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1 Introduction

How to make a rational life-time investment decision in a world we do not understand? It is
well-documented in the optimal life-cycle investment literature that labor income and inflation
play crucial roles on optimal asset allocation of individual investors. Several examples, e.g.
Bodie et al. (1992) incorporate nontradeable labor income into the standard Merton (1969)
model and find that an extra demand for risky assets is required when investors are employed.
Brennan and Xia (2002) study the impact of stochastic inflation on optimal asset allocation
and observe a hypothetical indexed bond component in addition to the mean-variance tangency
portfolio. In light of these studies, it is not surprising that investors have strong intention to
protect themselves against income and inflation shocks. However, as these studies are cast in
the setting where the underlying model parameters are based on point estimation, their optimal
portfolio choice can be suboptimal if the parameters are wrong.

The research question of this chapter is as follows. First, where should a life cycle investor
put her money when having fragile beliefs of her income process and future inflation dynamics.
Second, if a robust policy is presented to protect the investor from ambiguities, then how much
should her reallocate the wealth? I extend the classic life-cycle problem by allowing for model
misspecification. I provide a robust optimal asset allocation strategy as well as a robust optimal
life-time consumption plan that can protect investors from misspecification of the income and
inflation models. A robust investor considers alternative models that perturb the reference
model. Following Anderson et al. (2003) and Maenhout (2004), an investor who is ambiguity
averse looks for a robust optimal investment strategy that maximizes her working period utility
function under some unexpected worse case scenarios.

Although the rate of price inflation is less volatile than equity returns, Stock and Watson
(2007) argue that US inflation has become harder to forecast.! Ang et al. (2007) claim that sur-
vey forecasts beat model based inflation prediction performances. As shown in Figure 1, there
is a huge diversity on beliefs of the future expected inflation rate among economic agents.? For
long-term individual investors (young cohorts), inflation dynamics play an important role on
optimal bond portfolios (see Brennan and Xia (2002), Munk et al. (2004)). However, inflation
risk cannot be fully hedged for the long run, because the real-bond market is incomplete. Conse-

quently, a misspecified inflation model can jeopardize the optimal investment and consumption.

Labor income drives the optimal long-term investment decision of an individual investor

dramatically (Cocco et al. (2005)). Guvenen (2007) argues that the income growth rate should

1Stock and Watson (1999) claims that Phillips curve-based forecasts outperform other models’ performance.
However, Stock and Watson (2007) states that “after 1984 it has been harder to be an inflation forecaster,
in the sense that it is more difficult to improve upon simple univariate models, at least using activity-based
backward-looking Phillips curves.”

2Inspired by Giordani and Séderlind (2003), T use Survey of Professional Forecaster as a proxy of infla-
tion model uncertainty. The survey was taken in 2012, and 30 economists filled in the questionnaire. See
www.philadelphiafed.org/.


http://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/
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Figure 1: Inflation Survey Data Histogram. The figure presents the probability distribution of
an average inflation forecast survey taken in 2012.

be individual specific. Haider (2001) and Guvenen and Kuruscu (2010) claim empirically that
income-growth dispersion has been broadening since the 1970s. Heterogeneity, however, brings
a huge uncertainty to the estimation of the expected income growth rate (Wang (2009)). As
demonstrated in Figure 2, ignoring the heterogeneity of income growth results in a huge bias
in estimated persistence.

The financial reference model is closely related to Koijen et al. (2010) ’s framework. I follow
Hamilton and Wu (2012)’s approach for estimating the two-factor affine term structure model
and use generalized method of moments GMM method to estimated the stock return process
as well as the inflation dynamics. Both methods belongs to the class of minimum distance
estimation. The reference financial model is based on monthly US return data from 1961 to
2013.

I follow the Hansen and Sargent framework to measure the aversion to uncertainty. The
perturbation between the unobservable true model and the reference model is captured by a
relative entropy parameter, which penalizes the failure of specification. The ambiguity aversion

is limited at the first moment of return processes. In other words, the robust investor only
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Figure 2: Dispersion of income growth. See Guvenen (2009), Figure 1.

worries about a misspecified expected inflation rate and / or a wrong expected income growth
rate. Mother nature has a limited freedom to distort the two expected returns. The two drift
distortions jointly, satisfying a chi-squared statistical constraint, reflect the investor’s confidence
towards the underlying model and can also indirectly help to derive the feasible values of relative
entropy parameter.

I solve a max-min robust dynamic programming problem analytically and derive the robust
optimal investment and consumption decisions in a closed form. To analyze the impact the
macroeconomic uncertainty on optimal life-time investment decision, I proceed the investiga-
tion in two steps. First, I solve the robust life-cycle problem in absence of labor income, which
means the robust investor confronts with inflation rate uncertainty only. The optimal portfolio
is independent of instantaneous wealth while has a strong horizon effect. I find that the pref-
erence for robustness induces a larger demand for long-term bonds while interchanges a more
conservative position on stocks. Further, nature’s optimal decision on inflation rate distortion

reflect a robust investor’s fear for an underestimated inflation rate.



Second, I add labor income to the life-cycle problem and human capital is involved when
considering optimal investment strategy. The labor income process is based on Viceira (2001)’s
framework but in a continuous time setting. In addition, I allow for hedging opportunity for
income risks by assuming that income shocks are partially correlated with the financial market.
The remaining part of income risks are assumed idiosyncratic. I find that, first, the optimal
hedging strategy is highly dependent on the human capital over wealth ratio. The ratio enlarge
the horizon effects. Therefore, a larger risk exposure is expected for a young investor, because
the human capital for a long-term investor is much larger than her financial wealth. Second I
also find that in the presence of human capital, the risk shifting between difference asset classes
induced by preference for robustness depends on state variables and the investor’s risk aversion.
A risk aversion investor is more in favour of long-term bond. Mother nature’s distortions lead
to a lower level of expected income growth rate while a higher inflation rate.

The contribution of this paper is twofold. First of all, I integrate and extend the literature
on both life-cycle asset allocation problem and robust hedging problem. Most robust optimal
portfolio studies as I mentioned above, that are based on Hansen and Sargent (2007) and
Anderson et al. (1999) framework only consider one source of misspecification, namely the
stock return ambiguity. None of these studies consider monetary policy uncertainty and/or
income process misspecification. Why does the specification of the macroeconomic models
matters? A robust investor can avoid stock return misspecification by reducing her equity
exposure or simply stop participating the stock market for extreme case, but it is impossible
for her to avoid inflation rate estimation error or unexpected income shocks. Further, I consider
two sources of ambiguities jointly, which is also fresh among the existing literatures.

The second contribution of this paper is to construct a natural constraint for the relative
entropy parameter. Under the assumption that the estimation errors are asymptotically normal,
together with the standard probability theory that a standardized normal distribution square
becomes a Chi-squared distribution, one can derive a statistical constraint of the drift distortions
at the second moment. The methodology resembles Bayesian paradigm, but in an opposite
manner. For I do not consider the reference model obtained from the historical data and the
true model. The existing literatures on robust hedging treats the relative entropy as a subjective
parameter and the valuation is simple a role of thumb. However, some chosen level of entropies
can be statistically impossible.

