ € [0,1]. Hence, the inventory
costs are equal to

1 1
CrE / 22t = C) G / tdt = %GQ, (A37)
0 0

From (A36) and (A37), the IFT’s normalized expected utility when © = 0 is:

~ C
Uy, = G(1—Ra™) - G? (/\ + 71) : (A38)
: g : : : _ 1-Ra~ _ _1-Ra~” :
The function U,_, attains its maximum at G = 51 = A1+ G)’ as stated in the

Theorem. The maximum value is:

e (1= Ra™)”

o = e (A39)
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Let © > 0, which is equivalent to ¢ = 1—0 € (—1,1). In the proof of Proposition 5,
we have already computed the IFT’s expected profit (see (49)) and showed that the

I[FT’s inventory costs are zero. Hence, the IFT’s expected utility is the same as his

. - N - bt
expected profit, and satisfies U,_, = Ty, = %(bG 111351) — pG? Ll;bd’ ) The first order
condition with respect to G implies that at the optimum G = M, as stated in
2p(b+ﬁ)
b1
the Theorem. The second order condition for a maximum is A Ll(‘;g’ > 0, which follows

from A > 0, b € [0,1), and ¢ € (—1,1). For the optimum G, the normalized expected
utility (profit) of the IFT is:

N Rb(1 —a™))’
o = o)) (A40)
AN1+ D) (b + 15)
We now analyze the function
1 VP(l+¢)+b—1

= (1 b) b+ —— — ! = A41
o) = (e o) (04 11 ) rie) = S (A1)

The polynomial in the numerator has two roots:

vV1—1> vV1—1>

= -1+ Py = —1— : (A42)

b b

By assumption b < 1, hence both roots are real. Clearly, we have ¢ < —1. We show

that ¢; € (—1,1). First, note that ¢; is decreasing in b. For b = 1 we have ¢; = —1;

while for b = @ (which satisfies 40> + b = 1) we have ¢; = 1. Since by assumption

@ < b < 1, it follows that indeed ¢; € (—1,1). Thus, f'(¢) is negative on (—1, ¢;)

and positive on (¢1,1). Hence, f(¢) attains its minimum at ¢ = ¢y, which implies that

the normalized expected utility (NJ(%O from (A40) attains its maximum at ¢ = ¢, or
V1i=b

© =2 — 5=, as stated in the Theorem. The maximum value (over both GG and ©) is:

o (RO —a7))?
Ueso = 4)\b(1—|—\/1——b)2' (A43)

>4

To determine the cutoff value for the inventory aversion coefficient C7, we set U;n:ao

U™ . From (A39) and (A43), algebraic manipulation shows that the cutoff value is

©>0

55



Cr = 2)\<(1_R132;)(21(_1:));_b)2 - 1), as stated in the Theorem. O

Proof of Corollary 4. Let © > 0. We are in the context of Theorem 2, where b >

@ > 0 and p > 0, hence i = l—l; > 0. The IFT’s strategy is do; = —Ox;_1 +

Gdw;, while the slow trading component is d:?:;9 = /j&;}t,l. Since dw; is orthogonal
to dwy_1, Cov(dxy, dz?) = —O Cov(w;_1,dz?) = —Ojfi Cov(xt_l,c/hvut_l). This proves
the equality in (55). Since © > 0 and i > 0, it remains to prove the inequality

Cov(xt,l,azvut,l) > (0. But Cov(xt,l,azvut,l) = Xo2dt (see (A24)). From (A27), X =
gy G

G(IT;b”"’. Substituting the optimal G and ¢ = 1—© from Theorem 2, we obtain X =

4((11;;%. As in Theorem 2, a=,b € [0, 1), hence X > 0 and the proof is complete. [

Proof of Theorem 3. Consider the following implicit equation in b

20(1+0)(2B+1) Q N 30B +2b*B —1—1b
ny, - B2((I—+b) b

(1—a) — 2, (A44)

where the following substitutions are made:3®

1
1-0
i g+ \/q2 +npB5((4 —np)B +2(2 — np)) (A45)

a - ;

B =

¢ = (B+1) (2B~ 1)~ np(3B’ ~2),

Q = B*a)*+2(3B*+3B*-2B —1)a” + (B*+2B*-2).

We write the equations for the other coefficients:

R 4B+ 1)B*(a” +b) , _ @B+ 1a +1
Q ’ 2(B+1)
PP = <(a —b?) + 2;5;11 (1— a)) (1—a) Z—%, A = Rp (A46)
1-0 1-— - b
O STl T M
The proof is now left to Internet Appendix J (see Sections J.4 and J.5). ]

38To be rigorous, we have included the case when a~ is negative. However, numerically this case never
occurs in equilibrium, because it leads to A < 0, which contradicts the FT’s second order condition (J56)
in Internet Appendix J.
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Proof of Proposition 6. See Internet Appendix J (Section J.5). O

Proof of Proposition 7. See Internet Appendix J (Section J.5). n
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I The General Model with m Lags

In this section, we analyze the general model with m > 0 lags. As defined in Section 2
of the paper, this is the model M,, in which speculators do not use their signals beyond
lag m. Recall that a ¢-speculator observes the signals after ¢ lags (¢ = 0,1,...,m). The

strategy of a f-speculator is assumed to be of the form:
doy = ve(dwi—r—2z—01) + Yepr(dwi—1—2z—0—14) + -+ + Y (dWimp— 21— ), (I1)

where z;_;,, is the dealer’s expectation of the j-lagged signal dw,_;.

In the paper, we have already analyzed the particular cases m = 0 (Proposition 3 in
Section 4) and m = 1 (Section 3.1). For these two cases, the equilibrium is described in
closed form. For the case m > 1, we show in Section 1.2 that the equilibrium reduces
to system of non-linear equations in the model coefficients. In Section 1.3 we discuss
the particular case in which all speculators have the same speed: if N, is the number
of (-speculators, then Ny > 0, and N; = --- = N,, = 0. The proofs are provided in
Section 1.4.

I.1 Notation Preliminaries

To simplify the presentation, we write the system of equations using matrix notation.
All vectors are in column format, and we denote by X’ the transpose a vector X.
Because some variables, such as the coefficients +; in (I1) are not defined for all
entries 7 = 0,1,...,m, we collect them in a vector denoted by v, which contains
only the entries j = ¢,¢ +1,...,m. If we need to sum v over different ¢, we make a

slight abuse of notation and denote by 7) the vector with the same entries above ¢, but

padded with zeros at the entries j = 0,1,...,¢ — 1. In vector notation,
l / Vi /
O = [0, A0 o AW =0, 0,0 0T, (1)
In general, if A is a matrix with elements A; ; for 4,57 = 0,...,m, we denote by A_, the

matrix with elements A; ; for 4,7 > ¢; and similarly for the vectors B., and p_,. A sum
of vectors X, over different £ is carried by padding X_, with zeros for the first £ entries.
We normalize some variables by dividing them with the forecast variance, o2. We

denote this by placing a tilde above the variable. For instance, we define the normalized

2

,» as well as the normalized instantaneous noise

instantaneous order flow variance &



trader variance G2 as follows:

3 Var(dy;) y Var(duy) o2
Tut = o2dt u o2 dt o2’ (13)

Nevertheless, when necessary we denote by v¥) also the vector above, but padded with
zeros in positions 0,...,¢ — 1. if we take for instantce

We follow the usual convention that sums from a larger index to a smaller index are
equal to zero. For instance, if m = 0, for any variable X; the sum from the index 1 to

m is by convention equal to zero:

m=0 = > X;=0 (14)

i=1
Similarly, an enumeration from a larger index to a smaller index is by convention the
empty set. For instance, if m = 0, saying that the condition P; holds for i =1,...,m is

equivalent to imposing no condition at all.

I.2 The General Speed Case

In this section, we solve for the equilibrium of the model M,, when the number of
lags m > 0 is fixed. Under an additional assumption stated below, we show that the
equilibrium reduces to the solution of a system of equations (see Theorem 1.1). This
system can be solved in closed form in some particular cases of interest, and can in
principle be solved numerically.

To proceed with our solution, we need to be more specific about how the dealer sets
her expectation z,_;; = E(dw,_; | {dy,}r<¢). Since dw;_; is the speculator’s signal from
i trading rounds before (corresponding to calendar time ¢ —idt), it is plausible to expect
that (i) z;—;+ only involves the order flow from at most ¢ periods before, and (ii) z;—;; is

linear in the order flow. Thus, we assume (and show it to be true in equilibrium) that
Z—ip = pPoadys—i + -+ piigdyp—r, 1=0,1,...,m, (15)

where dy,_; is the order flow from j trading rounds before. Define the fresh signal dyw;—;

to be the unanticipated part of the signal at t:

dtwt_,- = dwt_i — Zt—it- (16)



For all lags 7,7 =0, ..., m, denote by

Cov (dtwt_i s dtwt_j)

o2 dt 7

Cov (wt, dtwt_j)

o2 dt ’

Aijr = B = (I7)
Since A measures the instantaneous covariance of fresh signals at the relevant lags, we
call A the fresh covariance matriz. The vector B measures the instantaneous contribu-
tion of each fresh signal to the profit, thus we call B the benefit vector. In Section 2, we
have assumed that the speculator takes A and B as fixed, and considers them as set by
the dealer (just as p;; and \;).

The next result shows that a linear equilibrium exists if a certain system of equations
is satisfied. We write the system of equations using the notations from Section I.1.
For instance, the coefficients v; and p; are collected in the following vectors:! with

(=0,...,m:

FO =409 o= Ty m]s (18)

Theorem 1.1. Let m > 0 be fized, and consider the model M,, with m lags, and N,
speculators of type £ = 0,...,m. Suppose there exists a linear equilibrium of the model

with constant coefficients, of the form:

dxg) = ’Vzgg)dtwt—e + o e, (=0, ,m,

diwi; = dwys — 244, 1=0,1,...,m,
' (19)
Rt—it — podyt—i + -+ pi—ldyt—la 1= 07 17 cee, M,
dpy = Ady:.
(é

Then, the constants X\, p;, 7 ) satisfy the following system of equations (i =0,...,m):

)

_ < , /(1 3
¥ =Y Ny, with /9 = (A,,) <X B>Z—U§p>z),
=0
72p = Ay 72\ = B'y 52 = % (110)
! - B )
min(s,5) i
Aij = Ly =3y Y piapir Bi = 1=G03 pik
k=1 k=1

Note that p,,, the last entry of the vector p, is not part the dealer’s expectations z;_;,, but
we introduce it in order to simplify notation. In particular, the last row of the equilibrium equation
&gp = A#¥ can be omitted.



where 1p 1s the indicator function, which equals 1 if P s true, and 0 otherwise.
Conversely, suppose the constants A, p;, %(Z) satisfy (110), and in addition the fol-

lowing conditions are satisfied: (i) X\ > 0; (ii) for all £ = 0,...,m, the matrizv A_, is

invertible; and (iii) the numbers By = Z;’:Ok PiYeri satisfy 1. > By > -+ > [, > 0.

Then, the equations in (19) provide an equilibrium of the model.

In principle, the system of equations (I10) can be solved numerically as follows. To
simplify notation, we make a change of variables and denote by 7, = G,p;, A = G,
g = % Then, suppose we start with some values for r; and A. Then, A can be
expressed only in terms of r;, and the equation &jp = A% implies that ¢ = A~'r can
also be expressed only in terms of r;. Also, B can be expressed only in terms of r;
and A. Then, the first equation in (I10) and A = B’g (which is the rescaled equation,
65)\ = B’%) become m + 2 equations in the variables r; and A.

In practice, however, this procedure does not work well. Numerically, it turns out
that the solution is badly behaved, especially when N or m are large.? Moreover,
without more explicit formulas, it is difficult to study properties of the solution. In the
next section, we provide a more explicit solution for the case when all speculators have
the same speed, i.e., when there are only 0-speculators.

We now analyze the forecast error variance,
3 = Var((w — pi-1)?). (I11)

Note that 3, is inversely related to price informativeness. Indeed, when prices are
informative, they stay close to the forecast w;, which implies that the variance 3, is
small. Define the instantaneous price variance by

,  Var(dp) A? Var(dy;)

2 2
o, = P = % = Ao, (112)

The next result shows that growth rate of ¥ is constant, and it is equal to the difference

between the forecast variance o7, and the price variance 0.

Proposition 1.1. In the context of Theorem 1.1, the growth in the forecast error variance

1s constant, and satisfies the following formula:

Y, = o2 — o2 (113)

2This is because in that case the matrix A is almost singular, and thus the equation ¢ = A~ 'r
produces unreliable solutions. Indeed, equation (I82) from Section 1.4 shows that that the determinant

m+1
of (A%)~1) a matrix close to A~!, is equal to ((N+1)

[CESLESE This is a large number when m or N are large.
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This result can be explained by the fact that competition among speculators increases
price volatility, with an upper bound given by the forecast volatility o2 . But competition
also makes prices more informative, which implies that the forecast error variance grows
more slowly. As we see in the next section, it is a feature of this equilibrium to have the
forecast error variance grow at a positive rate. This result is in contrast to Kyle (1985),
in which the forecast error variance decreases at a constant rate, so that it becomes zero
at the end. The reason for this difference is that in our model traders in equilibrium

only use their most recent signals, and thus do not trade on longer-lived information.3

I.3 The Equal Speed Case

In this section, we search for an equilibrium of the model M,,, with m > 0 lags in the
simpler case when there is no speed difference among speculators. This translates into
all speculators being O-speculators, i.e., Ny > 0 and N; = Ny = --- = N,, = 0. Because
there are only 0-speculators, we write their number simply as N = Nj.

Theorem 1.2 provides an efficient numerical procedure to solve for the equilibrium.
When the number of speculators is large, we also obtain asymptotic formulas for the
equilibrium trading strategies and pricing functions. Proposition 1.3 then shows that
the value of information decays exponentially. This result is proved rigorously only
asymptotically, when the number of speculators is large. However, we have verified
numerically that the result remains true for all values of the parameters we have checked.

The first result is a restatement of Theorem 1.1 to the case when all speculators have

the same speed.

Proposition 1.2. Let m > 0 be fized, and consider the model M, with m lags, and N
speculators with equal speed (of type £ = 0). Suppose there exists a linear equilibrium of

the model with constant coefficients, of the form:

dxt = f)/Odtwt + 'yldtwt_l + -+ P)/mdtwt—m7
dywy—y = dwy_; — Zi—ig, t=0,1,...,m, (114)
Z—it = podye—i + -+ picadye—1, 1=0,1,...,m,

dpt = )\dyt .

Then, the constants X\, p;, v and 7; = N~; satisfy the following system of equations

3For a discussion on why traders might not want to use longer-lived information, see Internet
Appendix L.



Figure I.1: Optimal Trading Weights. Consider the model with m € {1,2,5,20}
lags and N € {1,5,100} identical speculators. The figure plots the rescaled aggregate

weight g; = Nv; \/]\%rl ‘;—: (continuous line) against the lag i = 0,...,m, and compares
it with the value g = A5 (T(nn;g)l z)v]\ﬁl (dashed line).
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- - - 1 N
Bi= vy O = 0VNHL G = S e

1 N (N + 1)2min(i,j) -1
N N+2 (N4 1)

aop = A7, G\ = By, Aij = Lizy

(115)

Conversely, suppose the constants \, p;, v satisfy (115), and in addition the following
conditions are satisfied: (i) X > 0; (ii) the matriz A is invertible; and (iii) the numbers
Br = ng)k PiYkvi satisfy 1 > By > -+ > B, > 0. Then, the equations in (114) provide

an equilibrium of the model.

Note that the system of equations (I115) has a simpler form. Following the discussion
after Theorem 1.1, we make a change of variables and denote by r; = o,p;, A = g,
g = % In this case, we see that r; = % W can further be expressed in terms of
A. This suggests the following procedure to search for a solution of (I15): Suppose we
start with some value for A. From (I15) we see that all the constants of the model (g,
A, B, r) can be expressed as a function of A. Then, the equation A = ¢’B becomes
the equation that determines A. In Section 1.4, we show that the equation in A is an
infinite polynomial equation, which in practice can be solved very accurately. Then, the
conditions (i) and (ii) from Proposition 1.2 follow from a certain condition (I77) on A
from the proof of Theorem 1.2.

The next result uses the procedure outlined above to find approximations for the

equilibrium coefficients, which use the “big-O” notation.*

Theorem 1.2. Let m > 0 be fixed, and consider the model M., with m lags, and N
speculators with equal speed (of type £ = 0). Define the following numbers:

Oy 1 m—1+1

0 .
D = — s Z:O,l,...,m,
T e N1 mil
w N .
P =2 i=0,1,...,m—1, (116)

Gu (N F 1)itH172’

U
ouw VN +1

4For o € R, we say that the expression zy is of the order of N, and write xx = On(N®), if there
exists an integer N, and a real number M such that |zy| < M ]N | for all N > N,. In other words,

xyy is of order N¢ if £t is bounded when N is sufficiently large.




Then if conditions (I76) and (177) from Section I.J are satisfied,” there exists an equilib-
rium. In this equilibrium, the coefficients of the optimal strategy (vy;) and of the pricing
functions (X, p;) approximate the coefficients in (116) as follows:

= W(1+0n(1)), i=01,....m,
0 = p?(1+ON(%)), i=0,1,...,m—1, (117)
A= N(1-0n(3)).

Figure 1.1 plots the optimal weights for various numbers of speculators N and various

maximum signal lags m. For all the parameter values we have checked, the weights

decrease with the lag. However, while the approximate weights, 79 = o 1\} — mnzﬁl,
decrease at the same rate, in the Figure we see that the actual weights decrease less
quickly for smaller lags, and then decrease faster for larger lags. When m is large, one
can also see that the initial decrease in the actual weights is very small.b

An important consequence of the theorem is that the expected profit from each

additional signal decays exponentially.

Proposition 1.3. In the context of Theorem 1.2, let my be the expected profit att = 0 of
a speculator in equilibrium, and let v; be his optimal trading weight on the signal with

lagi=0,...,m. Then the profit can be decomposed as follows:

@ 2 Yo 71 Ym
T = Tw Z g = Ow <N 1 (N +1)2 + (N + 1)m+1) (T18)

Moreover, the ratio of two consecutive components of the expected profit is

Toj+1 _ Y+ L 0
0,5 Vi N"—l N(

). (119)

z|=

A graphic illustration of this result can be found in Figure 1.2, which plots the
profits of a speculator who can trade on at most m = 5 lagged signals. The cases
studied correspond to the number of speculators N € {1,2,3,5,20,100}. One sees that

5Numerically, these conditions are satisfied for all the values of N and m we have tried.

6Thus, in the limit when m approaches infinity, we conjecture that the weights become approxi-
mately equal. In that case, the informed traders behave as in Kyle (1985), by trading a multiple of the
sum fg dw, = w; — wg. However, we can see from Theorem 1.2 that in our model the weights do not
become of the order of dt¢, as in the Kyle model, but rather remain of the same order of magnitude as
for the lower m. In our model therefore prices are very close to strong form efficient when m is large.
This equilibrium resembles that of Caldentey and Stacchetti (2010).