This paper is related to the optimal asset allocation problem for long-term investors. It is
demonstrated in Merton (1971) that the time independent myopic demand is not sufficient to
hedging the investment opportunity for a long-term investor when interest rate is stochastic.
A large number of studies such as Brennan and Xia (2002), Sgrensen (1999), Wachter (2003)
and Wachter (2010) have argued that when investment opportunity is time-varying, the long-
horizon investors intend to increase her risk exposure to the long-term bonds. Further, these
studies also find a strong horizon effects. The longer the hedging horizon is, the bigger the

long-term bonds are required. However, none of these studies take labor income into account,



and none of these studies consider the problem of parameter uncertainty neither.

Pioneer work by Bodie et al. (1992) emphasis the importance of human capital on optimal
asset allocation over life time and they argue that young should go short. More recent stud-
ies such as Viceira (2001) and Cocco et al. (2005) Koijen et al. (2010), Benzoni et al. (2007)
and Munk and Sgrensen (2010) consider the impact of stochastic income process on the opti-
mal investment decision. However, none of these studies take income model uncertainty into
consideration.

This paper is also related the studies of robust dynamic optimal portfolio choice. Maenhout
(2004) extend Merton (1969)’s model by allowing for stock return misspecification, and he
finds that ambiguity aversion reduce the investor’s demand for risky asset. Maenhout (2006)
considers again the expected equity return uncertainty on the basis of a mean-reversion market
price of risk. Branger et al. (2013) extend Maenhout (2006)’s study in an incomplete equity
market by introducing a non-tradable risk factor and they also allow for learning. They find that
both ambiguity aversion and learning matter for a robust investor. Learning is not considered
in this paper, as I assume that the data generation process do stay the same forever.

The rest of the paper proceeds as follows. In Section 2 I introduce the reference financial
and macroeconomic models first. Then I show the drift distortions as well as their influence on
the underlying model. The robust optimization problem is also introduced in this section. In
Section 4, I derive the closed form solution for investors under different preferences. Section 5
estimates the reference model using US data. In Section 6, I develop a new method to quantify
the ambiguity aversion parameter. Section 7 presents the numerical solution for the robust

life-time investor and Section 9 concludes.

2 The Model

2.1 Financial Market

The financial model is closely related to Sangvinatsos and Wachter (2005) and Koijen et al.
(2010). I assume that a life-cycle investor can invest in a stock (index), a long-term nominal
bond and a nominal money market account. The instantaneous nominal risk free rate, r; is

assumed to be affine in two state variables X;; and Xy;.

ry = 50 + 5TXt, 50 > 0. (1)

-
where d is scalar and § € R?. The latent factors X; = ( X1 Xy ) , governing yields are
characertized by an Ornstein-Uhlenbeck process with mean-revering drift around zero under

the physical measure,

dX = —kXdt + oydZ, (2)



where x € R?*2. Following Dai and Singleton (2000), I assume ox equal to an identity matrix

with ox = [ Ioyo Ooxo ] . Let dZ € R* represent a vector of independent risk drivers

following Brownian motions. The nominal pricing kernel is given by

@ _ —r dt — N dZ (3)

¢

where market price of risk A; is affine in X;
Ay = X+ M X, (4)

with A\g € R* and \; € R**2. Denote P(t,T) as the nominal price at time ¢ of a zero-coupon
bond maturing at time 7' = ¢t + 7 with a nominal payoff of 1. Following Duffie and Kan (1996),

I conjecture that bond price is exponential affine in the state variables,
P(t,T) = exp(B(7)" X; + A(7)), (5)

where B(7) € R? and A(7) is a scalar. Therefore, the corresponding yield is

Y, = @(7') + b(T)TXt, with a(T) = —A<T>7 b(T) - _

T T

The expression of B(7) and A(7) can be solved in a closed form and is shown in Appendix 10.1.

Applying [t6’s lemma, bond price dynamics follow

P
d? = (re + B(T)TU)T(At) dt + B(1) o0xdZ (7)

The commodity price level I1; follows a diffusion process

dIl
f’f =mdt +oydZ,  with  og e R (8)
t

where the expected inlation, m; is assumed to be affine in state variables as well
=&+ € X, with ¢ € R% (9)

I assume the dynamics of stock price is given by

ds,
?: = (re+ns)dt + oadZ (10)

where og € R*. The following constraint for expected excess stock return holds

ns = o (11)



2.2 Investor’s Labor Income

The nominal labor income model I propose is in line with Viceira (2001), while in addition, I
assume income shocks are partially correlated with the financial market introduced in Section

2.1. An investor’s income dynamics at time ¢ is given by

0_2
dy = (g + gy) Ydt+0,Yp,dZ + 0,Y /1~ ||p,|[2dZy (12)

where Y is the instantaneous nominal income, p, € R* and dZy represents idiosyncratic risk.

3 Basic Optimal Portfolio Model

Turning now to the standard life cycle problem in the absence of model misspecification. Con-
sider an investor who has constant relative risk aversion utility function (CRRA). Her prefer-

ences before retirement can be represented as follows:

/OT %_ft) (%)1—7 it + goexlpf—fT) (Il/_[[/;)l—v] "

where 3 > 0 is the subjective risk free rate. The post-retirement consumption and investment

maxlIEg
Ct,xt

decision is not included in agent’s planing horizon. Instead, I introduce a bequest function
scaled by ¢ to capture the retirement consumption. In particular, I assume that the value of
bequest function is equivalent to the utility value of annuitization at retirement, as such, the
value of ¢ can be calibrated.?

The asset menu includes one stock, one nominal long-term bond with maturity 7 and a

short term nominal government bond. The nominal wealth follows the diffusion process
AW = (2} (e —vre) + 1) Wdt — Cdt + Ydt + Wa) o' dZ (14)

where x; denotes the fraction of nominal wealth invested in difference assets,

b = ( B(t) oA ) <o (15)

-
o, A

o <B<T>:a;> (16)

T

3 Along the line with Koijen et al. (2010)’s idea, the scaling factor ¢ is defined as

85
p= A%_l/ exp (—St) dt
T

where Ap represents the annuity payment at retirement, and I assume a survival probability of 1 up to age of
85.



with p, € R? and o0 € R
Denote the value function at time ¢ by by J (W, Y, II, X, t), I omit the time subscripts for no-
tation convenience. The Hamilton-Jacobi-Bellman HJB equation of the dynamic optimization

problem (13) is given by

c\'?
(_) — BT+ D (Crxy) J (W,Y,IL X, 1) (17)

Ct,xt 11

0=
max [1_7

The full expression of HJB equation is explained in Appendix 10.3.4.

3.1 Monetary Policy Uncertainty and Income Uncertainty

Suppose the expected inflation rate m; and the expected income growth rate g are misspec-
ified. A robust life cycle investor, who suspects the accuracy of her macroeconomic models,
takes (8) and (12) as an approximation and considers alternative models. Adopting Anderson
et al. (2003) framework, a perturbed model can be expressed with an added drift term on the
Brownian motions e"dZ and dZy of the reference model, with e = (0,0,1,0)"*. Therefore an

alternative inflation diffusion process is given by

dll
T~ mdt + oy (dZ + ey dt) (18)

and a perturbed income diffusion process is

o2
day = (g—l—?y) Ydt + Upr; (dZ + eyidt) + o,Y /1 —||p||12(dZy + ~2.dt) (19)

Each alternative macroeconomic model characterized by a joint stochastic process (71, 72.) is
specified under a candidate measure which is equivalent to the reference measure P.