Figure 1.2: Profit from Lagged Signals. The figure plots the percentage of a
speculator’s profit from each his lagged signals when there is competition among N €

{1,2,3,5,20,100} identical speculators. In these examples, the speculators can trade up to
m = 5 lagged signals.
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indeed, when N is large, the profits coming even from a signal of lag 1 are small.

The next result analyzes in more detail price volatility, and shows that volatility has
an upper bound, which makes rigorous the intuition for the general case, discussed after
Proposition 1.1. Moreover, Proposition 1.4 provides a more thorough understanding
about how information is revealed over time by trading. For this purpose, we define

signal revelation as the covariance of a signal dw; with dp;,, the price change from k
trading periods later:

SR, — Cov(dwy, dpsyx) _ Cov(dwy_g, dpy)
g o2dt o2 dt ’

k=0,1,.... (120)

Since Y o dwi_ = w; (speculator’s initial forecast is wy = 0), the sum of all SRy,
equals

o?dt B o2 dt o2

o0 )\2 2
ZSRk _ Cov(ws, dp;)  ACov(wy, dy;) Aoy | (121)
k=0

Sql\D | “sqw

where we have used the formula Cov(wy,dy;) = A Var(dy,) = )\aj from the dealer’s

pricing equation for A, proved in (I46) in Section 1.4.
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Proposition 1.4. In the context of Theorem 1.2, price volatility is always smaller than

the forecast volatility. Their difference is small when the number of speculators is large:
oo —o. = On(%). (122)

The signal revelation measure satisfies

N
(N + 1)k+1

1

=0,1,....m, = Y SR = 123)
k=0

Therefore, the difference 02 — o2 is also small when m is large.

p

Thus, an interesting implication of the Proposition is that, when the number of lags
m is large, each signal dw, gets revealed by trading almost entirely. From Proposition I.1,
this case coincides with the one in which the growth rate of 3, the forecast error variance,

is very small.

1.4 Proofs of Results

Before we proceed with the proofs of our equilibrium results, we recall the notations
from Section 1.1, and introduce a few more useful notations. As before, a tilde above a
symbol denotes normalization by o,,, while Cov and Var are the instantaneous covariance
and variance (which already means normalized by dt) normalized by ¢2. For instance,

Ou 5 —~ _ Var(dy,)

~U = —, = Va d =
? T % r(dy) o2dt

(124)

We now denote by M, the set of matrices of real numbers with a rows and b columns,
by M, = M,, the set of square matrices, and by V, = M, ; the set of column vectors.
Recall that X’ denotes the transpose of X.

If ¢ € {0,1,...,m}, recall from Section 1.1 that the vector v} collects the ¢-
speculator’s weight on dw,_; — z_;;. By a slight abuse of notation, we also write A
as a vector in V,,,1 by padding with zeros for the entries j = 0,...,¢ — 1. Define the
aggregate speculator weights, ¥ € V,,,11:

¥ = > NY. (125)
=0

Let p € V41 be the vector which collects the coefficients involved in the dealer’s expec-

11



tation z_;; of dw;_;:"

p = [pg,...,pm}/, (126)

For i =0,...,m, let dyw,_; be the unpredictable part of the signal dw;_; (computed
before trading at ¢):
dyw;—y = dwy—; — Rt—it (127)

Define the matrices A € M,,y; and B € V,,,11. For¢,7 =0,...,m, let

— 1
Ai,j = COV(dtwt_i,dtwt_j) = 0_2 dt COV(dtwt_i,dtwt_j>,

__ 1 (128)
BJ = Cov(wt,dtwt_j) = @ Cov(wt,dtwt_j).

We now rescale 7, p, A, by defining r,g € V,,,;1 and A € R as follows:
_ _ _
g = —, o= Gy, p, A=, (129)
Oy

Proof of Theorem I.1. We need to prove that a linear equilibrium exists if there

exists a solution (g,7, A, 5, A, B) to the following system of equations:

1 (1
9 = ZNK (A>e) (K B, _r>z) )
=0
; P G

r = Ag, A = ¢B, iy (130)

min(%,5) i
Aij = Ligj — Z Tie kT j—ks B; = 1—Azri—k«

k=1 k=1

Recall that 1p is the indicator function, which equals 1 if P is true, and 0 otherwise.
Also, A,
and r_,. The sum of vectors X, over different £ is carried by padding X_, with zeros

for the first ¢ entries.

, is the matrix with elements A; ; for 4,7 > ¢; and similarly for the vectors B.,

Speculators’ Optimal Strategy (7)

We begin by analyzing the optimal strategy of a (-speculator, where ¢ € {0,...,m}.
This speculator takes as given (i) the dealer’s pricing rules: dp; = Ady; and z_;¢ =
podys—; + -+ + pidy,—y for i = 0,1,...,m; and (ii) the other speculators’ trading

strategies. For instance, if another speculator is of type k, he is assumed to trade

"The last entry, p,, is not part of any of dealer’s expectations z;_; 4, but we introduce it in order
to simplify notation.

12



according to dxik) = ZTzk ’yj(»k)dtwt,j. Also, as we have discussed, the ¢-speculator
chooses among trading strategies of the form: dx; = vy dywi—r + -+ + Y dswWi—p,.

Therefore, the (-speculator assumes that the total order flow at ¢ satisfies

-1
dy: = dut‘i‘Z’Ygdtwt —j +Z (v + 75 )diwy . (I31)
Jj=0 j=t

where

J
k . _ .
:ZN;WJ(-), j=0,...,m, v; :(N[—l’}/ —|—ZN7], j=4,...,m.
k=0

k#
(132)
At t = 0, equation (10) implies that his normalized expected profit is
. M 1 T
To = _g = 5 E (/ (we —pe1 — )\dyt)dﬂﬁt) : (I33)
Uw Uw 0

By construction, the terms d,w;_; are orthogonal to Z;, hence also to p;_;. Hence, dz; is
also orthogonal to p;_;. We now use (I31) and the definitions: A, ; = a;/(dtwt,i, dywi—j),

B; = a;(wt,dtwj) to compute:

T -1 m
o = E (/ (wt — )\Z%dtwt—i - /\Z(%t + )dtwt z) Z% pdywy— ]>
0 p

—1 m - a (134)
= ZB]’YJ,: /\ZZ/% i, Vit — /\Z Vzt +’yz 7]’7j=t‘
=0 j=/4 i,5=L

Thus, we have reduced the problem to a linear—quadratic optimization. The first order

condition with respect to i, for k =/¢,...,m, is:

—1 m

Denote by 7, the (m— £+ 1)-column vector of trading weights at t. We divide the matrix
A into four blocks, by restricting indices to be either < ¢ or > ¢. With matrix notation,
the first order condition (I36) becomes

B.,—\A

>

>0,<t f_Y<g —A Az@ (2% + ’Yi) = 0. (136)

13



We obtain that for any ¢-speculator and any ¢,

/1
2V + 7 = ( Azz) ! <X B,—A,,._, %) ) (137)

This equation implies that the (-speculators have identical weights in equilibrium (previ-
ously denoted by 7)), and these weights do not depend on . We then have v(¥) 4+~ =

Y., hence
~1 _ _
A0 = (Azz) (XB>IZ —-A,, 7<4) — Vo (I38)

Thus, equation (I38) reduces the computation of the optimal weights v) to the com-
putation of the aggregate weights 7.

We now derive the equation that 4 must satisfy in equilibrium. To simplify formulas,
note from (I47) that Ay = &5,0, or in block matrix notation A,, _, y_,+A., 7., = 5’5 Pse-
Using this, equation (I39) becomes

-1 ~
VO = (A) <XB>Z—O'§ ,0>L,). (139)

To obtain the equation that determines 7, we multiply (I39) by N, and sum over all

¢=0,...,m, padding with zeroes where necessary. We get

m m B 1 .
7= Y NyO =3 Ny(A,)" <XB>Z —a, p>€> : (140)
£=0

=0

After dividing this equation by &,, use g = &ly, r = oyp, and A = o, A to obtain the
corresponding equation in (I30).

So far, we have shown that equation (I39) is a necessary condition for equilibrium.
We now prove that it is also sufficient condition for the speculator’s problem, if one
imposes two additional conditions: (i) A > 0; and (ii) for all £ = 0,...,m, the matrix
A_, is invertible. Indeed, the second order condition in the maximization problem above
for the (-speculator is:

A det(A.,) > 0. (141)

Normally, we expect that det(A.,) > 0, since economically A is the covariance matrix
of the fresh signals, and the signals dw;_; are independent. But if A is just the solution
of a system of equations, this condition needs to be checked. If det(A_,) > 0, then the

second order condition from (I41) becomes A > 0, which is just condition (i).

14



Dealer’s Pricing Rules (), p, A, B)

The dealer takes as given that the aggregate order flow is of the form:

dyt = dut —+ %dwt + %dtwt_l + -+ ’detwt_m, (142)
where the speculators set, for k =0,...,m,
dtwt_k = dwt_k — (pgdyt_k + -+ p;;fldyt_l), (143)

with p} constant. (Of course, in equilibrium the dealer will eventually set p; = p;.) We

combine the two equations:

m m k—1
dy; = dug + Z Fedwy i — Z Yk Z 0: Y ki
p k=0 =0
= du, + Z Yedw_g, — Z Z Pi Vie+i Y-
=0 =1 i=0

Because each speculator only trades on the unpredictable part of his signal, dy; are

orthogonal to each other. Thus, the dealer computes

k—1
Zt—kt = E(dwt—k | dyt—k) s 7dyt—l) - Z pi,t—kdyt—k—i—ia k= 07 cee, M,
1=0

(145)
dp; = Mdy,
where the coefficients p;;—, and \; are given by:8
Cov(dws—_k, dys— i
piik = OV\(/w(td’“’ yt)’““), k=0,...,m, i=0,.. k—1,
ar ki
Yt—k+ (146)

Cov(vy, dyt) Cov(wy, dy;)
At — -
Var(dy;) Var(dy:)

At the end of this proof, we show that the following numbers do not depend on t: A,
Pits Aijy = a’(dtwtfiydtwtfj)y Bj, = a;/(wt, dtwj)-

Taking these numbers as constant, we now prove the rest of the equations in (130).
First, note that in equilibrium p} = p;. We rewrite the equation for p in (146) by taking

k = 1. Thus, p; = W, and note that dy; is orthogonal on all other dy;_; for

8Note that in principle p; s, might also depend on ¢, the time at which the expectation is computed.
However, the formula shows that p only depends on ¢ and ¢ — &, and not on ¢ separately.
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k > 0. Hence, from (I42) and (I143), we get

Cov(dywy_s, dy;)  Cov(dawyi, Y7 o ydewe—5) D700 Aigs

) ik - (147)
Var(dy,) Var(dy,) oy

%

Since we have denoted by g = giy and r = &, p, we get 1; = (Ag);, or in matrix notation
r = Ag. This proves the corresponding equation in (I30). Also, from the equation from
Ain (146), we get

a;/(wt, dyy) Cov (wta Z?Lo ﬁjdtwt—j) Z;n:o Y B

A = —— = — = ~5 . (148)
Var(dy;) Var(dy;) oy

Since A = A g, we obtain A = ZTZO g;Bj;, or in matrix notation A = ¢’B. This proves
the corresponding equation in (I30).

By computing E&(dyt, dy,) and using (I42), it follows that &) = ﬁr(dyt) satisfies

2
Y

~2 _ ~92 m A= . . . ~
Gy = 0u + > i -0 Aij¥i7j, or in matrix notation &

compute

= 62 +4'A5. Since ¥ = ga,, we

o, = YAy +a., = gAga. +a.. (149)
_ =2 _ ~2 | ~2 ol faq A2 — _u
But we have already shown that Ag = r, hence 7, = g'r 0,40, which implies 7, = o

This proves the corresponding equation in (130).

Now, consider the equation Ay, = E;/(dtwt_k, dywy—p). From (143), dywi—y =
dwy_j, — (podyt,k + -4 ,Okfldyt,l). But dsw;_, is orthogonal to the previous order
flow, hence Ay, = a;(dwt_k, dyw;_y). Because A is a symmetric matrix, without loss of

generality assume k > ¢, which implies ¢ = min(k, ¢). Since EBT/(dwt_i, dy,) = pzﬁj 1,50,

we get
Ape = Cov <dwt—ka dwi—¢ — (podyr—e + - + Pe—1dyt—1)>
-1 ¢ (150)
= lg — ijpkf€+j Gy = Ly — Zpkfipéfi Go.
=0 i=1
Since r = pady, we get Apy = 1y — Z§:1 re—iTe—i, Which proves the corresponding
equation in (I30). We also compute B, = ES\//(wt, dywy). From (143),
By = EST/(“M dwe—g — (podys—e + -+ + Pefldytq))
(I51)

L= Apot e i)
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Since A = A5, and r = p&,, we obtain By = 1 — AZ?;}) r; =1-— AZle ri—x. This
proves the corresponding equation in (130).

We now prove that the various pricing coefficients do not depend on ¢. For this,
we show that the following numbers are independent of ¢: Cov(dwy, dy; x) for all k;
Cov(wy, dyerx) for all k; Var(dy:); Cov(w, dyw;) for j = 0,...,m; and Cov(dyw;, dyw;)
fori,j =0,...,m.

First, we prove by induction that Ea/(dwt, dyi1x) does not depend on t for k > 0.
(This is trivially true for £ < 0.) The statement is true for £ = 0, since equation (142)
implies Ea/(dwt,dyt) = 9p. Assume that the statement is is true for all ¢ < k. We
now prove that E:\O-\//(dUJt,dyt+k) does not depend on t. Equations (144) implies that
dy;1 only involves three types of terms: (i) dugig, (i) dwiig—; for @ = 0,...,m, and
(ill) dysy—1-s for i = 0,...,m — 1. Also, the coefficients p; do not depend on time.
Therefore, by the induction hypothesis all these terms have covariances with dw; that
do not depend on t.

Next, we prove that a; = a)T/(wt, dy;) does not depend on t. Equation (I44) implies
the following recursive formula for all ¢:

m m m—k
a; = Z% - Z Pi VetiGt—k- (152)
k=0 k=1 i=

But Lemma I.1 below implies that a; does not depend on ¢, provided that

m—k

1> B > > By >0, with B = ) piFes (153)
=0

Therefore, E(\)T/(wt, dy,) does not depend on ¢. This result also implies that Ec\;/(wt, dyiir)
does not depend on ¢ for any integer k. To see this, note first that the case k > 0 reduces
to the case k = 0. Indeed, a;/(wt, dyiix) = a;/(wt%, dyar) — Zle EE(de,-, dyar),
and we already proved that all these terms are independent of ¢. Also, the case k < 0
reduces to the case k = 0, since EBT/(wt, dy, ;) = a;(wt_i, dy, ;) if i > 0.

We now prove that \7a/r(dyt) = 1 o7 Cov (dtwt_k, dyt) does not depend on ¢. Since
dy; is orthogonal to previous order flow, ﬁr(dyt) = o7k Cov (dwt_k, dyt). But these
terms have already been proved to be independent of ¢.

Finally, one uses the results proved above to show that B,; = E(\)T/(wt,dtwj) and
Ay = E:?)T/(dtwi,dtwj) do not depend on t. Indeed, we have already shown that
(,::)T/(dwt, dy;_) and a;/(wt, dy;_) are independent of ¢, and all is left to do is to use

the fact that dy;_j are orthogonal to each other.
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So far, we have provided necessary equations for the equilibrium. We now prove
that the conditions in (I30) except for the first one are also sufficient to justify the
dealer’s pricing equations, if one imposes an additional condition: (iii) the numbers g, =
Ef:ok PiVksi satisfy 1 > By > -+ > B, > 0. But we have already seen that condition (iii)
ensures that the equilibrium pricing coefficients are well defined and constant. More
generally, one can use Lemma I.1 below to replace condition (iii) with the condition
that the (complex) roots of the polynomial Q(z) = 2™ + $12™ L + -+ + Bp_12 + B lie
in the open unit disk D = {z € C| |z| < 1}. The proof is now complete. O

Lemma 1.1. Let X;,...,X,, € R, and consider a sequence X; € R which satisfies the

following recursive equation:
Xt + 51Xt71 + -+ ﬁthfm = Q, t>m+ 1. (154)

Then the sequence X; converges to X = regardless of the initial values

X1, .., Xom, if and only if all the (complex) roots of the polynomial Q(z) = 2™+ 2™ 1+
oo+ Bm_12 + B lie in the open unit disk D = {z € C | |z| < 1}. For this, a sufficient

condition is that the coefficients [3; satisfy
1> 08 > > B, > 0. (I55)

Furthermore, if a = o is not constant, then under the same conditions on (3;, the

difference X; — m converges to zero, regardless of the initial values for X.

Proof. First, note that X is well defined as long as 1 + 8 + - - - + B, # 0. Indeed, if
1+ 814+ 4 B =0 then Q(z) would have z = 1 as a root, which does not lie in D.
Now, if we denote by Y; = X; — X, the new sequence Y; satisfies the recursive equation
Y, 4+ B1Yie1 + -+ BnYiem = 0. We now show that Y; converges to 0 (and X is well
defined) if and only if all the roots of @ lie in D. Denote these roots by qi, ..., ¢n.
Then, the difference equation in complex numbers: Y; + 51Y;_1 + -+ + 6,,Y;—,n = 0 has

the following general solution:
Y, = Oi¢i ++-Cnd,, t>1, (156)

where C1,...,C,, are arbitrary complex constants.” But then, Y; is convergent for

any values of C; if and only if all ¢; lie in D, or if ¢; = 1. But in the latter case,

9To obtain real values of Y, one needs to impose the following conditions: (i) if ¢; is real, then so
is C;; and (ii) if ¢; and g; are complex conjugate, then so are C; and C;.
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14 B1+ -+ Bm =0, which makes X non-defined.