Mother nature is entitled to decide the sign and the size of the drift distortions. Consider
an investor with preferences (13), who can not observe the true model while is aware of the
misspecification. The most aversive mother nature’s decision to this investor, is when the refer-
ence model (9) underestimates the expected inflation while in contrast, (12) overestimates the
expected income return. Since both scenarios imply that investor’s realized optimal preference

is much lower than her expected level based on the reference model.

3.2 Robust Optimal Portfolio Model

The robust investor, who fears for some worst-case model, searches for a more resilient con-

sumption and investment strategy to protect herself against model fragility. Her preferences

4e is a weighting vector expressing which dimensions of the state are most fragile. As in this paper I focus

on the inflation model uncertainty, I put a full weight on the inflation risk dimension.



are assumed to be

min maxlEg
{71,t,72,¢} Ct,ze

1—x IT, 1—7x I

/OT exp (1) (g ) it 4 oD (=5T) (m)] (20)

The perturbation of inflation process (18) triggers the drift distortion of the nominal wealth

dynamics
AW = (2} (e —vry) + 1) Wdt — Cdt + Ydt + Wa o' (dZ + eydt) (21)

Following Anderson et al. (2003), the robust HJB equation is given by

1 /C\'"7"
0 = min max{ (—) —BJ+D(Cyzy) J (WY, I, X, t) + JyWa' o ey
{72} Crae - 1 —y \ 11

1
+ ¥ (oypfen + /L= llalF ) + Jillofens + o0 (7 +93)} - (22)

In addition to the reference-model based HJB equation (17), there are four additional terms.
The first three additional terms reflect the adjustment of Bellman equation created from the
additional drift components. The last term of (22) can be considered as a penalty function,
to penalize those alternative models locating too far away from the reference model. Hence,
mother nature’s decision is constrained.

The penalty term is scaled by a non-negative function ¥ = W (W, Y, II, X, ¢) which captures
investor’s preference for robustness. If ¥ — oo, the penalty term vanishes. As a result,
mother nature has tremendous freedom to choose drift distortion and the investor has almost
no confidence over the underlying model. In contrast, when ¥ — 0, the penalty function
becomes infinitely large. Hence, it is too costly for mother nature to make any alternative
decision deviating from the reference model. In this case, the investor is extremely optimistic
toward the reference model.

In order to obtain an explicit solution, homotheticity of the HJB equation is usually required
under CRRA preferences. Inspired by Maenhout (2004), I assume the penalty term W is scaled
function of the indirect utility J (W, Y,II, X, t), which takes the form:

6

(W Y.IL X f) =
WY ILX ) = T Ty X0

(23)
where 6 represents investor’s ambiguity aversion level which is non-negative and is assume

constant over time. The bigger the value of 8 is, the more pessimistic the investor is towards

the underlying model.
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4 Optimal Portfolio Choice

4.1 Model 1: No Labor Income, No Model Misspecification

I first consider a benchmark problem without labor income (Y; = 0). This is a special case
of the model of Sangvinatsos and Wachter (2005) and can be solved explicitly in two different
ways. In this paper, I obtain the optimal investment and consumption by means of solving
the Bellman’s equation. An alternative method is to use martingale technique of Cox and
Huang (1989). Studies, such as Brennan and Xia (2002), Wachter (2002) and Sangvinatsos
and Wachter (2005) use this method to solve their dynamic portfolio choice problem. However,
the martingale technique is not applicable when the market price of risk is not unique, hence

cannot be used to solve the robust optimization problem (20).

Proposition 4.1. The indirect utility function for an investor with preference represented by

(13) without labor income and without borrow constraint’ is given by

JME (WL X t) = Ly (X,t)" AN (24)
M ) ) 1 o /y M H
with
1/1
VM (X, t) = exp {; (§XTF¥ ") X+ () X + T (T)) } (25)

where 7 = T — t represents the remaining investment horizon before retirement and the de-
terministic functions TM' € R*?, TY € RY™2, and scalar T3 solve a system of ordinary

differential equations stated in Appendiz 10.5.1.

The optimal consumption is CM = b%, and the optimal portfolio is given by

(7o) o ow) + (070) " (0Tox) oy (20)

M1

where ZifT = (F{m (1) X + Tt (7‘))

1
v

The optimal portfolio of Model 1 consists of three components. The first components is
simply Merton’s solution that solves for the instantaneous mean-variance efficiency scaled by a
risk aversion function. The second component means to replicate the unexpected inflation so
as to adjust the nominal mean-variance portfolio to real terms. The first two terms together is
also known as “myopic demand”. Without labor income, the myopic demand is independent of
both instantaneous wealth and hedging horizon. The last term represents the hedging demand
for long-term nominal bond. It is demonstrated in Sangvinatsos and Wachter (2005) that, a

time-varying bond risk premium can generate hedging demand for long-term bond for those

°I allow for short positions and borrowing from the future income.
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long-run investors. The third component depends on investor’s remaining investment horizon

and the value of state variables.

4.2 Model 2: No Labor Income, Under Model Misspecification

Next, I investigate the optimal solution for a robust investor. Consider a special case of (20)
subject to (18) and (21), disregarding the income effect Y = 0. The absence of labor income
implicitly wipes away the effect of distortion drift term 5. Mother nature can only adjust the
expected inflation rate to minimize investor’s preferences. Model 2 is the robust version of
Model 1.

Proposition 4.2. Under the assumptions stated above, the optimal consumption is CM2 =

b]%, where function bM? takes the same structure as (25), while with the quadratic, linear and

constant coefficients of the exponential function replaced by T'Y2, TX? and T respectively.
The robust optimal portfolio for an investor with preference (20) is given by

M = (yolo+ 90TeeTa)71 {(u — )+ (y—1)o og+ 00 ee' o

colox [ x )]} )

where TM2 and TY? satisfying a system of ODE stated in Appendiz 10.3.2.

The worst case distortion is given by
M2 = (:I:MﬂaTe — Jge) (28)

Without the preference for robustness 6 = 0, ™2 is equivalent to ™!. The robust optimal

portfolio of Model 2 also contains three components. The first component
(yo'o+ 0o ee’ )_1 (o —er)

modifies Maenhout (2004)’s solution in two ways. First, instead of a constant investment
opportunity, the investor faces a time-varying nominal myopic demand. Second, rather than
fearing for a misspecified stock return, I assume the robust investor only worries about inflation
rate misspecification, while the stock and bond return processes are correctly specified.

The adjustment term fo "ee o, penalizes the misspecification of the inflation rate. A robust
investor increases her risk-aversion level by a unit of § limiting at the inflation risk dimension.
The penalty parameter 6 reduces the demand for nominal mean-variance hedging. The second

component
(vo'o+ 0o ee’ )_1 (v=1) o on+00" ee'on)
is an ambiguity-adjusted inflation replication portfolio. When the ambiguity parameter goes to

12



Taa

infinity # — oo, this term converges to (0 ee 0)71 olee’

or and the first component vanishes.
It indicates that when inflation rate is extremely unpredictable, the most robust investment
strategy to stay inflation risk neutral (in the absence of time-varying bond premia). As the
penalty function occurs on both numerator and denominator of the fraction, the joint effect on

inflation adjustment is unclear. The last part
(vo'o+ QaTeeTJ)fl ooy [F{m (1) X, + T2 (r)T

shows the adjustment of hedging demand on long-term bond. As the penalty parameter 6 also
plays a role in function I'}?? and T')’2, the quantitative influence on hedging demand of the
long-term interest rate risk is not clear at this stage.

It is also interesting to note that, the optimal nature’s decision y? depends on investor’s
investment decision. As the impact of ambiguity aversion on the portfolio choice is not obvious,

it is hard to detect mother nature’s intention.

4.3 Model 3: With Labor Income, No Model Misspecification

Classic optimal life-cycle investment studies, such as Merton (1969) and Samuelson (1969) show
that the optimal asset allocation is independent of age. However, pioneer work by Bodie et al.
(1992) show that young should go short and investor’s life-time risk exposure is a diminishing
function of age if the non-tradeable human capital is taken into account.

In Model 3, I assume investor has preferences (13) subject to both financial wealth con-
straint (14) and human capital constraint (12). This problem is comparable to Munk and
Serensen (2010)’s work but with two small variations. First, the inflation risk is not considered
in their model and the investor’s asset menu is assumed in real terms. Second, they employ
one-factor Vasicek (1977) model instead of a multi-factor affine model.

Human capital measures the cumulative discounted remaining labor income stream under
risk neutral measure. Assume that the income stream is locally risk free, o, = 0, ® market

value of the income stream at time ¢ over the working period [¢,T] is defined as

T u
H, = H(Y;, X;,t) = ]E? {/ Y, exp (—/ rsds) du} (29)
t t

The explicit expression of H; is shown in the following proposition. The proof is given in
Appendix 10.3.3.

Proposition 4.3. Under the assumption that the idiosyncratic risk is vanished, the nominal

6This assumption is crucial and is also used in Munk and Sgrensen (2010). If o, is not spanned, then the
market is incomplete, due to the non-traded risk driver dZy-. As the result, the risk neutral measure is no longer
unique and human capital cannot be priced.

13



human capital is given by
T
H@gxa:nM@aw:n/1mmMﬁu—w+Mﬂu—@&ym (30)
t

The expression of M (X, t) is derived in Appendix 10.3.3. Proposition 4.3 indicates that
human capital is a linear function of instantaneous income Y;. The value of human capital
depends also on age. The younger the investor is, the longer her future expected labor income

stream will be.

Proposition 4.4. The indirect utility function for an ambiguity-neutral investor with preference
(13) subject to (12) and (14) is given by

ﬂ“@uxnxwy——LmM%xw”CV+H>l7 (31)
1—~ IT

where the human capital H follows Proposition 10.3.3, under a special case when state variables
take values of their unconditional means.” Function b3 (X, t) takes the same form as (25),
but with the coefficients of the polynomial function replaced by T'Y3 (1), TY3 (1), and T3 (7).
See Appendix 10.5.4 for full expression.

For an ambiguity neutral investor, the optimal portfolio weight is

T i) - (0Ta) o e,

y—1W+ H
+—
0 %%

bM3

—1 —1
(c7o) (c7om)+ (c7o) (cTox) bxm (32)
where Z%% = % (T3 (1) X + T3 (7). The remaining part of wealth , 1 — a1 is invested in

nominal short-term bond. The optimal nominal consumption equals to

_W+H

M3
¢ pM3

The human-capital adjusted optimal portfolio (32) differs from the benchmark case (Model
1) in two aspects. First, the solution is no longer instantaneous wealth neutral, but instead,
each of the three hedging components discussed in Model 1 is scaled by a total wealth over
financial wealth ratio, where total wealth is the sum of financial wealth W and human capital
H. Tt is demonstrated in Bovenberg et al. (2007) that human capital plays a crucial role in
WJ/H is downward sloping as a function of age. For the

human capital dominates the total wealth and it is a decreasing function over age. As a result,

life-cycle financial planning. The ratio

the optimal portfolio M3 also decreases over age.

"This assumption implicitly assumes human capital function is insensitive to the state variables, but is only
a function of age.
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The second difference comes from the additional income hedging component

H -1
W (O'TO') o' pyo,.
As income risk dZy is assumed correlated to the financial shocks, this hedging portfolio, scaled
by human capital over wealth ratio, reflects the hedging demand against non-idiosyncratic

income risks.

4.4 Model 4: With Labor Income and Model Misspecification

Proposition 4.5. Under the assumption that the human capital H is ambiguity neutral and
1s state variable insensitive, the indirect utility function of a robust investor with preferences
represented by(20) subject to (19), (18) and (21) is given by

1 W+ H\"?
JM4(W,Y,H,X,t):EbM“(X,t)”( ;[L ) (33)

bM4 is an exponential affine function of X, taking the same form as (25) while with

where
coefficients replaced by TV (1), TY (1) and Ty (1) respectively. The robust optimal portfolio

s given by

W oW -
sMA ({/{/74_ HUTU + T HUTeeTg> { (u—ur) + ((7 -1 olon+ QJTeeTon)

b4
aTeepray> —l—’yaTaXW} (34)

JT,oyay +

H
W+ H W+ H
where By = 1 (T4 (1) X + T3 (7)). The optimal consumption takes th f Model
pr = 5 (I 5 . D ption takes the same form as Mode
3 while applying indirect utility function JM*. Mother nature’s optimal decision on the two drift

distortions are

w H
AME— g (W——i—HxMﬂUTe + W Hayp;e - aﬁe) (35)
H
Bt = =0 1—lpyl? (36)

W H
Appendiz 10.5.5 provides the proof.

The robust optimal portfolio contains four hedging components. The first two components

of zM* are equivalent to the robust myopic demand of Model 2 but scaled by the labor-
income adjusted scale % Therefore, instead of age independent portfolios, these two hedging

portfolios are aggregately decreasing with age. With age given, the presence of preference for
robustness reduced the hedging demand for nominal mean-variance portfolio, however, the

impact of inflation hedging portfolio is unclear but depends on the input parameters.
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The simplified third component is

—% (vo'o+ 00 ee o) - (vo ' pyo, + 00 ee’ p,o,)
It captures the hedging demand for tradeable income risk in the present of model misspecifica-
tion. As the entropy parameter ¢ brings a structure change on both sides of the income-hedge
portfolio fraction, the hedging demand for this term is not clear.

Mother nature’s decision on inflation rate drift distortion contains three mixed-sign com-
ponents and is also portfolio decision dependent. Hence it is difficult to foretell the sign of
M4 However, the sign of the other drift distortion term 574 is obvious. Mother nature would
always prefer a non-positive drift distortion on income expected return. In other words, the

robust investor is afraid of an overestimated expected income growth rate.

5 Model Calibration

5.1 Data

I use monthly US data from June 1961 to December 2013. The US government yield data are
taken from Giirkaynak et al. (2007)%, where data is only available on daily base. I collect the
last business day of the month to obtain monthly data. I use three yields with maturities of
1, 3 and 6 years to estimate the two-factor affine term structure model. Data on price index
and stock market are in line with Koijen et al. (2010) and Sangvinatsos and Wachter (2005).
Consumption price index data is obtained from the Bureau of Labor Statistics.” The stock
return data I use is from CRSP value-weighted NYSE/Ames/Nasdaq index. I use monthly
US data from June 1961 to December 2013. The US government yield data are taken from
Giirkaynak et al. (2007)', where data is available on daily base. I collect the last business day
of the month to obtain monthly data. I use three yields with maturities of 1, 3 and 6 years
to estimate the two-factor affine term structure model. Data on price index and stock market
are in line with Koijen et al. (2010) and Sangvinatsos and Wachter (2005). Consumption price
index data is obtained from the Bureau of Labor Statistics.!’ The stock return data I use is
from CRSP value-weighted NYSE/Ames/Nasdaq index.