The statement that (I55) implies that all roots of @ lie in D is known as the En-
estrom—Kakeya theorem. For completeness, we include the proof here. First, we prove
that all roots of @ must lie in D = {z € C | |z| < 1}. By contradiction, suppose that
there exists z, a root of @ with |z.| > 1. Then, we also have (1 — 2,)Q(z.) = 0 which
implies 2741 = 8, + SN (B; — Bi1)2 ", where fy = 1. After taking absolute values,
we obtain [241] < B+ S0 B — Brn) 2] < Bl + 0B — Bl =
(B + 3001 (Bi = Bis1)) |27 = |- Thus, |27"*1| < [27|, which is a contradiction. We
have just proved that all the roots of @ must lie in D. Finally, we show that the roots of
any Q(z) = 2™+ 12"+ + Bn_12 + B satisfying (I55) must actually lie in D. Let
r < 1 be sufficiently close to 1 so that we have »™ > Bir™ ! > ... > Bn_ir > Bm > 0.
Then, we have seen that the polynomial Q,(z) = Q(rz) must have all roots in D. Let z,
be a root of (). Then, QT(ZT*) = Q(z,) = 0, which implies that % € D, or equivalently
2, €rD. But D C D, and the proof is now complete. O

Proof of Proposition I.1. Since the forecast error variance equals ¥; = Var(w, —

Pio1) = E((wt — pt_l)Q), we compute the derivative of X; as follows:

, 1
¥ = e E(Q(dwt+1 —dpy)(wy — pe—1) + (dwy — dpt)Q)’

_2Cov(wt, dpy) Lot Var(dp;)

dt v dt

(157)

The pricing equation (I46) from the proof of Theorem 1.1 shows that Cov(w,dy;) =
A Var(dy,) = Ao, therefore using dp, = Ady; we get

Var(dp;) Cov(wy, dpy)

_ _ 2.2 2
P = g = No, = 0, (I58)
The equation (I57) now implies that ¥} = o7, — 0, which finishes the proof. O

Proof of Proposition 1.2. Compared to the setup of Theorem I.1, here there are
only speculators with zero lag (¢ = 0). Therefore, to finish the proof of this Proposition,
all we need to do is to show that the system in (I10) reduces to the system in (I15).
With the usual notation, the system in (I10) translates into (I30). In the particular case
when all speculators are of type ¢ = 0, and there are Ny = N of them, equation (I130)
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becomes:!°

A ! + ! B A A 'B 52 %
_— = — = g =
NIty 1B 9, 9'B, v T g
min(z,5) i (159)
Aij = iy — Z TiekTj—ks B =1-A) riyg.
k=1 k=1
We now proceed by observing that the first two equations imply Ag =r = % % B.
When ¢ = 0, this equation implies ry = %% When ¢ = 1, we get r = %NL(
Arg) = ¢ ﬁ By induction, we obtain (i = 0,...,m):
1 N
- LN 160
AN (160)
This proves the equation for p; in (I15). We also get that
1
B, = ——, 161
(N +1) (161)
which proves the equation for B; in (I15). Moreover, we compute ¢'r = ¢'B = N =) A But
g'B = A, hence N
gr = ——. (162)
N +1
This implies
~2
52 = 2 — (N+1)5% or &, = VN+14, (163)

1—g'r

which proves the equation for &, in (I15). Using the formula (160) for r, we use (I59) to

compute (i,7 =0,...,m):

_ 1 N (N4 1)2minG) —q
ST N N+2 (N

A; (164)
which proves the equation for A;; in (I15). Finally, the two equations, r = Ag and
A = ¢'B, after rescaling are equivalent to 65/) = A% and 65)\ = B’y, which finishes
the proof of this Proposition. O

Proof of Theorem I.2. We use the notations from the proofs of Theorem I.1 and
Proposition 1.2. The idea is to study the behavior of (A, A,r,g) around A = 1, but

19Note that except for the first equation, the other equations in (I59) are the same as in (I30). We
also provide a direct derivation of the first equation in the proof of Proposition I.3.
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without yet imposing the condition A = ¢’B. To do that, define the following numbers:

N (N + 1)2min(z‘,j) -1

g = N+2 (N +1)iti 7 0 ’ (165)
0 N 0 N (m—i+1)N+1
r. = —7- S =
’ (N + 1)1’ g N+1 (m+1)N+1
One verifies the formula:!!
A%° = % or, equivalently, ¢° = (AO)_ITO. (166)
For € < 1, define the following variables:
1 N (N + 1)2min(i,j) -1
A = 1,2 — — : A® = V1-—
s IT1-cN+2  (N+1)yH ©
. N (I67)
7"6 = g€ = (A€>_1 7”5’

CT VI—e (VD

whenever A° is invertible. Using (I66), one sees that the variables defined in (165) are
the same as the variables in (I67) in the particular case when ¢ = 0. In other words,

given a solution (4, B, A,r,g,6,) to the system (130), if we let
e =1-A% (168)
it must be that (A, A, 7, g) satisfy
A=A, A=A, r=1r" g=4g. (169)
We now multiply the equation for A = A° from (I67) by A> =1 — ¢, to obtain
ANA = A% —¢l, (I70)

where [ is the identity matrix (I; ; = 1;-;). This implies ;5 A™' = (A% — 5])71. Multi-
plying this equation to the right with r = %ro, we obtain
1

% = (A% —el) 10 (I71)

1 This can be done either directly, or by using the method described below which involves recursive
computation of the inverse matrix, (4%)~!. Then, one verifies by induction that (A4°)~10 = ¢°.
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If we multiply this equation to the left with B’, and use B’g = A, we obtain

1 = B(A°—eD)™ " (172)
This equation determines e, or equivalently A = /1 — . We make this equation more

explicit by observing that the inverse matrix (AO —el )71 has the following series ex-

pansion:
1

(A°—cD) ™" = (AD) '+ e(AD) 2+ e2(A0) B 4o (173)

By multiplying this equation to the left by B’ and to the right by r°, we get

1= B(A"—el) ™' = B(A") 0 4 B'(A%) 50 4 2B/(A°) 510 ... . (I74)
We compute 1 — B'g° = m Since (Ao)flro = ¢°, we obtain
1 _ _ _

mEIDNTI eB'(A%) g + 2B/ (A%) Pg" + 2B/ (A%) g0 4 - (175)

We now determine sufficient conditions for the existence of an equilibrium. From
the previous discussion, we need the following conditions: (i) ¢ < 1 (A is well defined
and A > 0); (i) (A° — &I) is invertible or equivalently A = A° is invertible (g is
well defined); and (iii) the numbers S from the proof of Theorem 1.1 satisfy (I53) for
k=1,...,m (which implies Cov(wy, dy;) is independent of ¢). With the current notation,

condition (iii) requires that!?

m—k
1> B > o> B >0, with B = ) rigrg (176)
=0

We also introduce the following condition that implies (i) and (ii):

. ) 1
Equation (I75) has a solution € € (O | Wnt2F | ety ) (I77)
8 m+1
Since N(";+2)2 + (7;121)2 > 1, clearly (I77) implies € < 1, which proves (i). The difficult

part is to show that (I77) also implies that (A° — &I) is invertible, which proves (ii).
For this, we need a better understanding of the inverse matrix (Ao)fl. Denote by
A(()m) € M,,+1 the matrix A° from (I65) by making explicit the dependence on m. Since
A? satisfies AY; = 1,; — Zfi(i’j) TiokTj—, it follows that the block (A(()m))11 which is

120ne can check that condition (iii) is implied by the condition g3 > go > -+ > gm > 0.
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obtained A?m) by removing the last row and the last column is the same as A?m_l). We

then have

A9 a
(m—1) Y(m)
, ] ) (I78)

Al L=
(m)
a(m) Q(m)

for some m-column vector a(n), and scalar o). Write the inverse matrix H,) =

(A{,))~" also in block format:

HY B

Hpy = | m T (179)

(m) y
(m) Tl(m)

From the theory of block matrices, we have the following formulas:

1
Nm) = 1 g
) = Ay (A1) )
—1
hamy = =Nm) (A1) Gm); (I80)
-1 hemh
Hl#z _ Aom_l 1+ (m).
m) = (Al B
By induction, one verifies that
_ (mN+1)(N+1)
T = Ty DN+ 1
) ¢ , (181)
wy = ————— 0, 1, m—1].
T (m+ )N + 1 [ "

Using the equations above, one can now prove various useful formulas. As a first result,

we prove by induction that

(m+1)N+1

det(Af,) = (N + Lym+L

(182)

For m = 0, the equality is true, since in this case A((]o) = 1. Suppose it is true for m — 1.

From the theory of block matrices, det(A{ )) = det (A7, ;) det (Oz(m) — () (AL 1) _la(m)) =
det(A?m_l))
Another useful result is:

, which together with the formula for 7, from (I81) proves the induction step.

Hi,j > 07 Z,j = 0, oo, M. (183)

Ry M)

o and the explicit formulas

Indeed, one uses the recursive formula H (17}1) = Hip1)+
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in (I81) to verify by induction that all entries of H = H,, are positive.'?

In order to prove that the matrix (A% — 1) is invertible, we rewrite equation (184):
(A —en)™ = H (1420 + 2024 81 4 -, (184)

Thus, if we can show that the right hand side is a convergent series (in the space of
matrices), then its limit is a matrix which coincides with the matrix inverse (A% —¢J) -
To prove convergence, we use the infinity norm, || H ||, which is the maximum absolute

row sum of the matrix, i.e., H = max Z;n:o |H;;|, . Thus, if we can show that

1=0,...,m

lleH||s < 1, this proves condition (ii).

We now search for an upper bound for ||H | For instance, we show that || W | <
(1 + On=)). For this, define h(y) the (m + 1)-column vector given by (}_l(m))i =
(N+1D)((m+1)N+1) Y, (Himy) ;- This is proved by induction to be a polynomial

in N of degree 3. Denote by C,, the vector of coefficients of N? in B(m). Note that
_max him) = N?(m + 1)||H||(1 4+ Oy~ )). At the same time, we have _max Ry =

N spax. Ciony, which implies |7 ool = Gty , 2% Com (1+ Ony)). Now

one computes C(g) = 0, and for m > 1 one uses the recursive formulas above for H to get

)

. . Cim Clm— ; .
a recursive formula for C'. More precisely, <m(—+{> = (%) +5fore=0,...,m—1,
K] (]

and <Tcn(—ri> = . By induction then, one shows that maX(C(m))i < W#, which

implies the upper bound stated above for ||H||». By similar methods, one verifies a

sharper estimate:

H 1 1
—_— < -4 185
HN(m+2)2 - 8+(m+1)N (185)
Note that condition (I77) implies € N(m + 2)? < ﬁ, which together with (I85)
8 ' (m+1)N
implies
eH|lo < 1. (186)

This proves that the series 1 +cH +&?H? +e3H3 + - - - is convergent, and that the limit

coincides with (AO —el )71.

Next, we analyze how well (A, r, g) approximate (A% 79, ¢°). Recall that
~ r A
- L - Z27¥ = — A= — 187
’y N p ) Y ( )

where from (163),

g

G, = VN+16, = VN +1 2%, (188)

13The inequality is strict except that H; o = Ho; = 0 for i > 0.
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Note that in the statement of the Theorem we have defined (i =0, ..., m):

G, m—i+1 1 N .

1
N+1 m+1 7 & (N+1)ir &, (189)

%=

Condition (I77) implies ¢ < m, which shows that e = On (7). Also, since

= /1 —¢, it follows that A =1 — ON( ) Thus, we obtain
e=0n(%), A=+V1-c=1-0x(3) (190)

Now, from (I87) and (I89), we obtain 3 = A = 1—Oy/(+). This proves the approximate

P
equation for A in (I17). From (187) d (I89), we also compute £ = %, since r) =
W Butr = AT which 1mphes = % = 1+ON( ) This proves the approximate
equation for p; in (I17). Finally, from (187) and (I89), we get 26 = =7 = % (1+
i N+L  m+1 i

O N(%)) We now show that §—§ = On(1), which proves the approximate equation for ~;
n (I17). Since 7Y = On(1), it is enough to show that g; — g7 = On(1), or from (I90) it
is enough to show % — g? = Opn(1). If we combine equations (I71) and (I84), and use
(Ao)flro = ¢°, we get

% = <1+5H+52H2—|—53H3+---> g (I91)
Therefore, we get ¢ — ¢° = (¢H + e?H? + e3H3 + -+ ) ¢°. But (I86) implies that the
convergent series of matrices is of the order Oyn(1), hence it remains of order Oy (1)
when multiplied with ¢° = Ox(1). O

Proof of Proposition 1.3. Following the proof of Theorem 1.1, consider a speculator
who must choose the weights 7, on d;w;_;. He assumes that all the other speculators
use 77, hence with an aggregate weight of (N — 1)y on d;w;_;. Then, equation (133)

for the speculator’s normalized expected profit at ¢ = 0 becomes

- 7T 1 T
To = —8 = 3 E (/ (wt —DPt—1 — )\dyt)dxt)
o (op 0

= E (/0 (wt —A g;(%,t + (N — 1)%‘*)dtwt—i> in: %‘,tdtwt—j) (192)

=0

— Z Bj’)/j,t — A Z (")/Lt + (N — 1)7;)Ai,j7j,t'
§=0

4,j=0
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The first order condition with respect to v, for £ =0,...,m, is:

By =AY (29 + (N = 1)7}) Aix = 0. (193)

i=0

Since this equation is true for all speculators, we obtain that all 7;, are equal and
independent on ¢, i.e., v; =y = % Using matrix notation, we have B = A(IN + 1) A,
hence B = /\%Aﬁ.l‘1 Thus, NLHB = AA%¥, which implies B — AAy = NLH. Thus, in
equilibrium the normalized expected profit is equal to

. m m - B
o= 3 (B3 ) - 109
=0 i=0 =0
From equation (161), B; = m We compute
. m o m v
o= oy = D g e (195)
=0 =0

which proves (I18). The ratio of two consecutive components is

Toj+1 _ Yirr L gy 1 ' (196)
mo,j v N+l 9; N+1

But in the proof of Theorem 1.2 we have shown that g; = On(1). Thus, % =On(%),
which finishes the proof of the Proposition. ]

Proof of Propositions I.4. Let o), — o) = 0., (1 — X*5]) = 0.,(1 — A?). In the proof
of Theorem 1.2, we have seen that 1 — A2 = ¢, and this is strictly positive according to
the condition (I77). Moreover, from (I190), we have € = Oy /(4 ), which finishes the first
part of the Proposition.

For the second part, we need only to prove the equation SR, =

k=0,...,m. From the definition of SRy, we obtain

N
W when

_ ACov(dweg,dy)  AppVar(dy) L,
SRy, = o2 dt T

N
(N + 1)+

(197)

where the second equality comes from (146), and the last equation comes from (I15). [

14Since A = A5, and g = &iv we obtain %B = %Ag, which provides a direct proof of the first
Y
equation in (I59).

26



J Equilibrium with Inventory Management

In this section, we discuss the general equilibrium of the model with inventory manage-
ment from Section 5, and provide the proofs that have been left out of the paper. We

recall that in the model with inventory management the agents are:

e One IFT, who chooses a trading strategy of the form dx; = —©x;_; + Gdw;, with
© €[0,2) and G € R. The IFT maximizes the expected utility U given by (42):

U = E(/OT(Ul—pt)dxt) — C/E (/OTx,?dt), (J1)

where T' =1, and C7 > 0 is the IFT’s inventory aversion coefficient;

e Np risk-neutral fast traders, who choose a trading strategy dz;; = ~v;dw,, with

v € R;

e Ny risk-neutral slow traders, who choose a trading strategy dz;; = ,ujghvut_l, with
t; € R; the term a\[ut_l is of the form dA[Ut_l = dwy—1 — 214+, where z;_;, is the

dealer’s expectation of dw;_; given past order flow;

e A dealer who sets a linear pricing rule dp; = Ady; such that the dealer’s expected

profit is zero; she also computes z;_1; = Ex(dwi—1) = pdys—1;
e Exogenous noise traders, who on aggregate submit at each ¢ a market order du;.

We introduce the following model coefficients:

)\ NF NL
R=2 v =Y v=vi6 a=Ym

P i=1 7=1 (JQ)
a = py, a = py, b = pp.

The next three sections describe the equilibrium of the model, by considering one
agent at a time and taking the behavior of the other agents as given. Section J.4 puts
together all the equilibrium conditions, and derives a single system of equations that

the model coefficients should satisfy. In doing so, we also prove Theorem 3.

J.1 Optimal Inventory Management

In this section, we describe the optimal choice of the IFT, while taking the behavior of

the FTs, the STs, and the dealer as given. Since we wish to prove a more general result
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than Theorem 2, we also analyze the case when the slow trading coefficient b is below
the threshold < @. Proposition J.1 below shows when b is below the threshold, a
sufficiently averse IFT optimally chooses © positive but as small as possible. We denote
this case by

0 = 0,. (J3)

This case is different from © = 0. Indeed, at ©® = 0 the IFT’s inventory follows a random
walk, while at © > 0 the IFT’s inventory is negligible, as one can see for instance in
equation (A32). This shows that inventory management has a discontinuity at © = 0.
Corollary K.1 in Internet Appendix K shows that the cases © = 0 and © = 0,
are joined continuously by a smooth regime, in which the IFT has a strategy of the
form dz; = —0x,_1dt + Gdw,, with 6 € [0,00]. (Continuity here means that the IFT’s
expected utility varies continuously across the regimes.) When 6 = oo, the IFT has
the same expected utility as in the case © = 0,. Hence, proposition J.1 suggests that
when © = (0 is optimal, this is because we have not included the smooth regime in the
analysis. If we did include it the smooth regime, we conjecture that © = 0, means that

the IFT optimally chooses an interior point # € (0,00) in the smooth regime.

Proposition J.1. Consider the behavior of the other speculators and the dealer as given,
and fix the coefficients v > 0, p >0, A >0, p > 0. Define 7y, fi, a~, b and R as in (J2).
Moreover, suppose that b= pji < 1. Then, if C; and C? as in (J34), the optimal strategy
of the IFT is as follows:

(i) If b < @ =0.3904, and C; < CY, the IFT sets

1 — Ra~
e = —. 4
) 0, G NI C (J4)
Ifb < %, and C; > CY, the IFT sets
b(1—a~
0 =0, G-= (—al) (J5)
2p(b+ 5)

In the latter case, the maximum expected utility of the IFT is

2

max (Rb(1 —a™)) 2
O AN HD)(b+3)

(J6)
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(i) If b > %, and C; < Cp, the IFT sets

1— Ra~

Ifb > q_l, and C; > Cy, the IFT sets

1-— 1—a”
@:2_—b, G = a4 . (J8)

2 (1+ )

In the latter case, the maximum expected utility of the IFT is

o (RD1—a™))®

U .
o0 = (141D "

Proof. See Section J.5. O

J.2 Optimal Strategies of Fast and Slow Traders

In this section, we describe the optimal choice of the FTs and STs, while taking the
behavior of the IFT and the dealer as given.

Proposition J.2. Consider the behavior of the IFT and the dealer as given, and fix
the coefficients G € R, © € (0,2), p > 0, A > 0. Suppose there exists a solution to the
following system of equations (p =1—0):

o _ N G  E+)OX N
TN+ D) NexrU T W N U
¢G> = _ _
v T G- pGO-py) G
L+opp L+opn  (1+¢)(1+ dpp)’
_eg? 52 1 72(1 — 997 =2
v _ it 20Z +7° 4+ (1 —2py) + o, (J10)
1_)02/7/2 ’
Op>G? 2 =\2 2~2
- —2p°0Z + (1 - p7)* + p°o,,
W = 1-2p7+pY = —* e :
— Pl
b L=M =07+ pG( = M) = ApdZ + pAY
L+ pfi '
and that this solution satisfies
0 < pit < 1, W > 0. (J11)
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Define the coefficients v and p by:

1-)G E+ X 60X

TT AN+ P T AWV 1) (J12)

Then, the optimal trading strategies of the FTs and the STs satisfy v; = v for all
t=1,...,Np, and all pp; = p for j=1,...,Ng.
Proof. See Section J.5. O]

For future reference, in Corollary J.1 we describe the profit function of the F'T's and
STs if their trading strategy is symmetric (the same for the FTs and the same for the

STs), but not necessarily the optimal one.
Corollary J.1. Consider the behavior of the IFT and the dealer as given, and suppose
the trading strategies of the F'Ts and the STs satisfy, respectively,

dof = vdwt—i—uc/lz/ut_l, da:f = /L(i\’L/Ut_l, (J13)

with dw,_, = dw,_y — pdy,_1. Denote by v~ = Npy, =~ +G, ji = Nyp. Then, the
expected profits of the FTs and STs satisfy, respectively,

™ = 1 -M)ol, 7 = p(E+X0X — A\Wi)os, (J14)

where E, X, W are defined as in (J10).