8See http://www.federalreserve.gov/pubs/feds/2006 /200628 /200628abs.html

9See http://www.bls.gov/ for details.

108ee http://www.federalreserve.gov/pubs/feds/2006 /200628 /200628abs.html

HSee http://www.bls.gov/ for details.

12Gee http://www.crsp.com/products/research-products/crsp-us-stock-databases for further details.
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5.2 Estimation

The financial model introduced in Section 2.1 consists of four independent risk driver. I assume

that the volatility matrix stacking oy, o and og is lower triangular.

T
Ox

0 1 0 0
of | = (37)
T (71‘[1 01‘[2 01‘[‘5 0
Og

Market price of risk (4) can take the following form to satisfy no arbitrage assumption

)\01 )\11 )\12
>\02 )\21 >\22
A — n X 38
! 0 0 0 ! (38)
* * *

where the fourth row of A; satisfies the restriction that Jg/\o = ng and Ug)\l = (0. Under the
assumption that price of inflation rate risk is only driven by the two state variables, X; and

X5, the third row of Ay turns to zero.

5.3 Hybrid Estimation Method

Quasi maximum likelihood estimation (QMLE) is considered a standard method to calibrate
the affine term structure models, e.g. Duffee (2002) and Sangvinatsos and Wachter (2005).
However, practical experience has seen tremendous estimation difficulties. The numerical chal-
lenges come from two aspects. First, these latent factor models are characterized by nonlinear
and complex likelihood surface. Due to a large number of parameters to be estimated, the
nonlinear optimization problem can hardly converge. Second, it is hard to find a good starting
values to achieve convergence due to high degrees of freedom, argued by Ang and Piazzesi
(2003).

I propose a hybrid estimation method that combines in essence the method of Hamilton
and Wu (2012) and Generalized method of moments (GMM) method introduced by Hansen
and Singleton (1982). In particular, I use minimum chi-square estimation (MCSE) as an alter-
native to QMLE to estimate the affine term structure model. Estimation of stock and inflation
diffusion process relies on GMM method. More generally, both methods could be viewed as spe-
cially cases of minimum distance estimation (MDE), in which one minimizes a distance square
between restricted and unrestricted statistics. Estimation details are described in Appendix
10.2.

Table 1 reports the parameter estimation results followed by their estimation errors. The

results are displayed in annual terms. First, I summarize some properties of the short rate
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process and the inflation rate. The constant terms dg and &, are both comparable to Koijen
et al. (2010) and Sangvinatsos and Wachter (2005). The short rate is increasing with the two
latent factors and is more sensitive to X5. One unit of increase on X, with the other factor X;
fixed, results in a 188 basis point of increase on the nominal interest rate. However, the two
factors X; and X5 have an opposite impact on the value of inflation rate.

Next I turn to the mean reversion parameters. The risk neural mean-reversion matrix £
is a lower triangular matrix. The bond market price of risk excluding the unconditional part
0;{)\1 fills the difference between k€ and k. The eigenvalues of the mean-reversion matrix s are
0.57 and 0.10. It corresponds to a half-life innovation is 1.2 years for X; and is approximately
seven years for X,. Therefore, X, is estimated to be more persistent than X;. The half-life
innovation for nominal interest rate must be also 1.2 year, the same as innovation speed of X;.
13

Last, I highlight some properties of the stock return parameters from the penultimate panel
of Table 1. First, the value of ng represents the expected excess return. The standard devia-
tion of stock return parameter is relatively higher than the volatility of other (unconditional)
expected return parameters, such at §y and &,. This result confirms that the expected stock
return is harder to estimate than the other return parameters in the model. Second, negative
values of 0g, and og, indicates that stock and bond returns must be positively correlated, since
the first two rows of bond volatility vector elements ox B (1) are also negative.

Table 2 provides some insights in the performance of the estimation results. I compare the
summary statistics of the raw sample series with the estimated series from the discretized model
using the estimation results from Table 1. Table 2 provides an overview of the first two moments
of stock returns, inflation and the three yields on a monthly basis. The estimated latent factors
X, are linear combinations of the one-year and six-year yields. Hence, by construction, the
estimated sample moments of the one-year and six-year yields match the distribution of raw
sample precisely. The remaining three-year yield, stock return and inflation process all fit the
raw sample distribution reasonably well. The model underestimates the expected monthly stock
return by approximately 10 basis points, but the high volatility of the stock return series make
the difference between the two statistically insignificant. To conclude, Table 2 implied that the
long-term bond yields can capture the dynamics of inflation and stock returns substantially.

Figure 3 shows that the expected inflation rate implied from the model does not always
manage to forecast the realized inflation rate despite the highly fitted moments shown in Table
2. For instance, in 1973 during the oil crisis, the model underestimates the inflation rate. In
contract, the inflation rate is over estimated during the dot-com bubble, around the year of
2001.

13To calculate half-life of nominal rate under the multi factors affine model, one has to use the largest
eigenvalue of mean reversion matrix x as a proxy of mean reversion parameter.
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Table 1: Estimation of Model Parameters.

Estimation result of the two-factor financial model described in Section 2.1. The financial model is
estimated using monthly U.S. data on three bond yields, inflation and stock return over the period
from June 1961 to December 2013. The bond maturities used in estimation are one-year, three-year
and six-year. The three-year bond yield is assumed to be measured with error.

Parameter Estimate Standard error
Nominal Interest Rate r, = dg + 0 ' X,
do 4.62% 2.11%
01 0.31% 0.10%
09 1.88% 0.05%
Expected inflation rate m, = & + £ X,
& 3.67% 0.26%
& —0.14% 0.18%
& 1.43% 0.30%
Market price of risk Ay = Ag + M X,
Aot —0.1083 0.1313
Aoz —0.3451 0.1313
A1l —0.2551 0.1023
Ao 0.4189 0.1316
Ao1 —0.1883 0.1011
A22 0.0914 0.1316
Latent factors dX; = —xX;dt + oy dZ,
K11 0.3473 0.1025
K12 —0.4189 0.1316
K99 0.3192 0.1341
Mean reversion under risk neutral measure k@ = x + gL\
K 0.0922 0.0076
Ky —0.3193 0.0194
K 0.4107 0.0260
Realized inflation process % = mdt + o dZ,
om, 0.16% 0.06%
o, 0.10% 0.04%
011, —1.09% 0.08%
Stock return process d?stt = (ry +ns)dt + oldZ,
" 5.59% 2.25%
os, —0.84% 0.86%
os, —2.26% 0.96%
T8, 1.01% 0.79%
05, 15.31% 0.88%
Standard errors of yield measurement error
e 0.48% 0.11bp
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Table 2: Comparison of Sample Moments with Model Implied Distribution.

Compare mean and standard deviation of inflation rates, stock returns and yields of three ma-
turities that follow from the data and from the model using the estimated parameters reported
from Table 1. The two estimated latent factors are estimated based on one-year and six-year
yields. The distribution from both historical data and model estimation are on a monthly basis.

Average Volatility
Data Model | Data Model
Stock Return  0.89% 0.78% | 4.47% 4.48%
Inflation 0.33% 0.33% | 0.36% 0.36%
1 Year Yield 5.45% 5.45% | 3.17% 3.17%
3 Year Yield 5.85% 5.85% | 3.01% 3.00%
6 Year Yield 6.24% 6.24% | 2.78% 2.78%

Figure 3: Realized vs expected inflation rate. Lighter solid curve plots the rate of monthly
change in consumer price index over the sample period (from data) . The doted curve presents
the expected inflation 7, = & + " X, implied by estimation results shown in Table 1.
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Next, I elaborate some properties of bond market price of risk parameters. Table 3 reports
the unconditional bond premia B (1) oAo as well as their volatilities \/ B(r)" oLoxB (1)
under various maturities with latent factors equal to their long-term means of zero. It is
reported in Table 1 that both unconditional bond market price of risk factors Ag; and \go are
negative. Since B (7) is a negative vector, the unconditional bond premia B (1) ox Ao must

be strictly positive and are increasing with bond maturity. Further, Table 3 also implies that

both bond risk premia and volatilities are positively correlated with their maturity 7, however
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Table 3: Bond Risk Premia and Volatilities.

This table displays the implied bond risk premia and return volatility with various maturities
using the estimation results of Table 1. The market price of risk A; is at the unconditional
expectation with X; = 0a41.

Bond Maturity 1 year 3 year 6 year 10 year
Bond Premia B (1) o1\ 0.59% 1.39% 2.09% 2.62%

Volatility \/B(T)TU;OXB(T) 1.64% 4.10% 7.26% 10.82%

Table 4: Correlation between returns on the stock, CPI and bonds with maturities
of 1, 3, 6 and 10 years.. The table depicts the correlation between stock return, inflation
rate and returns on nominal bonds with maturities 1 year, 3 year, 6 year and 10 year on the
basis of estimation results shown in Table 1. For example, the correlation between ten - year

~1/2 7
bond return and inflation rate is equal to B (10) " ooy <B (10)' okoxB (10)) (orion) V2

Stock  Inflation 1 Year 3 Year 6 Year 10 Year
Stock return 1
Inflation —0.0930 1
1 Year bond return 0.1574 —0.1330 1
3 Year bond return 0.1561 —0.1582 0.9511 1
6 Year bond return 0.1407 —0.1678 0.8184 0.9559 1
10 Year bond return 0.1246 —0.1663 0.6975 0.8848 0.9826 1

14 is negatively correlated with the bond maturity. Therefore, the one-year

the Sharpe ratio
nominal bond must have a higher Sharpe ratio than the ten-year nominal bond (0.36 versus
0.18).

Table 4 reports the correlations between the returns of different assets included in the
asset menu and the inflation rate. These correlations can influence the hedging demand to
hedge future investment opportunities, hence are important to investors. I first summarize the
property of the correlation between inflation rate and other asset returns. The value of op
shown in Table 1 implies that inflation rate risk is negatively correlated with the bond return
risk. Indeed, as Table 4 shows that correlation is negative. Further, Table 4 also reports a
weak negative correlation between stock return and inflation rate, since the third elements of
on and og have opposite sign. Second, bond returns are always positively correlated with the
stock returns, but the correlation value is negatively correlated with the bond maturity. This
property is consistent with Koijen et al. (2010).

Figure 10 present the conditional nominal, real and inflation rate for a reasonable range

of X; and X,. ' Panel (a) fixes the latent factor X, at zero and X varies between -2 to 2.

HMSharp ratio is a fraction of a bond risk premium and its corresponding volatility.
15The latent factors follow OrnsteinUhlenbeck process 2. The explicit solution of 2 is

T
Xr=exp(—r(T —1t)) X; + /t exp (—k(T — s)) o dZ,
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Figure 4: State-Variable Dependent Interest Rate and Inflation The figure presents the
interest rate in both nominal and real terms and inflation rate (in percentage) as a function of
the two state variables.
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Panel (b) is the other way around. Figure 10 shows that both nominal and real interest rates
are positively correlated to the two state variables. While inflation rate is negatively correlated
with X, for & (see Table 1) is negative. Further, the three rates are much more sensitive to Xs
but is relatively persistent to X;. The time-variation of bond premia is governed of ;. Figure
5 demonstrates that bond premia are increasing with X; but is decreasing with X,. Also, the
figure shows that the long-term bond premia are more sensitive to the movement of both state

variables than the short term bond premia.

6 How Large is Ambiguity Aversion Parameter

How much should an investor adapt her behavior when facing model (parameter) ambiguity?
In other words, how to calibrate the penalty parameter, #7 One may derive an equilibrium from
the robust model, then use some econometric methods such as likelihood ratio tests or match-
ing moments (e.g., Hansen and Singleton (1982) and Anderson et al. (2003)) to calibrate the
ambiguity aversion parameters. For example, Maenhout (2004) use the gap between observed
equity premium and the pessimistic equity premium derived from the equilibrium of the robust
asset pricing model to calibrate the ambiguity aversion parameter, so as to claim that model
uncertainty can explain the equity premium puzzle. However, in this paper, income process
is individual specific. It is difficult to obtain an economic equilibrium from a life cycle model

with heterogenous labor income.

therefore X; is a Gaussian with mean E[Xp | F] = exp(—x(T —t)) X; and variance Var[Xp | F] =
ftT exp (—H‘,(T —s)oxoxexp (—k(T — s)) " ds). The volatilities for X; and X5 over one year is 0.57 and 0.91

respectively based on the estimation results 1. Assume that the long-term mean of X; and X are close to zero,
the 99% confidence interval for X; approximately between -1.5 to 1.5 and for X5 is between -2.4 to 2.4.
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Figure 5: State-Variable Dependent Bond Premia The figure plots the 3-year and 10-year
nominal bond premia as functions of state variable X; (Panel (a)) and state variable X, (Panel

(b))-
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In this section, I introduce a new approach to measure the ambiguity aversion parameter
systematically. The new approach consists of three steps.

e First, I employ standard estimation theory to construct a joint statistical boundary S

of misspecified parameters. The boundary provides a confidence interval space of all
ambiguous estimates.

s
Proposition 6.1. Under the assumption that the estimation for parameter ) = ( tgg >
g+

18 misspecified and the purturbed point estimate 1& 15 asymtotically normal. The perturba-

tion parameters (y1,7v2) satisfy following constraint set

S= {7+ <r} (39)

where k2 represents the ratio between the critical value of chi-squared statistics with two

degrees of freedom x*(2), and the number of observations.