Proof. See equation (J53) from the proof of Proposition J.2. O

J.3 Dealer’s Pricing Rules with Inventory Management

In this section, we describe the dealer’s pricing functions, while taking the behavior of
the IFT and of the FTs and STs as given.

Proposition J.3. Consider the behavior of the speculators as given, and fix the coef-
ficients G € R, © € (0,2), v > 0, p > 0. Denote by ¢ =1 — 0, and by v~ = Ngv,
¥ =G+, i = Npu. Suppose the following third degree equation in p has a solution
p>0:

G*(1 = ¢ppn) —2uG(1 + ¢)(1 — p7)
(1+¢) (J15)
+ (P + (1 = 2p7) + 72) (1 + dpp).

(1 = p*a®) (1 + ¢ppp) = ©
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Define Z and Y by the formulas:

_ ARG -p7) G? _ 7 (716)
L+opn  (1+¢)(1+ dpp)’ p
Then, the dealer sets p equal to the solution of (J15), and sets A as follows:
i+ (y—G
PN o ) B (J17)
Y+ —~7G — ¢oZ
Proof. See Section J.5. O

J.4 Equilibrium Conditions

In this section, we solve for the equilibrium of the inventory management model with
one IFT, N fast traders, and N, slow traders. Let
Np Ny

_ — . J18
nr Np +1’ e Ny +1 (J18)

We now collect all the equilibrium conditions from the partial equilibrium results from
Sections J.1-J.3, to generate the full equilibrium conditions. We restate Theorem 3 from
the paper as Theorem J.1 below. It provides necessary and sufficient conditions for an

equilibrium of the model.

Theorem J.1 (Theorem 3). Suppose there is an equilibrium in which the speculators’s
strategies are: dzy = —Ox;_y + Gdw, (the IFT), dol” = vdw, (the FTs), day = ,uci:a/ut,l
(the STs); and the dealer’s pricing rules are: dp, = Ay, &:Ut = dw; — pdy;. Denote the

model coefficients R, a~, b as follows:

R = ) 7_ = NF/y) ﬂ = NL,ua a = pv_, b = pﬂ (Jlg)
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Suppose b > @. Then, the equilibrium coefficients satisfy the following equations:*®
2b(1+0)(2B+1 bB 4+ 20°B —1 —b
(1+b)@2B+1) _ Q L, B+ A—a) -2
ng B2<Cl_ + b) b
_ _ 2 1) 2 _
B= = q=(B+t 1)(2(3 1) — np(38 2)),
- —q:l:\/q2—I—nFB5((4—nF)B—|—2(2—nF))
a = )
B?((4—np)B+2(2 —np))
Q = B*a)?+23B*+3B>—2B—1)a” + (B*+2B*-2), (J20)
R 4B+1)B*(a” +b) L @B+1la +1
a Q ’ T 2(B+1)
2B — 1 o?
2 _ 2 _ _g) v =
#= (- it a-a) -0 2 a =
vV1—0> 1-— - b
©=2- ; G = —aa Y= a_7 o= —.
b p(2B +1) pNE pNL

Conversely, suppose the equations (J20) have a real solution such that % <b<1,
a <1, A > 0. Then, the speculators’ strategies and the dealer’s pricing rules with these
coefficients provide an equilibrium of the model.

In equilibrium, the expected profits of the IFT, FT, ST are respectively,

Rb (1-a”)* F 2 2 S 2 2
o, ™™ = Mo ™ = A (1 —a)oy,. J21

Note that Theorem 3 suggest a procedure to search numerically for an equilibrium,
once the parameters Ng, Ny, 0, and o, are given. Indeed, if we substitute the formulas
for a=, ¢ and B in the first equation of (J20), this becomes a non-linear equation in one
variable, b. This equation can be solved numerically very efficiently. Then, one needs to
verify that the conditions % <b<1,a <1, \>0 are satisfied. Then, the equations

in (J20) provide formulas for all the equilibrium coefficients of the model.

J.5 Proofs of Results

Proof of Proposition J.1. We follow the proof of Theorem 2, with a few modifica-
tions.
When © = 0, the trading strategy of the IFT is dz; = G dw;. As in the proof of

15To be rigorous, we have included the case when a~ is negative. However, numerically this case never
occurs in equilibrium, because it leads to A < 0, which contradicts the FT’s second order condition (J56)
in Internet Appendix J.
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Theorem 2, the normalized expected utility of the IFT is U, _, = G(1 — \3) — %GQ.
Since 7 = 7~ +G, we have U,_, = G(1—\y~) = AG?— L G2, Since \y~ = %pv’ = Ra~,
we get:

= G(l—Ra") -G ()\ + %) : (J22)

©=0

The function U

o, attains its maximum at

1— Ra~
G = —— J23
20+ Cr’ (J23)
as stated in the Proposition. The maximum value is:
2
~_max 1 - R N

°=0 22X+ Cp)

When © > 0, the trading strategy of the IFT is doy = —©x;_ 1 + Gdw;. As in
the proof of Theorem 2, the IFT’s inventory costs are zero, hence the IFT’s expected
utility is the same as his expected profit. Then, equation (A31) shows that the IFT’s
normalized expected utility /profit is:

1
. Rb(1—a") LMo+ 1)

Uyy = G

-  _Gf—-—"" J25
©>0 1+ ¢b 1+ ¢b (725)

Fix ¢. Then, the first order condition with respect to G implies that the optimum G
satisfies
G - Rb(1—a™) _ b(l—a") ’ (126)
200+ 15) 2000+ 5)
as stated in the Proposition. For this G, the normalized expected utility (profit) of the
IFT is:

2

g, — =) (J27)
L A1+ ob) (b + )
We now analyze the function
1 V(A+¢)P+b—1

= (14+¢b) | b+ — = ! = J28
o) = (o) (b4 145 ) Flo) = HEO (725)

The polynomial in the numerator has two roots

vV1—1> Vv1—1>

o1 = -1+ 2 P = —1— T (J29)
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Note that b = ppu > 0, and since we have assumed that b < 1, the two roots are real and
distinct.

Clearly, ¢o < —1 and ¢; > —1. Since the numerator of f'(¢) is a quadratic function

of ¢,

it follows that f'(¢) < 0 for ¢ € (¢9, ¢1), and positive everywhere else. We are

only interested in ¢ € (—1, 1], hence we have the following two cases:

(i)

(i)

If ¢ > 1, f is strictly decreasing on (—1, 1], hence it attains its minimum at

¢ = 1. Thus, the maximum normalized expected utility U, _, from (J27) attains its

©>0
maximum at ¢ = 1, or equivalently at © = 0, (recall that there is a discontinuity

at © = 0). This maximum value is:

2
~ o Rb(1 —a™
e ) (J30)
=0t ANL1+b)(b+ 3)
To determine the cutoff value for C, we set U;ni; = ~§:;. We get:
_ 1— Ra™)>(1+0b)(b+3)

0 — on (! 2= —-1). 1
C; A ( (1 = a-)? (J31)

If ¢, € (—1,1), f is strictly decreasing on (—1,¢;) and strictly increasing on

(¢1, 1), hence it attains its minimum at ¢ = ¢;. Thus, the maximum normalized

expected utility U,

©>0

at © =2 — ¥1=t € (0,2). This maximum value is:

from (J27) attains its maximum at ¢ = ¢;, or equivalently

g _ (B —a7))?

= . J32
>0 = (1 + VI b2 (432)
To determine the cutoff value for C7, we set ch: = UZZ We get:
_ (1—Ra™)*(1++1-10)?
= 2\ —1].
Cr ( R2b(1 — a2 (J33)

But ¢; > 1is equivalent to b < @, hence the two cases (i) and (ii) described here

are the same as the cases described in the Theorem.

34



Finally, we collect the equations for C; and CV:

o (1= Ra P+ VI—D)?

" 2A< ey 1>’ (J34)
0 _ oy (L= R (A +D)(b+3)

% = 2 (o 1)

For future reference, we also compute the normalized expected utility at © = 0,..

By using 47 = v~ + G, some algebraic manipulation of (J25) shows that

=~ AnG(1—py) \G?

= — — —. J35
o7 L+ ¢ppi (14 ¢)(1+ dpp) (133)
Taking the limit when © — 0 (or equivalently when ¢ — 1), we obtain:
~ MNiG (1 — p¥) \G?
Upo, = LA —. (J36)
1+ ppt 2(1 + ppr)
O

Proof of Proposition J.2. As in Theorem 2, we define some normalized covariances

that are used throughout this proof. If z; is the IFT’s inventory in the risky asset,

denote by
o BN Elow) o EGw) . Elalo—p)
o2dt o2 dt o2 dt o2 dt
E — E (wt_pt)dwt) . E(-Ttdwt) vy, — E((dyt)Q) 7 E(xt—ldyt)
i o2dt T e 0 T e2dr 0 T T g2dt
E((dw,)? E((w, —p;)d E(w,d E(p.d
w, = E@w?) oy E(w—pdy) oy, Elwdw) o, Eldu)
o2dt o2 dt o2dt o2dt
(J37)
Recall that in Theorem 2 we have proved the following formulas
GQ
o0 = , o™ = G, 00" = \G7+ \pZ,
1+6 VAP
29 L G(1 - p7
0™ = G(1—X\) - pZ, X = 2 1-a) (J38)

1+ ¢pp
EG(1—p7) G?
L+ opp (L+¢)(1+¢pp)

7 = —00™ + iX =
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The formula for W, is (recall that (,tht = dw; — pdy,):

E((duwy)? i
Wy = % = 1-2p7+p’Y;. (J39)

The formula for Y} is (recall that 5, = Z+):

E((dyt)Q)
o2 dt

= %0 + 7% + i°(1 = 2p7 + p*Yi1) — 200X, 1 + 5.

Y, = = O + 7 + P Wiy — 200X, + &

u

(J40)

Because pii € [0,1), we apply Lemma A.1 to deduce that Y; is constant, and equal to:

020" + 52 + (1 — 2py) — 201X 4 52

Y = J41
From (J38), we compute ©2Q%* —201X = —0%Q™ —20(—00™ +iX) = —?f; —207,
hence o2
—95 9207 + 7% + i*(1 — 2p7) + &2
y = ¢ . ( ) , (J42)
1— p2i2
as desired. Therefore, W, is constant and equal to:
©p2G? 2 =)\2 2~2
— —20p°Z + (1 — py)* + po;
W = 1-2p74p%Y = 1+¢ 2(_2 ) , (J43)
1 —pp
as desired. Since H}" = E(;”;j?:t) and O™ = G, we compute
w E((wt_l + dwt>(—@l’t_1 + ﬁdwt + ﬂa?Ut_l))
HY =
o2 dt
_ E(wtfl(_@xtfl + ydw; + /ja?utfl))
=7+ o2 di (J44)
= - 00" + B},
=3-G+uk?,.
We get the following recursive equation for £":
E(wydu E (wy(dw, — pd
o (wt wt) _ (wt( wy — P yt)) — 1— pHY
o2 dt o2 dt (J45)

= 1-p(Y-G) - prE,.
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Aslong as b = pii < 1 (and b > 0), we apply Lemma A.1 to deduce that E is constant,

and equal to:

= — (J46)
1+ pp
Equation (J45) implies H" = %, from which we compute:
i+ (y—G
ge = PO =6) (347)
L+ pp

Since OO0 = A\G7 + A\¢Z and HP = E(pedy:) _ E((pe—1t+Xdys)dy:) _ E(pe_1dy:) LY, we

o2,dt o2 dt o2 dt

compute

E(pt—l(—@fﬂt—l + ydw; + ﬂ&z}t—ﬂ)

HY = XY
! - o2 dt

— \Y — OO0 + GEV (748)

= MY — Gy —¢Z) + pE},.
We get the following recursive equation for EP:

E(pta\z/ut) E(pi(dw, — pdy))
EP = = = \y— pH!
t o2dt o2 dt T (J49)

= MY = pY + pGY + ppZ) — ppiEy,.

Aslong as b = pjii < 1 (and b > 0), we apply Lemma A.1 to deduce that E is constant,

and equal to: B B
p _ 1PV + G+ poZ

E J50
1% (J50)
Equation (J49) implies H? = ’W_pEp, from which we compute:
Yi+Y — 3G — ¢Z
o= N IREY G =02 (J51)
L+ pp
Putting together (J46) and (J50), we obtain:
1—p(7¥ —G) — A7 — pY + pG¥ A
g gv_pgr - L=PO0=G) = M3 —pY +pGT + pé )7 (352)

L+ ppi

which is equivalent to the desired equation for E.

To simplify presentation, we combine the fast and the slow traders by considering a
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speculator with trading strategy of the form dz;; = v;dw, + uia\vjut,l. If the speculator
is a FT, we set u; = 0; and if the speculator is a ST, we sety; = 0. The normalized

expected profit of this speculator is:

T —~
T = / (wt ) (%dwt + Mz‘dwt—l)
0
T —_— —_—
= / Wy — pr—1 + dw; — )\(_@xtfl + ydw, + ﬁdwtfl)) (%’d’wt + /Lidwtfl)
0

1 r ~

= [ (= p + dun(1 = 39) + 20y~ Madwi) ) (e + pdia)
Ow 0
(1 )

— AY) + i (E+X0X — AaW).

(J53)

Recall that by assumption (see equation (13)) the covariances E, X, W do not depend
on speculators’ strategies. That is, the speculator regards them as constant and not as
functions of ~v;, w;.

We compute the optimal weight of a FT indexed by i = 1,..., Np. From (J53) with

1; = 0, his normalized expected profit is
7 = (1= AG) — iy + =), (J54)

where v_; is the aggregate weight on dw, of the other FTs. The first order condition
with respect to ~; implies

and the second order condition for a maximum is
A > 0. (J56)

Note that this second order condition is satisfied by assumption. The first order condi-

tion is true for all F'Ts, hence all v; are equal to v given by

1—-\G
= — - J57
(it viy 57
From this, we compute v~ = Npy = (— — G) N1 which implies ¥ = v~ + G =

Nr
N T Ve +1

We compute the optimal weight of a ST indexed by i = 1,..., Ny. From (J53) with

This proves the desired formula for 4.
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~; = 0, his normalized expected profit is
T = (B +A0X) — i + p-i) AW, (J58)

where p_; is the aggregate weight on c/lz/ut_l of the other STs. The first order condition

with respect to u; implies
E+X0X — (2u; + p—i)) \W = 0, (J59)
and the second order condition for a maximum is
AW > 0. (J60)

From (J56), this condition is equivalent to W > 0, which is assumed true. The first

order condition is true for all STs, hence all y; are equal to u given by

E+)0X
= —. J61
P= W (N, + 1) (J61)
From this, i = Npu = EJ;’I\/I(;)X NJZ L. This proves the desired formula for f. m

Proof of Proposition J.3. We compute the pricing functions set by the dealer. Asin

the proof of Theorem 1, the definition dAzIJt = dw;—E;41(dw;) implies p = % = —?;
r t
Hence, we obtain -
p:% — Y = 7, (J62)

Note that this is equivalent to the second equation in (J16).
To compute A, we impose the zero expected profit condition for the dealer. Recall

the notations from equation (J37):

Qe — E(l't(wt—pt)) v _ E((dyt)Z) B E(:l:t,ldyt)
e T ade T T o (763)
HY — E(wtdyt) e — E(ptdyt>

L O'?Udt ’ L gidt ’

In the proof of Proposition J.2, we see that all these numbers are constant. Equa-
tions (J47) and (J51) imply that

it (7-G)

_ Y H+ap-aG -7
L+ pfi '

L+ pp

HY =

. H” (J64)
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The dealer’s normalized expected profit at ¢ = 0 is given by:

3 1 g
Td = 0_2E (pt—wt)dyt = H?" - H"
wo J0 - (J65)
_ Y Htm-3G-9Z p+ (-G
L+ pfi L+pp

Setting the dealer’s expected profit to zero is then equivalent to

i+ (7-G)
A = , J66
Y + 95— 4G — ¢Z (66)

which proves equation (J17).
We now compute Y. From Proposition J.2, we have:

aG(1 — p7) ez . —99 — 207 + 7 + p*(1 — 2p7) + 62

L+opp (1+0)(1+¢pi)’ B 1 — p?p?