See Appendix 10.3.6 for the derivation of Proposition 6.1. The uncertainty set S transfers
mother nature’s freedom to a confidence interval of the estimation parameters. The small

significance level triggers a bigger set S, hence will result in a larger perturbation.

e Second, I use robust control theory to obtain optimal perturbations which quantify the
distances between point estimates and the true value of parameters. The optimal dis-
tortions are functions of ambiguity aversion parameters. This step has been down in

Proposition 4.2 in absence of human capital and Proposition 4.5 when both inflation and

income processes are misspecifed.
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Figure 6: Statistical Uncertainty vs. Simulated Robust Optimal Perturbations
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e Third, by simulating a large number of optimal perturbations under a series of trial
preference parameters and mapping to the statistical boundary space, one can obtain the
feasible value of the ambiguity aversion parameter. Simulations outside the statistical
boundary are highly impossible to occur and the corresponding ambiguity levels are too
high to be accepted. Figure 6 plots the simulated robust optimal epxected income returns
as a function of the optimal perturbations v; based on Propersition 4.5 under different
trial Os. If 6 = 1, all simulations drop inside the statistical boundary S. However, if one

increases # to 2, then none of the simulations are inside the boundary.

Figure 7 plots the maximum value of penalty 6 under different statistical significance level
« as a function of human capital over wealth ratio. The lower the confidence interval is,
the low the penalty term is required. In absence of labor income, when H = 0, the
maximum value of 6 converge to 4 at the confidence level of 95%. Younger cohorts,
usually have a high human capital over wealth ratio and is less ambiguity aversion than

the middle-age cohorts.

To conclude, the value of € can be chosen between 0 to 4 for Model 2. For Model 4,
however, a feasible region of # depends on the % ratio. For example, if an investor has a
human capital over wealth ratio equal to 100, then her maximum preference for robustness

even under the lowest significance level is barely above 1.

7 Numerical Solution

This section aims to discover the quantitative impact of parameter uncertainty on the optimal
life-time asset allocation. I first determine the feasible region of the penalty parameter 6 in

Section 6. In Section 7 I demonstrate the optimal risk taking under various preferences for
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Figure 7: A feasible value of penalty parameter as a function of human capital over
financial wealth ratio under a confidence level of 90% snd 95%.

different age cohorts.

7.1 Robust Optimal Life-Cycle Decision without Labor Income

Table 5 reports the optimal strategies of Model 1 and Model 2 for different age cohorts
without considering labor income. The risk aversion level is chosen at 7 = 5 and the ambiguity
aversion level for Model 2 is # = 4, which is a reasonable value according to Proposition 6.1.
Investor’s age indirectly tells the remaining hedging horizon, as I assume a fixed retirement
age. Therefore, the younger an investor is, the longer her hedging horizon will be.

For both models, the myopic demand contains a long position in 10-year nominal bonds, a
long position in stocks. The myopic demand depends on the current value of the state variable,
but is independent of hedging horizon. Therefore, if X is fixed, the myopic demand also stays
the same for different age cohorts. When both state variables take values of their long-run
mean of zero, the risk premium for 10-year bond is 2.6% (see Table 3), which is higher than the
stock premium. Not surprisingly, the myopic demand for long-term bond is higher than stock.
Because the 10-year bond enjoys a lower level of volatility hence has a higher marker price of
risk compared with the stock market.

The preference for robustness creates a small myopic demand for long-term bond while in
contrast, reduced the demand for stocks. What drives the risk shifting effect?” On one hand,

T

the inflation penalty term 6o ee' oy shown in (27) brings a negative shock on the expected
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stock return. However, it will not influence the expected bond premia. On the other hand, the
additional volatility penalty term 0o "ee' o will raise the volatility effect on the stock dimension
while by construction will keep the bond volatility part unchanged. Because of the positive
correlation between returns on the stock and the 10-year bond, a decrease of price of risk for
the stock leads to a higher allocation on the long-term bond.

The interest rate hedging demand contains a long position in nominal bonds and a short
position in stocks. There are strong horizon effects on the interest rate hedge, because functions
M (7), T (1) with ¢ = 1,2 are increasing with the remaining hedging horizon 7. The horizon
effects on long-term bond is much more dramatic. For the correlation between nominal interest
rate and long-term bond return is much higher than the correlation between the nominal rate
and the stock return. Ditto, the penalty term also brings an extra hedging demand for long-term
bonds. However it has a very subtle effect on the allocation of stocks.

A large number of studies (e.g Wachter (2010), Brennan and Xia (2002), Koijen et al. (2010)
and Wachter (2003)) discover that a time-varying short rate can generate a large amount of
hedging demand for long-term bonds, The closed-form solutions Proposition 4.1 and 4.2 implies
that the hedging opportunity for bond portfolio comes from two sources. One is from the time-
varying risk bond premia. and the other one comes from the investor’s desire for real interest
rate hedge » — 7 which can be found is PDE (57). The second source creates the well-known
horizon effects for long-term bonds.

Mother nature’s decision influences the reference model in two aspects. On one hand,
nature’s decision obviously would perturb the expected inflation rate to a different level. Figure
8 shows that a positive inflation shock is considered as the worst scenario, which also means
that mother nature must be choosing a negative drift distortion term ~; < 0 for different age
cohorts. Hence, a robust investor must be panic about an under estimation of the inflation
level. On the other hand, a negative drift distortion would also brings a downside shock to
the expected stock return. It also explained why a robust investor wants to reduce her risk
exposure on the stock market shown in Table 5. There also are horizon effects of the optimal

perturbations, as the older investors are more worried about the inflation rate misspecification.
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Figure 8: Distortion (in bp) on inflation rate and expected stock return. The penalty parameter
0 is assumed equal to 4. State variables are assumed equal to their long-run means zero.
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In order to understand how the robust decision varies under different state variables and
different risk preferences, I compare the changes of the optimal hedge at each asset class from
Model 1 to Model 2 for different scenarios of state variables as well for difference risk aver-
sion level. Figure 9 demonstrates the risk shifting effects when an ambiguity neutral investor
is aware of the model misspecification and becomes ambiguity aversion. First, with the pref-
erence for robustness, a robust investor reduces the hedge demand for stocks. for the inflation
drift distortion would reduce the expected stock return. In other words, the realized hedging
opportunity for stocks is over estimated (see also Figure 8). Secondly, Figure 9 also shows that
a robust investor always required more hedging demand for long-term bond and this demand
increases with X, while decreases with age. As shown in Figure 10 that the real interest rate
is increasing with X5, and a higher real interest rate triggers a larger demand for long-term
bond. Not surprisingly, risk takers (e.g v = 2) enjoy a more aggressive risk shifting movement
than the high risk aversion investors. For the risk takers are willing to put a higher weight on

each investment opportunity.
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Table 5: Optimal Portfolio Choice and Consumption without Labor Income. The
optimal portfolio choice between 10-year nominal bonds, stock market and a nominal money
market (in percentage of total wealth) as well as the optimal consumption over wealth ratio
for investors at age 30, 40, 50 and 60. The state variables X; and X5 are set equal to their
unconditional mean, namely zero. Panel A is on the basis of Proposition 4.1. Panel B is based
on Model 2 with the portfolio composition shown in Proposition 4.2. The penalty term @ is
set equal to 4, which is approximately equivalent to 5% significance level of the perturbation
distribution discussed in Figure 7.

v =25 Myopic Demand Interest Rate Hedge Total Portfolio %
Age 10Year Stock 10Year Stock 10Year Stock
Panel A: Model 1
30 40.46 17.38  84.05 —2.60 124.51  14.79 40.41
40 40.46 17.38  78.14 —2.57 118.60  14.82 40.31
50  40.46 17.38  64.46 —2.50 104.92  14.88 40.30
60  40.46 17.38  34.61 —2.30 75.07  15.08 43.14
Panel B: Model 2 with § =4

30 40.54 16.94  84.18 —2.59 12471 14.35 40.35
40  40.54 16.94  78.24 —2.56 118.77  14.38 40.26
50  40.54 16.94  64.52 —2.50 105.06  14.44 40.25
60  40.54 16.94  34.63 —2.30 75.17  14.64 43.11

8 Robust Optimal Life-Cycle Decision with Labor In-

come

Differ from the first two models, when labor income is included and is assumed partially cor-
related with the financial market, an additional investment opportunity is created. Therefore,
in addition to myopic demand and interest rate hedging components, there is a new hedging
component occurs in Model 3 and Model 4 named income risk hedging component. Table
6 displays the hedging components for Model 3 and Model 4 under various age cohorts.
Remark, when labor income is introduced, the nature has a freedom to control two drift dis-
tortions. As the result, the impact of parameter uncertainty becomes much more complicated
than Model 2.