(J67)
Note that the equation for Z is identical to the first equation in (J16). By substituting
Z in the equation for Y, we get

G2(1—¢gpp)—20G(1+¢)(1—p7) | =2 , -2 B ~2
Y = © (1+¢)(1+pf) +4%+ a5 (1 —2py) + gu‘

T (J68)

We multiply this equation by p(1 — p??)(1 + ¢pji). Because (J62) implies pY = 7, we

obtain:
G*(1 — ¢pp) — 20G(1 + ¢)(1 — p7)
(1= p’*)(1+ ¢pi) = ©
(1+¢) (J69)
+ (7 + 121 = 2p7) + &3) (1 + ¢pp).-
This is the third degree equation in p stated in (J15). ]

Proof of Theorem J.1 (Theorem 8). To find necessary conditions, suppose we are
in equilibrium. Since the IFT is sufficiently averse and b > %, according to Proposi-
tion J.1, he chooses optimally © > 0. Then, we can put together all the equations from

Propositions J.1-J.3. To simplify the equations, note that (see equation (J62)):

pY = 7. (J70)
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Then, equation (J39) becomes:

W =1-py = 1—a. (J71)

We now assume that the IF'T is sufficiently inventory averse, so that his inventory mean

reversion is strictly positive (© > 0). The relevant equations from Propositions J.1-J.3

are:
C oy = 122G N o, - Errex N
L N s L D\ T A
1—a" 1—b
G = ¢ . e=2- — € (0,1, ¢=1-6
2p(1+ﬁ>
_ i+7—-G
W:1—a, pY:”y, A = — — ,
Y +y0—7G — ¢Z (372)
¥ 8+ G- p) v —9% 207 + 7% + i2(1 — 2p7) + 62
N L+gpp B 1— 22 )
g, _ BGA—p7) G?
L+dpn (14 0)(1+opp)’
g o L=t eG - pY +pGYHp9Z 1 —pym | pGT A+ pdZ
1+ pit 1+ pjt L+ pjt L+pn

The goal is to express all the equations in (J72) as functions of @~ and b, and then use

the first two equations to solve numerically for ¢~ and b. Denote by

1 _ _ _ _
a” = py, a = py, b = pp. (J73)

pod g
p 1-0

Rewrite the equations in (J72), except for the first two, as functions of a=, b (or B),
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1—a" 1 1
_ —9_ _ 1
= sy © s YT
2B+1
:1— —1 -
v @ = (=a)gm Ty
_ l+a (2B+1)
%y = g = —
P a =a +pG 2B
a +b a”+b
R - p2Y+ab—apG—§Z5p2Z - a+ab_apG_¢p2Z7 (J74)
(1-a")B 2 (I—a")* s
X = ————— = B
P 4<B—|—1) ’ P 4(B+1)2 bB*,
2\ 2 2 @p2G2 9 9 9 9.9
(1—b)pY:(1—b)a:—1+¢—2@pZ+a+b(1—2a)—i—pau,
o l-a 2(1-a7)-(1- a”)?B
1 +b 4AB+1)(1+0b)

From the corresponding equation for R in (J74), we compute (after some algebraic

manipulation):
4B+1)B*(a” +b
R ( ) B (a ) ' (J75)
B3(a=)?+2(3B*+3B?—2B —1)a” + (B3+2B% - 2)
By setting
Q = B*a)*+2(3B*+3B*-2B —1)a” + (B> +2B* - 2), (J76)
we have just proved the equation for R in (J20).
Now (J72) implies a = %, which proves the corresponding equation in (J20).
Recall that N N
F L
—_— . J77
T N1 T N 11 (J77)
Equation =~ = 1=2¢ % from (J72) can be written as Ra~ = (1 — RpG)ng, or

equivalently R(a‘ + pGnF) = np. Using the formula for R from (J75), (after some

algebraic manipulation) we obtain the following second degree equation in a™:

BQ<4(B—|—1)—nF(B+2)>(a’)2—|—2(B—|—1)(2(32—1)—nF(?)BQ—Q))a’—BBnF ~ 0.
(J78)
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This second degree polynomial has two real roots, given by:

—q =+ \/qz—I—nFB5((4—nF)B—|—2(2—nF)) -
= with
B2((4 —np)B+2(2 —np)) ’ (J79)
¢ = (B+1) (2(32 — 1) —np(3B* — 2)).

This proves the equation for a~ in (J20).

From (J74), we compute

E 1 2—(1—a)B pX (1—a")B
— = — , — = , (J80)
l1—a 1+ 4B+1)(1+b) 1-a 4B+1)
which implies
E+ ROpX 1 +(@(1+b)+1)(1—a_)B—2
R(1—a")  R(1+b) 4(B+1)(1+0) (J81)
B Q +(@(1+b)+1)(1—a’)B—2
4B+ 1)(1+b)B2(a +b) 4(B+1)(1+0) ’
where the last equation comes from (J75).
Now, multiply equation i = W % from (J72) by p to obtain:
E + ROpX 2(B+1)
b = 2
R1—a-) 2B+1 't (J82)
Multiplying this equation by w and using (J81), we get
2b(1+0b)(2B + 1) Q _
= 14+b6)+1)(1—a)B—2.
0 Bla 1) +(©0+b)+1)(1—a) (J83)

Since O(1+0b)+1 = %M, we have just proved the first equation in (J20).

It remains just to prove the equation for p. The penultimate equation in (J74)

implies p?62 = (1 —a)(a — b*) + %52 + 20bp*Z, hence

(1—a)(a—10*) + _fn%b +20p%Z
p= ~2

(o))
(1—a)(a—b?) + 12 S0k (14 2bB%(1 + ¢))

52
Oy

(J84)
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Using 1 —a = (1 — a™);22+ we compute (after some algebraic manipulation):

2(B+1)’
6 (-a?)’ 2B -1
1+ 6 4B+ 1) (L+20B*(1+9)) = S (1-a), (J85)

which proves the corresponding formula for p in (J20).

We have just finished the proof that the equations in (J20) are necessary for the
existence of an equilibrium. We now show that they are sufficient if we assume that the
solution to (J20) also satisfies % <b< 1l a<1, A>0. We now follow the proofs
of Propositions J.1-J.3 to show that the strategies defined by using these coefficients
provide an equilibrium. The condition b < 1 is used to perform the computations in
Proposition J.1. The condition b > % is used in showing that the IF'T chooses
© > 0. The condition A > 0 is used as the second order condition for maximization
for all three types of speculators (see in particular the second order condition (J56) for
the F'T). The condition a < 1 or equivalently W =1 —a > 0 is used as a second order
condition for the ST (see equation (J60)).

Finally, we compute the equilibrium expected profits of the IFT, FTs and STs,

F

denoted respectively by 7, 7", 7%, From equation (J32), the normalized IFT’s profit is:

. Rb(1—a")?
T e VIob)e (86)

as stated in the Thorem. From (J14), the normalized expected profits of the FTs and

STs are respectively:
= y1-AG-Ny"), 7 = pu(E+ 10X — AWhq). (J87)

From (J12),
1-A\G E+ 20X
TN+ M T Wy (J88)

We compute Ay~ = NpAy = N]Zil(l — A\G). Therefore, 7t = ~ le;—ﬁﬁ = \vy2. Similarly,

75 = AW 2. But in equilibrium W = 1 — a, hence #° = A\p(1 — a). We obtain
=M 7 = A1 —a), (J89)

as stated in the Theorem. The proof is now complete. O]
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Proof of Proposition 6. The asymptotic notation in this proof is:

X
X r Xoo = lim — =1L (J90)

NF,NLHOO o)

(Note that N — oo is also included as part of the definition.) Denote by

—1 1
boo:\/i , Bw:1+bw:‘/52+, G = 1. (Jo1)

We begin by proving that

_— 1—a = . J92
Np+1’ “ Np+1 (792)

b ~ by, a4 X U, l—a =

Define the function of two variables f by:

~g+ 2+ (1) B ((3 +€)B +2(1 +2))
B2((3+¢2)B+2(1+¢)) ’ (J93)
with ¢ = (B+1)(—B*+¢(3B*>-2)).

f(B,e) =

Also, define the function of two variables g by:

2b(1 +b)(2B + 1) Q 3bB +2b°B —1—b ~
Bye) = — l—a)—2
g( 75) nr +BQ(a—+b) + b ( a ) ’
: 1 _
with np = 1, b = l_ﬁ’ a” = f(B,e),
and Q = B*(a”)*+2(3B*+3B*>—-2B —1)a” + (B> +2B* - 2).

(J94)

We now use the formulas By, = 1 + by and boo(1 + bo) = 1 to compute the values of
f and g and of their partial derivatives at B = B, and ¢ = 0. After some algebraic

manipulation, we compute:

of of

B = B =1 —=(B = —(B = —2.
§(Bes0) = 0, f(Bus0) = 1, $E(B0) = 0, SL(B.0) (795)
Denote by B(e) the solution of g(B,¢) = 0:

B(e) <= g(B,e) = 0. (J96)
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From (J95), g(Bw,0) = 0, therefore
B(0) = B.. (J97)
Denote by a~(¢) the function:
a(g) = f(B(e)e). (J98)

Using (J95), we compute the derivative of a~ at € = 0:

d(;l_s_(()) = g_é(BOO’O)B/(g) + %(Boovo)
_ 0B + (-2) (J99)
= -2

Fix Np > 0. Let a, and B, be, respectively, the equilibrium values of a~ and
B = \/% when Ny approaches infinity:
a, = lim a-, B, = lim B. (J100)
NL—>OO NL—N)O
Theorem 3 shows that the equations (J20) are necessary conditions for an equilibrium,
hence a~ and B satisfy (J20). Taking the limit when N, — oo (n — 1), it follows that
a, and B, satisfy equations (J20) with n;, = 1. But, by definition, the numbers a~ ()

and B(e) satisfy the same equations when

e = . (J101)

Therefore, we have
a, = a (g), B. = B(e). (J102)

From (J95) and (J99), we have B(0) = By, a™(0) = 1 and 4-(0) = —2. Therefore,

B(e) = B, a” () = 1, and 1 —a~ (€) =~ 2¢. From (J102), this translates into B, ~ By,

)
~ Np+1-

the following asymptotic formulas:

a, ~1,and 1 —a

But B, and a_ are limits when Ny — oo, therefore we get

B =~ B, a” ~ 1, l—a =~ 2e. (J103)

From (J20), we have a = a= + %, which implies 1 —a = (1 — a‘)ﬁgﬁ). But
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2B+l l4bso
2Bootl) — 2

. Therefore, we get:
a~ 1, l—a ~ (1+bx)e. (J104)

We have a = a~+pG, hence pG = a—a™ = (1—a7)—(1—a) = 26— (1+bx)e = (1—buo)e.
We thus get
pG =~ (1 —by)e. (J105)

A

We now analyze R = 7. From (J72), we have vy~ = 1=2¢ N

A Np+1?
p becomes a~ = (§ — pG)(1 —€). From this, 5 = &= + pG, which implies 1 — & =

which multiplying by

l—a” —¢
1—¢

— pG. Using 1 —a~ =~ 2¢ and pG =~ (1 — by )e, we get 1 — % ~ booe. From this,

we get R~ 1 and 21 & by, hence
Ra~1, R-1~r bec. (J106)

We compute 1 — Ra™ ~ 1 — (1 4+ bye)(1 — 2¢) = (2 — byo)e. Similarly, 1 — Ra =~
1— (14 bee)(1 = (1 + beo)e) & £. We obtain:

1 —Ra™ =~ (2—by)e, 1—Ra ~ e. (J107)
Sincebzl—é,bmzl—ﬁ,®:2—IT_Z’,Weobtain
1 —bso

From (J20), we have p?62 = (1—a)(a—b%) + 1% 45%); (1+20B2(1+¢)), which implies

252 . ~ 1-b2 1 boo_
7% & ag — b2, Using 1 —a = gt we get p%6), ~ ( ?Vo;(JrIr ) hence
1 o 1
252~ S e — (J109)

b NF+1’ Oy \/NF 1

Since R =~ 1, we have A\ = p. Therefore,

w 1
)\zpma—

0w VNp +1

We now compare the asymptotic results with the corresponding results in the bench-

(J110)

mark model. Denote by 7o, 1o, Ao, po, @o, by the equilibrium coefficients from Theorem 1,

and by Yoo, Mooy Aoos Poos Uoo, Doo, TeSPectively, their asymptotic limits. We have already

shownthat)\zpz/\oo:poo:Z—l:\/ﬁ;alsoazaoozl,andbzbm:%. More-
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. . 1. . o fy_ . a” % 1 %
over, in the inventory management equilibrium we have v = N T N N o (NeTD
ag — Y0 — . _ Bk _ b ~ _boo  ~ bo _ B0 ~
oD = e = 0 and p = Ny = oNg N Ny N Ny = Ny — Mo Thus, v =~ vy and

1~ y. We have just proved that:
Y = Yo, M= o, A~ )\07 p = po, a = aop, b ~ bO- (Jlll)

We also report the asymptotic results for 1 — ag, 1 — ag, 1 — Roap, 1 — Rpay. From
Theorem 1 (with Ny + 1 fast traders), ag = NP hence 1 — gy = (H—bo ~

(Np+1)+1> Np+1)+1
(1+bs)e. Also, ay = %ao = (1—¢€)ag, hence 1 —ay 1 —(1—¢)(1— (1 +bx)e) ~

(2 4 boo)e. From Corollary 1, Aoy = %, hence 1 — Ryag = 1 — A\ =
2

— _p Ne , _ Np y = _ Np_ R — 2
Also, Roay = Royf7a0 = 5,57\ o% = 7,55, hence 1 — Roay = 75

together these formulas, it follows that in the benchmark model:

Q

1
o3

~ 2¢. Putting
1—6L0 ~ (1+boo)€7 1-@6 ~ (2+boo)57 1—R0a0 ~ £, 1—RQCL6 ~ 2¢. (J112>
By contrast, in the inventory management model:

l—a~ (14by)e, 1—a = 2, 1—Ra =z¢e 1—Ra = (2—bye. (J113)

The difference comes from the fact that the IFT’s equilibrium weight G is not equal
asymptotically to the FT’s weight v &~ 7y in either the inventory management model
or the benchmark model. To see this, note that in the inventory management model
we have 1 —a =1 —a~ — pG, while in the benchmark model 1 —ay =1 — a; — po7o-

But pG =~ (1 — by )e (from equation (J105)), while poyo =~ Aoy = €, where the last

approximation follows from A\gyg = %, which implies \gyg = m ~ ¢. We record
this result for future reference:
)\0’}/0 ~ €. (J114)

If we now use pG ~ (1 — by,)e and poyo = €, by taking their ratio we obtain:
G G
T~ = o~ 1-by = 0.3820. (J115)

gl 70
From Corollary J.1, the normalized expected profit of a FT in the inventory man-
agement model is 7" = (1 —My) = (1 — Ra). From (J113), 1 — Ra = . Since v ~ 7o,

we get

7 = ype. (J116)

From Proposition 1, the normalized expected profit of a F'T in the benchmark model is
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~F _
Ty = N %, which implies

7 o~ ye. (J117)

Therefore, the F'Ts in the inventory management model make asymptotically the same
profits as the FTs in the benchmark model:

|
B!

~ 1. (J118)

F
0

N

For the IFT, equation (J32) implies that the normalized expected utility (or profit) is

zgi(}r\/u> Since R ~ 1 and 1 — a~ = 2¢, we have T ~ From (J114),

=R

booe?
Xo(1+beo)?
/\LO = 7p, which implies 7 ~ m Yo €, OT

Fa (20 — 1) 0 e (J119)

Asymptotically, the ratio of IF'T’s profit to the F'T’s profit is given by:

T

~F

~ 2bo —1 = 0.2361. (J120)
m

Denote by 7¢,—o the IFT’s maximum normalized expected profit when C; = 0. Equa-
tion (A39) implies that
(1 — Ra*)2

121
75 (J121)

=0 =

Since 1—Ra™ & (2—bx)e and A & Ag & = (equation (J114)), we get Tic,—o ~ Wwe,

or
)
Top=0 ~ 4_1(1 —bso) YoE = 0.4775 7 €. (J122)
Asymptotically, the ratio of 7 to 7¢,—g is 52(110017 1) = 2bes.
m 4
T~ Zhe = 0.4944. (J123)
TCr=0 5

Thus, inventory management generates a profit loss of about 50% for the IFT.
Equation (J34) implies that the threshold inventory aversion for the IFT is given by
1—1—%:(1_1%“7) W1 We have R ~ 1, 1—Ra ~ (2 — bso)e, 1 —a~ = 2¢, hence

2. R2b(1— a—)2
1+ 55 ~ wmf% = 2(1+ be), which implies 5 &~ 2= Since A & - N;+1’
= 14 5b 1

2 \/NF+1
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Proof of Proposition 7. As in Section 4, we identify trading volume with (instan-

taneous) order flow variance. From (A25), ©Q* = %, where ¢ = 1 — ©. Since
dz; = —Oz;_1 + Gdwy, the IFT’s normalized order flow variance (or normalized trading

volume) satisfies:

Var(dxt) . Tvx _ @2me+G2 — 1;¢G2_|—G2 = 2G*

o2dt o2 1+¢ 1+¢

. (J125)

Since x; = ¢xy_1+Gdwy, the IFT’s order flow autocovariance satisfies Cov (dxt, d:z:tH) =
Cov(—@xt_l + Gdw,;, —O¢x;_1 — OGdw,; + detﬂ), hence

Cov(dxt d:ctH) ) OG?

’ = 0% —0G? = - 0(——-G*+G?) = — . (J126
2 dt ¢ ( 1o © o 120
Therefore, the IFT’s order flow autocorrelation is

Cov (dﬂft, dIt+1) S
which proves the corresponding formula in (57). Asymptotically, since © ~ 1, p, ~ —%.
The individual and the aggregate trading volume of FTs satisfies, respectively:
TV ¢ 9 TV zr .
2 2 = () (J128)
From (J125) and (J128), we get TTVZIF = (1_25572, which proves the corresponding formula

n (57). Asymptotically, Proposition 6 shows that % ~ 1 — by and ¢ ~ 0, hence

TTV—V:; ~ 2(bse — 1) = 2(2 — 3by) = 0.2918. The aggregate trading volume of STs

satisfies N

TVgs _, Var(dw) 2 2
o2 —Mw—ﬂw—ﬂ(l—a)a (J129)
where we use the equilibrium formula W =1 —a in (J74). From (J128) and (J129), we

compute

TVz  p*(l—a) W (1—a)

_ _ , J130

W =GP @p 0)

as stated in the Proposition. Asymptotically, from (J113) we have 1 — a = }Vilﬁ, and
we use b~ by, a ~ 1, b2 (1 + by) = by to get ;5::? A %, as stated.

Recall that X = % and W = %. From (J74) and 1 —a = (1—a‘)%,
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we compute (B =

ﬁ"ﬂ
=
~—

B(B +1)

pX = (1—a)” 2B+ 1)

(J131)

The regression coefficient of the IFT’s strategy (dz;) on the slow trading component

(dzy) satisfies

Cov(dzy,dzd)  —OnCov(z,y,dw, ) —OX  —O(pX)
Brgs = = — = — = . (J132)
Var(dzy) 12 Var(dwt,l) pW b(1 —a)
Using (J131) and W = 1 — a, we compute:
©B(B +1) OB _
s = ——— 2 (1l-q) = —v-—"-——(1— . J133
Paas e Y T Tmesen ) (J133)
Asymptotically, b ~ b, B ~ é, © =~ 1, and from (J113) 1 —a™ = ﬁ Hence
1 1 3+ beo 0.7236
s A — = - Te 2B J134
Paas boo(1 + 2b00) Np + 1 5(Np + 1) Np+1’ (J134)

which proves the stated formula.
Since the trading strategy of a FT is ydwy, the order flow autocorrelation of the FTs
is pzr = 0. For the ST's, since &\[ut = dw; —pdy; and dy;, = —Ox;_4 —i—ﬁdwﬁ—ﬂa\{ut_l +duy,

we compute the normalized order flow autocoviance:

Cov(dzf ,,dzf)  ,Cov(dw,_,dy,)
o2 dt — TPH o2 dt

_ _pg2(—@xf+;wv). (J135)

From (J129) and (J135), we compute the autocorrelation of slow trading dz?,

Cov(dzy ;,dzy) —pi*(—OX + (1 — a)) - OpX
S = - = - - -
P Var(dz}) (1 — a) (1—a)  (J136)
= —b— bﬁm,fs7

where for the last equality we use (J133). Asymptotically, the term b+ bf, zs = b, since

Bz.zs is of the order of NF1+1' Hence, pzs ~ —bo. O
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K Smooth Inventory Management

In this section, we solve for a partial equilibrium of the model with inventory manage-
ment from Section 5, in which the IFT chooses to trade in the smooth regime (see the
discussion at the end of Section 5.1). In the smooth regime, the IFT has a trading
strategy of the form:

dzy = —0xdt + Gdwy, with 6 € [0,00). (K1)
Recall that in the usual fast regime the IFT has a trading strategy of the form:
dxt = —@.Tt_l +det7 with © € [O, 2) (K2)

We call strategies of type (K1) smooth strategies, and strategies of type (K2) fast strate-
gies. A smooth strategy can be considered a particular case of a fast strategy if the
coefficient © is infinitesimal: © = 0d¢.1

A result that we prove below is that the IFT’s expected utility changes smoothly
from the smooth regime to the fast regime. The connection is made by the right limit of
0 € [0,00), which coincides with the left limit of © € (0,2), which we write as © = 0.

Therefore, we make the equivalence:
§ = +oo = © = 0;. (K3)

The agents in the model are:

e One IFT, who chooses a smooth strategy of the form (K1) with 6 € [0, 00) and
G € R. The IFT maximizes the expected utility U given by (42):

U - E(/OT('UT—pt)dxt> _ OE (/OTxfdt), (K4)

where T'= 1, and C7 > 0 is the IFT’s inventory aversion coefficient;
e Np fast traders, with trading strategy dz! = ydw,, with v > 0;
e Ny slow traders, with trading strategy dz? = p(dw;_; — pdy;_1), with g > 0;

e A dealer who sets a linear pricing rule dp;, = Ady;

161n calculus, dt is considered positive but smaller than any positive real number (and with dt? = 0).
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e Exogenous noise traders, whose order flow is du;.

We introduce the following model coefficients:

A
D ’77 = NF77 5/ = ’yi—i_Gv la = NLM?

P (K5)
P

The model coefficients satisfy v~ >0, g >0, p > 0, A > 0.
As usual, tilde notation denotes normalization by o, or ¢2. For instance, the nor-
malized expected utility of the IFT is denoted by
~ U
U = (K6)

%.
K.1 The Expected Utility of the IFT

For any smooth strategy of the IFT (not necessarily optimal), we compute the IFT’s

expected utility, while taking the behavior of the others as given.

Proposition K.1. In the model described above, suppose b = pi < 1. Then, the
normalized expected utility of the IF'T with a trading strategy as in (K1) is:

; ! AG(L—py) [T A& [T
U, = G(1-X\y / e_atdt—f—lu—/ 1 — e )t — _ / 1 — o200\ q¢
( ) 0 L+pi Jo ( ) 2(1+ ppr) Jo ( )

2 T
—C;g; /0 (1—e’29t)dt.

(K7)

Proposition K.1 shows that the normalized maximum utility of the IFT in the smooth

regime (U,) varies continuously from 6 = 0 to # = co. The next result shows that:

e The limit when 8 — 0 of U , coincides with 0@:07 the normalized maximum utility
of the IFT in the neutral regime (© = 0).

e The limit when 6 — oo of [79 coincides with [7®:0+, the left limit when © — 0 of

the normalized maximum utility of the IFT in the fast regime (© > 0).

Corollary K.1. In the context of Proposition K.1, the normalized expected utility of

the IFT in the smooth regime various continuously from 6 = 0 to § = oo. It has the
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following limits at the endpoints:

él—{% 09 - UO:O = U@ o — G(l - )\’7)7

- - CAG(1 = py) AG? (K8)
lim U, = U@=0+ = [ T 5 —.
600 + pfi (L + ppt)

Also, when 6 — oo, the IFT’s (normalized) inventory costs converge to zero:

1 T,
elggoa_i CrE (/0 xtdt) = 0. (K9)
K.2 Optimal Smooth Inventory Management

In this section, we take a partial equilibrium approach, and solve for the optimal behavior
of the IFT in the smooth regime, while taking the behavior of other agents as given. We
show that this problem translates into an optimization problem in one variable, which
can be solved numerically. The main conclusion of this section is that the optimal
trading strategy of the IFT in the smooth regime occurs either at § = 0 or at § = oo.
This result is obtained in two steps.

In the first step, we fix 6 € [0, 00] and compute the maximum expected utility of

max

the IFT when the coefficient GG varies. Denote this utility by U, . In the second step,
we numerically search for the 6 € [0,00] that maximizes U, and we find that the
optimum 6 is either 0 or oo.

The next result computes U™ Define the following function of 6 (recall T = 1):

T 1_e—9
Fy = / (1—e™)dt = 1— g € [0.1] (K10)
0

Proposition K.2. In the context of Proposition K.1, for a fized 0 € [0,00) denote by
U@max = U;mx(C’I) the maximum normalized expected utility of the IFT in the smooth

regime when G varies. Then,

S max

B ((1 —Ra™) - F, (1 . Ra@b))%

1
) K11
’ 2 20 (1— ) + By (25 + ) (K11)

We also provide formulas for ﬁ:ax when 6 = 0 and 0 = oo.
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Corollary K.2. In the context of Proposition K.2, we have

cmax 1 (1- Rcf)2 Smax (Rb(1 — cf))2 (K12)
° 2 2040 ¥ A1 +b)(b+3)
The value of Cy that makes Ugﬂax = U:ax 18:
(1—Ra )2(1+b)(b+1)
P= 2\ 22— 1. K1
Ci ( R2b2(1 — a~)? (K13)
Moreover, when C; =0 and 8 = 0, the mazimum expected of the IFT is:
-~ ~_max (]. - R(l_)2
U() - UO,CI:O == T (K14>

In the second step, we show numerically that the maximum U™ occurs either at
6 =0 or at 6 = 0o, but not at an interior point in (0, 00). This results holds for all the

parameter values we have checked.

Result K.1. Suppose the model coefficients arise from the inventory management equi-
librium of Theorem 3 for which N > 1 and Ny, > 2. Then, the expression U@max in (K11)

never attains its mazimum value at an interior point 6 € (0, 00).

To understand this numerical result, we consider a particular example, with Np = 5
fast traders, and Ng = 5 slow traders. In this case, equation (K13) implies that the
value of the cutoff is ] = 1.2038. This means that when C; = Cf}, the expected
utility difference at the two endpoints (U, — U, ) switches sign. Figure K.1 plots the
[FT’s maximum expected utility as a function of 6, given several values of C; around
the cutoff. The maximum expected utility U is computed according to equation (K11),
and reported in the graph as a ratio U%’ where Uy is the expected utility in (K14) that
corresponds to # = 0 and C; = 0 (no inventory management, and zero inventory costs).

As we can see from the figure, there are two sharply distinctly regimes, depending

on whether the inventory aversion coefficient C} is above the threshold value Cf:
o If U7 < (Y, the IFT optimally chooses 6 = 0;
o If C; > (Y, the IFT optimally chooses § = oo.

Thus, when there is sufficient slow trading so that Theorem 3 holds (and b > \/z_l =

0.3904), the smooth regime is not optimal, and we can just study what happens at the

extremities, 8 = 0 and 6 = oo.
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Figure K.1: Optimal IFT Smooth Trading Strategies. This figure plots U, (C),
the maximum expected utility of the IFT in the smooth regime as a function of 8, for various
values of the inventory aversion C7. Each graph corresponds to an inventory aversion coefficient
Cr, which in certain cases is reported relative to the cutoff value C§ = 1.2038. In each graph,
the expected utility U is normalized by the value Uy that coresponds to # = 0 and C; = 0. In
each graph, the maximum utility is marked with an “x”. The parameter values are Np = 5,
Np=5,0p=1,0,=1.
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K.3 Proofs of Results
Proof of Proposition K.1. Denote by
) _
Oz — E<xt) Ore — E($t(wt _pt)) E = E<(wt _pt)dwt)
t - 2 9 t - 2 9 t — 2 dt 9
(ot o (gt (K15)
Qrw E(l'twt)) 0P E(xtpt)
t - 2 ) t - 2
Uw Uw
Note first that
rp W xe
Q0 = QY — Q. (K16)
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From the definition of Q%" we get

dew 1
d; = O-idt E(d.rtwt—l + xt—ldwt + dxtdwt) (K17>
= 00 +G.

As there is no initial inventory, 5" = 0. Thus, the solution for the differential equa-
tion (K17) is:
1— e—9t

7

In order to compute Q% and Q2¢, we need to define additional covariances.!” Denote by

v = G (K18)

o E(zt&;}t) o E(wt(/ﬂ/ﬂt) o E(pt(/i—?l)t) B - E((wt — pt)(/ﬂ/l}t)
 o2dt - o2dt o o2dt B o2 dt '
(K19)

To compute these covariances, we derive recursive formulas for them. Note that the

aggregate order flow at ¢ is of the form:
dyt = —Q.It_ldt + ’det + ﬂ&\&)t—l + dut. (K20)

To simplify notation, denote by

a = py, b = pp, A=1-—a, B = 0 (K21)
Then, write c/l;,/ut = dw; — pdy,; as follows:
(ﬂut = plr,_1dt + dw(1l —a) — b(;l\l/ut_l — pduy. (K22)
The recursive formula for X; is:
X, = afuldt E((:Ut,l + dxt) (p@xt,ldt +dw (1 —a) — béfut,l — pdut))
_ QE((x;—l)z) _Eladw) (1 g Eldzduwe) JE(dzdw ) (Ka3)
o2 dt o2 dt o2 dt o2 dt

= pfQT, —bX, 1 + (1 —a)G.

1"The inventory management term is of the order of d¢, and thus it does not affect any instantaneous

: e E((dw,)? : :

covariances with infinitesimal terms, such as (02 o ) = A. However, covariances with aggregate

measures such as x;, wg, p; are affected by the slow accumulation of the dt¢ term. For instance, as we
E(wt&:ut)

see from the formula (K26) for W, the equation = B is no longer true here.

o2,dt
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Thus, X; + bX;—1 = pfQ¥*, + (1 — a)G. Since by assumption b < 1 (and b > 0), we use
Lemma A.1 to obtain the following formula:*®

00T + (1 — Qe
poUT+ (L=a)G _ pfSH" | g (K24)

X, = — .
t 1+0b 1+5b

Similarly, the recursive formula for W} is:

1 —
W, = o2 di E<<wt—1 + dwy) (pbze—1dt + dwy(1 — a) — bdwy_y — pdut)>
o E(wt_lxt_l) E(wt—la\[l}t—l) E(dwtdwt) (K25>
= o2dt -0 o2 dt +{1-a) o2 dt

= pfQ — bW + (1 —a).
Thus, Wy + bW;_y = pfQf*, + (1 — a). As above, we use Lemma A.1 to get:

PO + (1 — a) oY

= = B. K2
We 1+b T (K26)
The recursive formula for P, is:
1 —
P, = o E((pt_l + )\dyt) (p@l‘t_ldt + dwy(1 — a) — bdwy_q — pdut)>
E(pt—lxt—l) E(pt—l(i\[Ut—l) E(dytdwt) E(dyta\{f}t—l) -9
= o2dt b o2 dt +{1-a) o2dt oA o2dt Ao
= p0QP, —bP, 1+ (1 — a)\y — bALA — A\pG2.
(K27)
Define
M = (1 —a)\y — bAaA — \p52. (K28)

One can check that M = 0 when a and b have the equilibrium values from Theorem 1.
This simply reflects the fact that &\&)t is orthogonal to p; in the absence of inventory
management, i.e., P, = 0 when 6 = 0.1% As in the case of X;, we use Lemma A.1 to

obtain
pOSUT + M pf(Q7Y — Q) + M

= K29
1+0b 1+0 ( )

t e

18The difference between Q¥ and QF%, is infinitesimal, hence it can be ignored. In other words, one
can use Lemma A.1 either for a; or for a;_1, and obtain the same result.
YTndeed, using p?62 = (1 — a)(a — b?), we compute %((1 —a)a—(1—a)b? = (1 —a)(a—0b?)) =0.
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From (K26) and (K29) we also get

poQye — M

E, =W, - P =
' o 1+b

+B. (K30)

We now compute 27*. From its definition, we have

d; = o2 dt E<2$t—1d$t + (dxt)Q)
1 —~
= o2 dt E<2$t—1 (—0z_1dt + ydw, + pdwe_1) + (dxtﬁ). (K31)

= 200" + G2,

This is a first order ODE with solution:

1— 6729t

rr 2
QF =G 50

(K32)
Finally, we compute Q7¢. Since dw; — dp; = Mzy_1dt + (1 — Ay)dw, — )\ﬁ&\zj}t,l — Aduy,

from the definition of Q¢ we have

dee 1
d; = o2 dt E((wi1 — pr-1)day + 21 (dw, — dpy) + (dw, — dpy)day) (K33)

= 00", + AT, — AEXe_y + (1 — \7)G.

pOSUEE

From (K24), we have X; ; = =243+ + BG. We obtain
dQIE r
to_ —6(1 - ﬂ)@ffl + )\0<1 - ﬂ)ﬂﬁl — MiBG + (1 - )\9)G
dt 1+0b 1+0b
1 (K34)
— —GQtzfl + /\91—+b Qtzfl — )\ﬂBG + 7}0,
where 7, is the IF'T’s normalized expected profit when 6 = 0:
7, = (1—=M)G. (K35)
From (K32), M1 Q") = 2% G2 e ™ — 2(/\16;;) (1 — e72%). The differential equation
for Q¢ becomes:
dQze )
d; = —09, + Dy (1 —e ") + Dy, with
o O (K30)
D —_= D — T — AiBG
LT+ b)) oo
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This is a first order ODE with solution:

1 — o0t o0t _ 20t

O = (D1 + Do) —5— + D1 ————. (K37)

Next, we compute the IFT’s expected profit in the smooth regime:

1 T
ﬁe = 0_—2 EA (wt _pt)dxt
L
= g E\/O\ (wt_l — Pt—1 + dwt - )\dyt) <det - 9$t_1dt> (K38>

_ /0 ' (-005, +G - 2G7)dt.

Therefore,

0

T

7, o= 7 — / fQedt, (K39)
0

From (K37),

AG?
2(1+b)

Qe = (1 - e%) + (7, — ALBG) (1 . e*et), (K40)

with Dy and D, as in (K36). We compute

F, = & /Te—et dt+)\uBG/T(1 —e ")dt — A /T(1 —e?)dt.  (K41)
’ *Jo 0 2(1+0) Jo

This is the first line in equation (K7). Since the normalized expected utility of the IFT

- 1 T
U = #,——C/E (/0 xfdt> : (K42)

2
Ow

satisfies:

to prove the second part of equation (K7) we only have to show that

T T 2 T
iCIE( / xfdt) - ¢ / ot = / (1—e2)dt. (K43)
0 0 260 0

2
0w

But equation (K32) implies that Qf* = G* 1_;—;%. This completes the proof of Propo-
sition K.1. 0

Proof of Corollary K.1. Note that for ¢ > 0,

1— 87291‘/ 1 T 08t T 1

6—0
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Equation (K7) implies that when # — 0, U, converges to G(1 — \y) — 9G?. But
by summing (A36) and (A37) from the proof of Theorem 2, we obtain that U, , =
G(1 — \y) — &G Therefore, U,_, = U

0=0"

Equation (K7) also implies that when 0 — oo, U, converges to p2S0—£1) _ A6

Ipp 2(1+pp)”
But equat1on (J36) from the proof of Proposition J.1 computes U om0, = %ﬂ;}m) —

(1 + . Therefore, U,_, =U, _
To show that the mventory costs approach zero when  — oo, note that in equa-

tion (K7), e”? converges uninformly to zero (for ¢ € [0,T]). O

Proof of Proposition K.2. In Proposition K.1, we have already computed the nor-
malized expected utility of the IFT:

~ T MG(1—py) [T AG? T
U = G(1 =M / eetdt—l—_—_/ 1—e M\dt — _ / 1 — 200\t
’ ( V) 0 s I+ pp 0 ( ) 2(1+ piz) Jo ( )

2 T
- / (1— e 2)dt.
0

(K45)
Recall that
T 1—e?
Fy = / (1—e™)dt = 1- 7 (K46)
0
One can check that £2 is a well define analytical function, and
.y 1
m = 3 ()
Equation (K45) becomes
_ RbG(1 — p7) AG? CrG?
= G(1-M)(1-F Fy— Fog — ——— Fby. K4
Uy = Cl=M{1-F) 175 Tty g T (KAY)
Since
5=y 4G, (K49)
we compute
~ _ a”+b G? Fy A Cr
= 1—-Ra™)—Fy (1 — EEARRELCA I I
U, G(( Ra™) Fg( R1+b)> - (2)\( 1+b)+F29(1+b+ 7
(K50)
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Fix 6 € [0, 00]. Then, the first order condition in G implies

1 — Ra™) — Fy (1 — R
G- Fz a . 2) (K51)
2A(1—15) + Fo (735 + F)

The second order condition for a maximum is also clearly satisfied. Hence, for a given

0, the maximum normalized expected utility of the IFT when G varies is:

e 1 (=R =R (1= Ralﬁb))
T2 D) R (St F)

(K52)

This proves equation (K11). ]

Proof of Corollary K.2. We use the formula for U™ from Proposition K.2. When

6 = 0, we have hm 1;299 = , hence we obtain the first equation in (K12). When 6 — oo,
we have lim Fg = 1 hence
6—00
1 BRGE (R —an))’ (K59)
=2 zAl_bH) ﬁ ANL+b)(b+ 1)

which proves the second equation in (K12). One can now solve directly for the C; that
makes Uorn =U"

Finally, equation (K14) follows from the formula for U .7 in (K12) by setting Cr =
0. [
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L. Robust Trading Strategies

The purpose of this section is twofold. First, we verify that the intuition of our baseline
model from Section 2 extends to a setup in which the fundamental value has more
than one component. For simplicity, we focus on extending the model M, in which all
speculators trade only on their current signal (with no lags). Thus, if dw, is the current
signal about only one of two orthogonal components of the fundamental value, we verify

that trading strategies of the form
dl’t = %dwt (Ll)

remain profitable.
Second, when the fundamental value has two components, we study the decision of

speculators to use smooth strategies of the Kyle (1985) type::2°
dz; = Bi(w — pe)dt, (L2)

We call these strategies smooth. In our model of Section 2, these strategies are not

allowed because they involve using an infinite number of lags:
wy = dw; +dwi_q +dwp_g + - - (L3)

(Recall that we denote X; 1 = X;_g.) In this section, we show that using any smooth
strategy as in equation (L.2) would produce an expected loss for certain parameter values.
In this sense, smooth strategies are not robust to the alternate model in which the asset

value is multidimensional.

L.1 Motivation

In most trading models with asymmetric information, speculators learn only about one
component of the asset’s fundamental value. For instance, in Kyle (1985), the unique
informed trader (the “insider”) uses private information to generate profits smoothly
over time, using a strategy as in equation (L2). Thus, the insider compares his forecast
with the price, and then buys slowly if his forecast is above the price, and sells otherwise.

The implicit assumption in Kyle (1985) is that the price only contains information about

20In Kyle (1985) w; is in fact constant. Back and Pedersen (1998), however, show that the same
type of strategies are optimal even if the fundamental value changes over time.
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his signal, and thus the insider has no inference problem: he knows his information to
be superior to that of the public’s.

We now introduce a second component of the fundamental value, as in Subrah-
manyam and Titman (1999), and allow a different group of speculators to learn about

21 We show that in this case the smooth strategy in (L2) starts

this second component
losing money if the parameters related to the other component of the asset value are large
enough. In other words, smooth strategies are not robust. By contrast, fast strategies
as in equation (L1) are robust. Indeed, Proposition L.1 below shows that the expected
profit from this strategy is positive, and stays constant under all these specifications
(taking the price impact coefficient A as given).

Intuitively, when the fundamental value has multiple components, a speculator who
specializes in only one component is potentially adversely selected when using the price
to decide his strategy. For instance, suppose the value of IBM has both a domestic
and an international component. Then, suppose that a hedge fund that specializes
only in the IBM’s domestic component uses a smooth strategy as in (L2). Then, by
buying and selling at the public price, the hedge fund essentially behaves as a noise
trader with respect to the international component, and can therefore make losses on
average. If instead, the hedge fund uses a fast strategy and buys if its signal about the
domestic component is positive, its average profit is not affected by what happens in

the international component.

L.2 Multidimensional Asset Value

We now describe formally the model with two components of the fundamental value.
Suppose the liquidation value of the risk asset vy (at T' = 1) can be decomposed as a
sum:

U = Wt +ep, T = 1. <L4)

We consider a model similar to M, from Section 2 in which speculators only use their
current signal (see also Proposition 3). There are N, > 1 speculators, called the w-
speculators, who learn about wr by observing at each ¢ the increment dw; of a diffusion
process with terminal value wp. Also, there are N, > 1 speculators, called the e-

speculators, who learn about ep by observing at each ¢ the increment de; of a diffusion

21Subrahmanyam and Titman (1999) have a one-period model with information acquisition. They
find that multidimensional asset values generate liquidity complementarity, in the sense that informed
traders in one component of the asset value behave as noise traders in the second component, and thus
encourage information production in that component.
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process with terminal value er.?? Recall that in our baseline model, the speculators
receive signals of the form ds; = dv; + dny, such that the increment of their forecast
wy is equal to dw, = ads;, with a = % In this section, however, we do not need
these explicit formulas, and assume instead that the w-speculators directly observe dwy;.

Thus, the fundamental value increment dv, has the following orthogonal decomposition:

o202

dv, = dw, +de;, with o2 = 02 — 02 = — . (L5)

o, T 0oy
Proposition L.1. Consider N, + N, speculators, of which N,, speculators learn about
wy, and N, speculators learn about e;. Denote the position in the risky asset of an
w- or e-speculator, respectively, by x,, and x.,. Assume that the speculators can only
trade on their most recent signal, dw; or dey, respectively. Then, there exists a unique
linear equilibrium, in which the speculators’ trading strategies, and the dealer’s pricing

functions are of the form:
dzy: = ywdw, dzer = 7edey, dpy = Ady, (L6)

with equilibrium coefficients given by

11 11 N, o’ N, o2\'"?
Yo = ;e =3 CoA = (ST e ) (L)
AN, +1 AN +1 (Ny +1)202  (N.+1)202

The expected profits at t = 0 of the w- and e-speculators, are given, respectively, by:

o2 o2
w = —4 — q,=—0 L8
T AN, + 12 T AN, 1) (L8)
Proof. See Section L.4 below. O

Proposition L.1 shows that, taking A as given, the w-speculators have indeed the same
strategy, and the same expected profits regardless of the structure of the e-component.
That is to say, the strategy and profits of the w speculators do not depend on N, or
o.. The magnitude of the price impact coefficient A\, however, does change with the

specification, because of the increase in adverse selection in the other component.

22We do not model the information acquisition explicitly. Subrahmanyam and Titman (1999) solve
a one-period model with endogenous information acquisition, and analyze the liquidity externalities
that result from this choice.
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L.3 Smooth Trading with Multidimensional Value

The next result analyzes the expected profits that arise from combining smooth strate-

gies as in (L2) with fast strategies as in (L1).

Proposition L.2. In the context of Proposition L.1, suppose now that one of the w-
speculators, now called the p-speculator, adds a smooth component to his equilibrium
trading strategy:

dxf = [i(wi—1 — pr—1)dt + ypduwy, (L9)

while the other traders and the dealer maintain their equilibrium strategies. Then, the

expected profit of the [B-speculator att = 0 equals:

T

_ 1 1 N,
7T5 = 71'5—0 + ﬁ ; (1 — €t) ((1 + Et) Nw I 10'120 — (1 - €t) Ne i 10'2) dt, (LlO)
where )
s=0 _ __ Ou = oM ) L1l
4 AN, +1)2 T (L11)
Proof. See Section L.4 below. m

An important implication of Proposition L.2 is that the profit 7% depends on the

specification of the model. Consider the following cases:

e If o, = 0, the fundamental value has only one component. Then, the -speculator

increases his profit by [-trading: % fOT(l —e2)dt > 0. Moreover, if as in

2X(

Kyle (1985) the [-speculator sets 8, = % > 0, then &, = 0, and the profit is

maximized.

e If o, > 0, there is more than one component of the fundamental value. Then, we
show that 8, > 0 produces a loss for certain values of o, (and N.). Indeed, the
condition ; > 0 translates into €; not being identically equal to 1, or equivalently
fDT(l — &;)%dt > 0. Choose a value o, such that

N1 2 (1—e7)dt

e = w
Ne fOT(]_ — Et)2dt

s+

N

Then, one can easily verify that 7% < 0.

In other words, the S-strategy in equation (L9) is not robust to the fundamental value

having more than one component.
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L.4 Proofs of Results

Proof of Proposition L.1. We first determine the optimal strategies of the specula-
tors, taking the dealer’s pricing rule as given. The expected profit at ¢ = 0 of the i’th

w-speculator is

T Ne
Two = E/ (wt +er—pi-1— N ((%Zv,t + Vo) dwy + Z 72 de; + dut)) Yooz

T
= / Vfu,tafudt - )‘t%Zu,t (’Y;Lu,t + %;,Zt) U?udta
0

(L13)

where 7;3 denotes the aggregate coefficient of the other N,, — 1 w-speculators. This

is a pointwise quadratic optimization problem, with solution \;y,, , = 5. Since

this is true for each w-speculator, we obtain that all fy;fuyt are equal to 7, =

1
At(Nyw+1)°

i Combining these two equations, we get

Similarly, all yét are equal to v, = /\t(N;H

: 1 : 1
L = w = — 5 é == e = — . L ]_4
Tt = et = N Yer = et = TN T (L14)
We now determine the dealer’s pricing rule, taking the behavior of the speculators as
given. The dealer assumes that the aggregate order flow is dy; = N,y dwi+ N.oyde;+duy.

To set A;, the dealer sets p; such that the market is efficient, which implies

Cov(wt + €t, dyt) o wa)/w,to-i, + Ne’}/e,to'g

dpr = Adys, with A, = = ‘
P 1Ay, Wi ! Var(dy,) N0 + Nvieo? +od

(L15)

This implies (NypAiYw:)?02 + (NeAiYer)?0? + MN202 = NyMVwi02 + NeAyero2. But

NudiYwr = 527 and NoAyyey = w5g. Hence, \op = (Nf%ﬁai + (vaﬁaz, which
implies
A L
Mo+ 1Pot T (N.r1Ee2)

This proves the stated formulas. O

Proof of Proposition L.2. The trading strategy of the S-speculator is of the form:

dz, = B(wi—1 — pe—1)dt + ydwy (L17)
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where 7, is the equilibrium (constant) value. Denote the aggregate coefficients by

Yw = Nw/ywa Ye = eVe- (L18)

Define the following (normalized) covariances

E((w = p)?) Elew) ., _ o
Zt = T, Qt = 0_3) s O, = g (ng)
Since wy = eg = pg, we have
Yo = Qy = 0. (L20)
The normalized expected profit of the S-speculator at ¢t = 0 is:
1 T
7l = poy E/ (wt +teér —pi—1— A(Bt(wt—l — pe—1)dt + Ypdw; + Fede; + dUt)) X
w 0
X <5t(wt—1 — pe—1)dt + ’Ywdwt>
T
= / (’Yw — MY + Bei1 — BtQtfl)dt
0
T
=7 + / <Btzt71 — ﬁtQtA)dt,
0
(L21)
where 7 is the normalized profit of the S-speculator when 3 = 0, i.e.,
~0 — Yw 1
T = Yo — MTw = = (L22)

Ny +1 AN, +1)2
Since dw; — dp; = —ABy(wi—1 — pe—1)dt + (1 — My )dw, — Mede, — Aduy, Xy satisfies:

dx, 1
s Ry E(Z(wt_1 — pi—1)(dwy — dpy) + (dwy — dpt)Q) (L23)

= 20381+ (1 — M) + (M\.)?62 + \262.

This is a first order ODE with solution:
t
Y, = Dye 2Bt / ePBrdr,  with
0

t (L24)
B, = / Budr,  Ds = (1— A7) + (A7)%52 + A2,
0
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We recall now a formula we derived in the computation of \:
(Maw)? 4+ (A\5e)262 + X262 = Ay + A7.62.

Then, we compute

1 N,
Dy = 1 — My, + M52 = i

By integrating (L23) over [0,7] (and using ¥y = 0), we also compute

T
Dy, — ¥4
Yiqdt = ———.
| sz -

Since dpt = )\ﬁt(wt_l - pt_l)dt + Aﬁwdwt + )\’?ed€t + )\dut, Qt satisfies:

dQ 1
d_tt = gfudt E(pt,ldet + €t,1dpt + detdpt)

= =Bl + )\:Ye&z-

This is a first order ODE with solution:

t
O, = Dgq e_)‘Bt/ e*Br dr, with
0

N,
Dgq = M.62 = <52
Q fyae Ne+10-6

By integrating (L28) over [0,7] (and using €2y = 0), we also compute

T Do — Q
/ By_qdt = =21
0 A

We compute

T T
21 = Dz/ 6_2)\(B1_Bt) dt, Ql = DQ/ e_A(Bl_Bt) dt
0 0

Combining the formulas above, we compute

T T
77‘-5 — ﬁ.O 4 & 1 — / 672)\(31731:) dt | = & 1— / ef)\(B1th) dt ’

t 1 N,
B, — / B,dr, Dy — + 2 Dy =
0

N, +1 Ne+1ae’ N, +1
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(L28)

(L29)

(L30)

(L31)
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If we define

g = e MBB) — oMUY ¢ [0 7], (L33)
we compute
1 (T 1
ﬁ'ﬁ:ﬁ'o—i——/ (1_515) (DZ +6t—DQ)dt
A Jo 2
1 [t 1+e  (1—g)N> (L34)
= 7%+ = 1— L D2 eZe ) dt.
o (1-e) N, +1 N, +1
O

This completes the proof.

70



M Discrete Time Models

In this section, we analyze a discrete time version of our model with m lags from Sec-
tion 2. We denote this discrete time version by D,,, just as in continuous time we denote
its counterpart by M,,,. The goal of this section is twofold. First, in a general framework
we show that optimal linear trading strategies in D,,, must be orthogonal to the public
information, as we have assumed for the continuous time model M,, in Section 2. This
is a plausible assumption in continuous time, but we prove it as a result in discrete time.

Second, we study how the discrete time model D,, compares in the limit to the
continuous time model M,,. For that purpose, we analyze the particular case when
m = 1. In Section M.3, we see that the model D; does not converge to its continuous
time counterpart My, although the difference is very small (see Figure M.1 for numerical
results).

We recall that in M,, the speculators’s choice of weights is assumed to have no
effect on the covariance structure of the dealer’s expected signals (see equation (13)).
By contrast, we conjecture that in the continuous time limit of D,,, the speculators take
this effect into account.?® If this conjecture is correct, the results of Section M.3 allow
us to analyze the equilibrium effect of changing this assumption. As mentioned before,

this effect is very small, and therefore making the assumption (13) is justified.

M.1 General Model

We consider a model similar to the model M,, with m lags from Section 2, but set
in discrete time. For simplicity of presentation, we only consider the case in which
speculators can use all their signals, without any restriction on the number of lags. To
keep consistent with previous notation, we denote this model by D.,. Similar results
are true for any D,,, but the equations are more complicated for the general m. The
particular case m = 1 is presented in detail in Section M.3.

Trading occurs at intervals of length At apart, at times t; = At, to = 2A¢t, ...,
tr = TAt. To simplify notation, we refer to these times as 1,2,...,T. The liquidation

value of the asset is

T
vr = ZAU,:, with Avt = V¢ — Vi1 — O-UABZ)7 (M]-)
t=1

23Some evidence that our conjecture is correct is the speculator’s behavior in the continuous version
of Kyle (1985). Indeed, in that model the speculator chooses his optimal weight by taking into account
his effect on the covariance matrix ¥; = Var(v — p¢). In our model, signals are used only for a finite
number of lags, and therefore we conjecture that the this effect is not as strong as in Kyle (1985).
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where B} is a Brownian motion. The risk-free rate is assumed to be zero.

There are three types of market participants: (a) N > 1 risk neutral speculators,
who observe the flow of information at different speeds, as described below; (b) noise
traders; and (c) one competitive risk neutral dealer, who sets the price at which trading

takes place.

Information. At ¢t = 0, there is no information asymmetry between the speculators

and the dealer. Subsequently, each speculator receives the following flow of signals:
ASt = A/Ut + A?’]t, Wlth A’r]t = UndB?, (MQ)

where t = 1,...,T and B} is a Brownian motion independent from all other variables.

Define the speculators’ forecast by

we = E(or | {s:}r=0). (M3)
Its increment is Aw, = 02‘1—302 As;. Also, wy = 0.
v Ty
Speculators obtain their signal with alag £ = 0,1,.... A {-speculator is a trader who

at t =/0+1,...,T observes the lagged signal As;_,, from ¢ periods before. For each lag
¢=0,1,2,..., denote by N, the number of /-speculators.

Trading. At each t € (0,7], denote by Az the market order submitted by spec-
ulator = 1,..., N at t, and by Au; the market order submitted by the noise traders,
which is of the form Au; = 0, AB}*, where By}* is a Brownian motion independent from

all other variables. Then, the aggregate order flow executed by the dealer at t is
N
Ay, = Z Axy + Auy. (M4)
i=1

Because the dealer is risk neutral and competitive, she executes the order flow at a price
equal to her expectation of the liquidation value conditional on her information. Let
7y = {yr}r<+ be the dealer’s information set just before trading at t. Thus, the order

flow at date t, Ay, executes at:

pe = E(vr | T, U Ayy). (M5)

Equilibrium Definition. A trading strategy for a ¢-speculator is a process for his

position in the risky asset, x;, measurable with respect to his information set jt(z) =
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{y:}r<t U {5+ }r<i—s. Denote by E! the expectation of a f-speculator, conditional on .775(6);

and denote by E; the expectation of the dealer, conditional on the public information:

For a given trading strategy, the speculator’s expected profit 7, from date 7 onwards,

1s:

T, = Ef <Z(UT —pt)Aa:t> ) (MT)

t=1

Define the fresh k-signal at t to be (k=1,...,t)
Ay = Awy — 2k, (M8)
where z;; is the dealer’s expectation of Awy, conditional on her information set at :
2t = Eq (Awk). (M9)
We focus on trading strategies of the ¢-speculator which are linear in the fresh signals:
Az = vy Ay + -0+ Ve Agwy_y. (M10)

A linear equilibrium is such that: (i) at every date ¢, each speculator’s trading strat-
egy (12) maximizes his expected trading profit (10) given the dealer’s pricing policy, and
(ii) the dealer’s pricing policy given by (M5) and (M9) is consistent with the equilibrium

speculators’ trading strategies.

M.2 Equilibrium of the General Model

In this section, we show that the equilibrium of the discrete time model D, (with no
restriction of the number of lagged signals used by the speculators) reduces to a set of

equations that the optimal weights and the pricing coefficients must satisfy.

Theorem M.1. Consider the discrete time model Dy, with T trading rounds. Suppose

speculators can trade on all their signals. Then, there exists a linear equilibrium of the

73



form

Axf = VftAtwl + -+ ’Yf_&tAtwt_g,

Atwj = ij — zj,t» (Ml]_)
Zitr1 = Zjt + Py,

Ap, = MAy.

if there exist numbers N, pi, 71?1&7 Aijp, witht =1,...,T, 4,5 =1,...;t =1, k =

1,...,t—¥, such that the variables satisfy a system of equations described in Section M.4.

Just like the discrete version of Kyle (1985), the system of equations can only be
solved numerically. In the next section, we consider the particular case when speculators

trade on signals with lag at most one.

M.3 Fast and Slow Traders in Discrete Time

In this section, we consider the discrete time model Dy, in which speculators can trade
only on lagged signal with lag at most m = 1. This resembles the model with fast
and slow traders from Section 3, but it is set in discrete time. Therefore, we call it the
discrete model with fast and slow traders.

For this model, we see that the system of equations that arises from Theorem M.1
can be solved numerically, and we verify numerically that the solution converges to a
constant solution. Ignoring the initial conditions, a constant solution of the system
of equations can be computed by an efficient numerical procedure. Then, we verify
numerically that the difference between the model M; and the continuous time limit of
D, is very small (see Figure M.1).

We introduce more notation for the model D;. Trading takes place at t =1,...,T.
There are Np fast traders (FTs) who can trade at ¢ using their current signal Aw,; and
their lagged signal Aw;_; (minus its predictable part); and Ng slow traders (STs) who
can only use their lagged signals Aw;_;. Denote the unpredictable part of the lagged
signal by

Aw,y = Awyy — E(Aw ). (M12)

Thus, the FTs and STs have trading strategies of the form:

Al’t = %Awt +/,LtMt_1, (M].?))
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where v; must be zero for the STs. The dealer sets linear pricing rules of the form:
Ap; = MAys, Et(Awt—l) = piAYi_1, (M14)

where Ay, is the total order flow at t.
As in continuous time, we simplify notation, and normalize covariances and variances
using the tilde notation. For instance,
COV(A’U}t, Awt)

Cov(Aw;, Awy) = A = 1. (M15)

The main result reduces the equilibrium in this model to a system of equations. As

in the continuous time case, we denote the total number of traders by Np:

N, = Np+ Ng. (M16)

Y

This is also the number of “lag traders,” i.e., the number of traders that use their lagged

signals.

Theorem M.2. Consider the discrete model with N fast traders and Ng slow traders,

and let N, = Ng + Ng. Then, the equilibrium reduces to the following system of equa-

tions:
At
ar = Nppeye, be = Nrpfue, R, = p_v
t
0 — 1—20515,016 b, — Ct
t — ) t )
N]I\‘}—:l Rt — QO(tpt N][\‘[_let — QOétpt
B
Co=——, = aq+0(l—a)+pa, (M17)
1—aiq
b.B
Rt:1+ tat, BtH:l—at—stt:l—Rtat,
t
R 2
ay_1 = b? <tht+ (1 - E(Y,g)) .
Proof. See Section M.4. ]

The system of equations (M17) can be solved numerically. For all the parameter
values we have checked, the solutions are numerically very close to a constant, except
when t is either close to 0, or close to T'. This suggests that it is a good idea to analyze
the behavior of these coefficients when the number of trading rounds becomes large.

In this continuous time limit, using Lemma I.1, one expects that all these coefficients
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become constant.

Therefore, we consider a constant solution of (M17) with all coefficients constant.

1—a
1+b°

the value of B from the continuous time version. We obtain the following equations:

For instance, from the recursive equation for B, we have B = which coincides with

l—a 1 a+b
B=— C=—— R=——— 262 = (a—b))(1 -

].+b’ 1+ ) a(l—i—b)’ p Uu (Cl )( a)’

PR, (i 2 > 1 — 2ap C (M18)
o= — - )a, a = — " - =

NZp N, Nﬁ,—:lR— 2ap Nﬁ,—:’lR— 2ap

Solving the equation for o, and multiplying by 2p, we obtain
20°R 1
2ap = (M19)

1-02(1—2) N

Note that the first 4 equations in (M19) coincide with the corresponding ones in the
continuous time case. However, the last 2 equations, for v and p differ from the con-
tinuous time value by the term 2ap. From (M19), and using the fact that all the other

terms are of order one, we see that the term 2ap is of the order of %:
L
20p = On,(57)- (M20)

We now describe a numerical procedure which computes with high accuracy a solu-
tion (a,b) of the system above. Denote by a® and #° the corresponding equilibrium

values from Theorem 1, in which the choice of weights does not affect the covari-

ance structure. Then, starting with (a%,0°), we compute R = %, and then
20000 = — 2R 31 yging (M19). Using (M18), we recompute the values of

1—(b0)2(1—NiL) NE
(a,b), and denote them (a',b'). Iterate the procedure until it converges. Then, de-
fine (a,b) = lim,_,o(a”,b"). Then, (a,b) satisfy the system of equations in (M18).
Figure M.1 plots the solution for the case when there are only FTs, and their number is
N e {1,...,10}. (The introduction of STs makes the approximation even better, since
Np, = Nr + Ng increases.) From the figure, we see that the approximation is good even
for low N.
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Figure M.1: Comparison of Equilibrium Weights. The figure compares the equi-
librium modified weights a and b, which are a solution of the system of equations (M18), with
the modified weights a® and b° from the baseline model, in which the choice of weights does
not affect the covariance structure (see Theorem 1). In each model, there are N =1,2,...,10
identical speculators.

a’vs. a b’ vs. b

0.9 A 0.9

0.2 B 02k

0.1r b 0.1r

M.4 Proofs of Results

We first prove a lemma that helps compute the expected profit of a ¢-speculator. Define
the following numbers (t =1,...,7, 4,5 =1,...,t):

Ai,j,t = COVt(AU)i,AU)j) = Cov(Atwi,Atwj). (M21)

This is called the fresh covariance matrix. For a given ¢, it is a ¢ x t-matrix. We write
it in block format, with blocks above and below ¢ — ¢:

A _ A?Lt Ath (M22)
Alyy Ay
Thus, note that A, , is (£ —£) x (t — ¢) and Af,, is £ x (t — {).
Lemma M.1. Consider a ¢-speculator, and let k=t — ¢+ 1,...,t. Then,
Atwk Z ci Ay, (M23)
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where the constants Ci,j,t € I; form a { x (t — £)-matriz ¢! which satisfies
( ¢ ¢\
G = A12,t (All,t) ) (M24)

and A is the fresh covariance matriz.

Proof of Lemma M.1. Since jf =7, UAw U---UAw;_,, we write

t—2
Ef(Awwg) = D chjAwj+h, with b, €T, (M25)

J=1

Since E;(Ayw;) = 0, if we take Eq(-) on both sides, by the law of iterated expectations
we obtain 0 = h.

We now write:
t—0

Ay, = Z cf;yi,tAtwi + ek, (M26)

i=1
with e, orthogonal to J. Taking covariance with Ayw; (j = 1,...,t — ¢) on both sides

of the equation above, we get

t—4
Ak,j,t = chl;,i,tA@j,t' (M27>

i=1

In block format this equation becomes ¢f = Af,, (A{Lt)_l, which completes the proof.
O

Proof of Theorem M.1. We work backwards, starting from ¢t = T..

Speculators’ Trading Strategies

Consider the f-speculator’s decision in the last trading round, at ¢ = T'. He takes as

given the dealer’s linear pricing rule:
Apr = ArAyr, (M28)
and the other speculators’ trading strategies:

Afﬁf = VftAtUh +oeee ’Vf_k,tAtwt—m k=1,....,T -1 (M29)
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where Arw; = Aw; — z;r, and zjr = Ep(Aw,;). Thus, if he submits Az at T, he

assumes the aggregate order flow at T' to be of the form:

T
Ayr = Ax+ Aur + Z g;TAij, with

) ! (M30)
gﬁT = ZNI;E")/JI?’T, and Nk_g = Nk — ]_k:g.

Then, he computes the expected profit as follows:

k=1

T
T = ng <<wT — Pr—1 — )\T (Al‘ + AUT + ZgéTAka))Ax) . (M?)l)
Since pr—1 = Ep(wr), zir = Er(Awy), and wy = 25:1 Awy, (recall wg = 0), we have

T
wr — Pr—1 = Z Aka. (M32)

k=1

From Lemma M.1 above,

Eg“(wT_pT—l) = ZAka+ Z ch]TAij

k=T— 1z+1g 1 (M33)
- o (1e 3 du)
j=T—0+1
We compute also
T T
= <Z gﬁ,TAka> = ngTAka‘+ Z gliTZCk]TATwJ
k=1 k=T—t+1 (M34)
= ZAka (9kT+ Z g]TC]kT> :
J=T—¢+1
Putting together the formulas above, we get
T T—t
EZT (wT_prl — Ar Zgi,TAka> = Cﬁ,TAkaa
k=1 k=1 (M35)
Cor = 1= Drger + Z pr(1 = Argir)-
J=T—0+1
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From (M31) and (M35), we compute

T—4
T = (Z Cﬁ’TATU)k — )\TASC> Ax. (M36)
k=1

The first order condition implies

T—¢
1
Azh = e > ChrArwy, (M37)
k=1

from which we obtain the equation (k=1,...,T — {):

T
¢ Cﬁ,T 1 - /\Tgi,T + Z]‘:T—Z-i-l Cf,k,T(l - ATQ?,T)
Yer = = )
27 27
T (M38)
with gl = Y N7
k=0
The second order condition for a maximum is simply

We now compute the value function at T of the f-speculator. This is the maximum

expected profit, which corresponds to Az = Az’

T—t 2 Tt
1
Vrﬁ = K E C]?TATU}k = E Oéﬁjj_l ATwi Aija
T\ k=1 ij=1 (M40)

1
. ¢ T
Wlth Oéi,j,T*l — mcl’TCJ:T
Now, we indicate how to find the equations that arise from the f-speculator’s opti-
mization at ¢ < T. We guess a quadratic value function at ¢t + 1 of the form
tH1-¢
‘/tg-l e 0407t+ Z Ozf’j’t At+1wi At+1wj. (M41)
ij=1
The f-speculator assumes that Ay; is of the form

t t—7
Ay = Az+Aug+ Y g5 Ay, with gf, = Y Nk, (M42)
k=0

j=1
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Using the same method as above, we get the following formula:

E; <(Atwi — piiAyt) (Ajw; — pj,tAyt)> = piapi D8 + Lijo Az + Qijy,  (M43)

where as functions of the fresh signals Aywy, (kK =1,...,t —¥), L;;; is linear and Q; .

is quadratic. Then, the value function at ¢ satisfies the Bellman equation:
‘/té = HiaxX Ef((wt — Pt—1 — )\tAyt)A$ + V;fkl)

t—¢ t+1-4
14 14
= HA%X <Z ijtAtwk — )\tAa:> Ax + Qo ¢ + Z O‘i,j,t (piytpj,tAxQ + Lm"tAl' + Qi,j,t) .

k=1 ij=1
(M44)
The first order condition for Az implies
T4 t+1—¢
Agl — k=1 Cﬁ,TAka + Zi,j:l O‘f,j,tLi,j,t M5
Ty = 2(\ t+1-0 ¢ ’ ( )
( t Zi,j:l O‘z‘,j,tﬂi,tpj,t)
and the second order condition for a maximum is
t+1—¢
)\t — Z af7j7tpi,tpj,t > 0. (M46)
ij=1

Now we identify the coefficients of Ax! to obtain the equations for the optimal weights

’y,?t. By substituting Az = Az{ in the Bellman equation, we get a quadratic formula in

the fresh signals, from which we obtain equations for o ;- Furthermore, using similar
formulas, one computes the recursive formula for the fresh covariance matrix A. We

give more explicit formulas in Section M.2.

Dealer’s Pricing Rules

The dealer assumes that the aggregate order flow is of the form:

t t—j
Ay, = Aug+ Y 3Dy, with 3 = > Neyjye (M47)
j=1 k=0
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Because each speculator only trades on the unpredictable part of his signal, Ay, are

orthogonal to each other. Thus, the dealer computes

t—1
Zk,t = E(Awk | Ayla <. 7Ayt71) = Zpk,jija k= 07 cee, MM,
i=k

(M48)
Ap; = MNAys,
where the coefficients p;, and ), are given by:
Cov(Awg, Ay)
Pkt = )
N = Covy(vi,Ay)  Cov (wt — D1, Ayt)
! Var, (Ay;) Var(Ay;)
Since the order flow is orthogonal, we can write
p COV(Atwk, Ayt) Z‘?:l Akzjztﬁ/.%t
kt — = — _
Var(Ay:) Z;jzl A ViV (M50)
. i Cov(Awwi, Aye) g iy AkjiTi
t = = —.
k=1 Var(Ay,) Zz,j:1 A it Vet Vit

These equations complete the system of equations that must be satisfied in equilibrium.
Note that here A\, = 22:1 prt- This is not true if instead of taking m = T we take
m<T. O]

Before proving Theorem M.2, we prove a Lemma that computes the speculators’

expected profit.

Lemma M.2. In the context of Theorem M.2, the F'T computes

E(wt —pi—1 | Ly, Awy, Z\{Z)t—l) = Aw; + Otmt—l; (M51)
the coefficient C; is given by B
C, = =* M52

where By, D;, A; satisfy the following recursive formulas:

Byt = 1= NpXwi — Nepeyl — po(Nepy + Nsvf) By + Ape Dy,
Diy1 = (Npviq)? + (Nepiioq + Novpg)? Ay + 62, (M53)
Av1 = 1=2Nppyy; + p; Dy,
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and v*, u*, v* are the equilibrium values of the corresponding coefficients.

The ST computes
E(wt — Pt—1 ’ Ita K’l;t_1> = Otz\lzt_l, (M54)

with C; as above.

Proof. Since all the variables involved are jointly multivariate normal, the conditional

expectation in (M51) is of the form
E<wt — Pt—1 ‘ It, Awt, Kl;t_l) = cl,tAwt + Cg7t21;t_1 + Co,t, with Cit S It. (M55)

Because wy; — p;_1, Awy and Aw;_; are orthogonal to Z;, we have

Cov(wt — Pt—1, Awt) S COV(’LUt — DPt—1, K@;t—l)
Var(Awt) b Var(ﬁ\@t,l)

. (M56)

Cot = 0, Gy =

Since p;_1 € Z;, we have ¢;; = 1. Denote by

Bt = Cov(wt—pt,l,/A\@t,l), Dt = Vgr(Ayt), At = \//\a/r(/A\;Ut,l). (M57)

We now give a recursive formula for

B,
C, = = ==, M58
t Co,t A, ( )
The aggregate order flow has the form:
Ay, = NpviAw, + (Npp 4+ Nevf)Aw_y + Au,. (M59)

SIS

[ep
ag

):

Therefore, we compute (52 =

2

A = ﬁr(Awt - ptAyt) = 1—2Nppy + p; Dy
Dy = (NF”Y:H)Z + (Nppiyq + NS’/:H)ZAtH + 63,

_ (M60)
By = COV(wt — Pi—1 — MNAY, Awy — ptAyt)
=1- )OtNF/yt* — pt(NF,u: + NSV:>B1€ — )\tNF’}/t* + )\tPtDt-
These proves the desired formulas.
For the ST, we have the same computation as for the FT. O
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Proof of Theorem M.2. We start by computing the speculators’ optimal strategies,
taking the dealer’s pricing rules as given. Then, we derive the dealer’s pricing rules tak-
ing the speculator’s optimal strategies as given. Finally, we put together the equilibrium

conditions to determine the system of equations satisfied by the equilibrium coefficients.

Speculators’ Optimal Strategies

We now proceed with computing the FT’s value function. Denote by
EF(X) = E(X|T,, Awy, Aw,_y), (M61)

the expectation from the point of view of the F'T at t. Then, the FT’s value function

at t satisfies the Bellman equation:

VE = %X(Ef(w—pt)m) + Vtil). (M62)

As in the general case, we conjecture a value function for the F'T that is quadratic in

the current signals:
V;F = C(?_l + 01 (@t,1)2 + 20&;_1 (Athfl) (Awt) -+ Oég_l (Awt)2. (M63)

Then, the Bellman equation becomes

Az

VtF = max Ef <(wt — D1 — )\tAyt)Aa:

+ad + at(Awt — ptAyt)2 + 204(Awt — ptAyt) (Awtﬂ) + ag’(Ath)Q) ,

(M64)
where Ay, is assumed by the F'T to be of the form
Ay; = Az + (Np — D)y;Aw; + (Np — Dpd + Novi) Aw, g + Ay (M65)

From equation (M51), we compute Ef (wt — pt,l) = Aw; + C’t/A\z;t,l, with C; satisfying

certain equations described in Lemma M.2 above. Therefore,

‘/tF — HX%X Ef ((Awt + CtMt—l - )\tAyt) Al"i‘

(M66)
af + at(Awt — ptAyt)Q + a;’aiAt),
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The terms can be rearranged to write
V= niax(Wl — MAz) + ap(Wa — pAz) + Z, (M67)

where
W1 = WHAwt -+ leﬂt,h with
Wll = 1—<NF—1))\1§")/:, W12 = Ot—)\t((NF—l)M:“—NSV:),
Wy = WaAw; + WasAw,_1, with (M68)
Wo = 1= (Np—1)pyy, War = —pi((Np — 1)y + Nsvj),
7 = o) + ool At + a0l At.
The first order condition with respect to Az is

Wy =20 Az — 2ap(Wo — pAz) = 0. (M69)

If we denote by
S\t = )\t - Oétp?, (M70)

the first order condition implies

Wi — 2040 W5 Wit — 200pWay Wai1 — 20.psWag —

Azr = = - Aw + Aw;y.  (MT1)
2)\15 2)\1? 2>\t
The second order condition for a maximum is
A > 0. (M72)

By identifying the coefficients of V,'', we obtain

= Z,
2
Wig —2 W-
Q= ( 12 4(;\41&,015 22) +OétW222,
t
Wiy — 200p,War ) (Wis — 2000, W. (M73)
o, = ( 11 tPt 214):\( 12 tPt 22)+atW11W21,
t
2
Wi —2 W-
o | = ( 11 (iét/)t 21) _i_OCthQl.
4N
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Note that only «a; is involved in a recursive equation, while all the other coefficients can
be computed using «; (and the equilibrium coefficients). We write the equation for a4

more explicitly:

2
(Ct — ()\t — 2Oétp2) ((NF — 1),u* + NSI/*)>
ey = A (Ve — Vi + Newy).

A,
(M74)

From (M71), we obtain the equations for the coefficients +; and p, for the FT:

1 —20p; — (/\t - QCYtPf) (Np— 1)y
Ve = Y ’
2\
Cy — (>\t - 2atﬂ?) ((NF — Dpy + NS’/:)
= 23 ‘
t

(M75)

We now proceed in a similar way to compute the ST’s value function. Denote by
E¥(X) = E(X|Z;, Aw,_1), the expectation from the point of view of the ST at ¢. Then,

the ST’s value function at ¢ satisfies the Bellman equation:

VS = max(Ef (v — p)Az) + V). (M76)

We conjecture a value function for the ST that is quadratic in the current signal:
N2
Vi = Bl + B (Awy)” (M77)
With a similar computation as for the F'T, §; satisfies the recursive equation

(Ot — (A —26,07) (Nppi + (Ns — 1)1/2‘))2

Bi1 = "y 510 (Nppi+(Ns—1)v7)°, (M78)
t

where N, = \; — Bip?. We also obtain

- Cy — ()\t - 251&/0?) (NF,U: + (Ns — 1)”:)
- o . (M79)

Note that if pu; = vy, oy and B, satisfy the same equation. Thus, we can take

He = ap = [ (M80)

Thus, we look for a symmetric equilibrium in which v = 7/, 1, = v, = py = v, and
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a; = [;. We get the following equations

. 1 —2ap4
T (Ne + DN\ — 2Npags?
C,
[y = L (M81)

(NL + 1))\t — 2]\[LO{,§p?7

ay = (At +(NE — QNL)O%/)?)

Dealer’s Pricing Rules

The dealer takes the speculator’s strategies as given, which means that she assumes the

aggreate order flow to be of the form
Ayt = NF%Awt + NLUt@t—l + dUt. (M82)

Therefore, she sets A\; and p; according to the usual formulas:

Covy(vr, Ayy) EB-\//(wt — Pt-1, Ayt) Npye + N Cy

)\t = - — =
Var; (A D
+(Ayy) - Var(Ay,) t (M83)
o = Covi(Avy, Ay,) Cov(Awt,Ayt) _ Npy
¢ Vart(Ayt) ﬁr(Ayt) Dt .

We now rewrite the equations from Lemma M.2 above, using the equation we derived

above: p;D; = Npyy:

Biy1 = 1= Nppey — Nopep By,
A1 = 1— Nppiys,

Diy1 = (Npys1)® + (Nppes1)*(1 = Nepew) + 6,

B, B,
Ct - = = .
Ay 1= Nppi—17i-1

(M84)

Equilibrium Conditions

Following the continuous time version of the model, we define the following variables:

A
a; = Nppi e, by = Nppiie, R, = p—t (M85)
t
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From pD; = Np7y;, we obtain Nepyy, = pi Dy = (Nppiyi)® +(Nopepn)* (1= Nppr1yi-1) +

p*52. With the new notation, this equation becomes
a; = a? + b?(l — at_l) + pg&i

Also, we compute

A b,B b, B b:B
_t_at+tt_at+tt:1+tt

R, = = = .
' Pt p*D, Qy az

We put together the equations that determine the equilibrium:

ar = Nepin, be = Nrpipu, Ry, = %,

a; = NFi;fatgt : b = w3 G ;
S Ry — 204, By = 204

Cy = 1_L;t_1, a; = a? + 0} (1 —a,_y) + po2,

R, = 1+btcft, Biynw = 1—a— 0B, = 1— Ry,

This proves (M17).
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