The optimal portfolio choices are no longer wealth independent. However, as shown in (32)
and (34) that the human capital over wealth ratio % plays a crucial rule in life-time optimal
asset allocation. Munk and Sgrensen (2010) also emphasize the importance of % ratio but not
the two separately to the investment decision making. According to Proposition 4.3, human
capital, the accumulative expected future income, is a function of the remaining working time
horizon and the income growth rate. Figure 10.3.3 indicates that the human capital over wealth

ratio is a decreasing function of age, for human capital diminishing over time, while in the

H
W
meantime financial wealth is growing over employment years.

Two important messages can be refined from Table 6. First, the impact of human capital
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parameter on the optimal decision is dramatic for the young cohort. As demonstrated in

Proposition 4.4 that, both myopic demand and the interest ratio hedging demand are scaled

W+H
W

components but in different ways. For myopic demand, it is not surprising that the youth

by the total wealth over fiance wealth ratio . The scaling effect influence both hedging
should enlarge their risk exposure on both long-term bonds and stocks by a noticeable amount,
since for instance the mean-variance investment opportunity is enlarged for more than six times
for investors younger than 30.

However, it is interesting to notice the interest rate hedging component suggests to short the
long-term bonds for young investors. What drives such a theatrical change? It is demonstrated
in the previous section that real interest rate r — 7 also generates hedge demand for long-term
bond and creates horizon effect in the first two models. Mathematically, when X = 0, the
interest rate hedging component depends on I'}/* for i = 3,4 with other parameters given. The

full expression of T'}* are shown in Appendix 10.3.4 and 10.3.5. It shows in function (68) that

w
W+H

real rate hedging much smaller or even negative when H is high compared with the previous

the last two terms §" — &7 which represents the desire for interest rate change make the

two model. However, when an investor is about to retire, her human capital vanishes and her
preferences converges to the cases without human capital influences. That also explains the

similarity between the four preferences under the older cohorts for each hedging component.

Table 6: Optimal Portfolio Choice and Consumption with Labor Income. The optimal
portfolio choice (in percentage) on the basis of Model 3 and Model 4 for investors at age 30,
40, 50 and 60. The risk aversion level is set at v = 5. The state variables X; and X, are set equal
to zero, namely zero. The penalty term 6 is set equal to 1, which is approximately equivalent
to 10% significance level of the perturbation distribution discussed in Figure 7. The first six
columns show each the demand for each hedging components which contains myopic demand,
interest hedging ratio and income risk hedging demand. The next two columns aggregate the
total hedging demand for the long-term bonds and the stocks. The last column gives the
optimal consumption over total wealth ratio, which is b%,d for Model 3 and is bﬁ for Model
4.

v =25 Myopic Demand Interest Rate Hedge Income Risk Hedge Total Portfolio WLJFH
Age 10Year Stock 10Year Stock 10Year Stock 10Year Stock
Panel A: Model 3

30 344.03 147.82 —111.53 —29.96 249  —14.43 235.00 103.43 25.87
40 98.87 42.483  52.19 —7.83 0.48 —2.78 151.53 31.88 11.80
50 50.05 21.506 66.13 —3.35 0.08 —0.46 116.25 17.70 20.85
60 41.44 17.807  35.01 —2.38 0.81bp —0.05 76.46 15.38 39.70
Panel B: Model 4 with 8 =1
30 34421 146.79 —112.68 —29.96 498  —28.83 236.51  87.99 24.81
40 98.92 42.19 52.234 —7.83 0.96 —5.55 152.11 28.81 11.51
50 50.08 21.36 66.145 —3.35 0.16 —-0.91 116.38  17.09 20.79
60 41.47 17.68 35.014 —2.38 0.02 —0.09 76.49 1521 39.69
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Figure 11 shows more details about the asset allocation changes when human capital param-
eter is involved. The allocation to each asset class depends on both investors’ risk aversion level
and the state variables. First, the demand for long-term bond is decreasing with X5, because of
the negative relationship between bond premia and X5, shown in Figure 5. Therefore, a lower
X5 with X given implies a higher bond premia hence leads to a bigger risk exposure. Second,
the optimal long-term bond allocation is very sensitive to the risk aversion level. An extreme
long-position on long-term bond is suggested for a risk takers. However, a short position is
required from risk aversion investor. What makes the variation so dramatic? It is notable from
Table 6 that both myopic demand and interest rate hedging component dominate the demand
for long-term bond and have two opposite signs for the young cohorts. A high risk aversion
level, say v = 10 brings a bigger negative effect on function z]%—[z and also reduce the myopic
demand although the myopic demand always stays positive. Therefore, the joint effect leads to
a short position on the long-term bond.

The second message from Table 6 is that the perturbations bring a much bigger risk shifting
effect especially for the young cohorts compared with Model 2. Because the investor worries
about ambiguity exposure of total wealth to the drift distortions but not the financial wealth
only. 12 provides more details about the risk shifting effects over as functions of age. It is
important to notice that the risk shifting unit used in Figure XX is percentage, while in Figure
9, the risk shirking amount is in unit of basis point. I only focus on the dynamics for the young
cohorts, because the human capital parameter can only influence the young cohorts’ investment
behavior.

The asset allocation shifting is caused by the misspecification of expected returns. On the
basis of min-max optimization framework, nature’s decision can represents an robust investor’s
fear for the worst case scenario. It is not difficult to imagine that, a robust investor can be
worried about an overestimated equity return, an under estimated inflation rate. Further, she
may also afraid that the true income growth rate is lower than the reference model expected.
Therefore, to sum up, as shown in Figure 13 that the perturbation will reduce expected equity
return as well as the expected income growth rate, while in contract will increase the inflation
rate, since all those three scenarios can make the value of investor’s utility lower than expected.
The fear for the an overestimated equity return leads to a more conservative decision on the
stock market, therefore in Figure 12, the shifting of stock allocation is always negative.

What makes the robust demand for long-term bond so sensitive to the state variables as
well as the risk aversion level? The extra demand for long-term bond comes from the three
hedging component. The myopic demand and income risk hedging demand both requires a
longer position on the long-term bond when an investor is ambiguity averse. Therefore, it is

the interest rate hedging component that controls the sign of the the demand change.
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Figure 13: Mother Nature’s Perturbation Effect. The figure presents mother nature’s
optimal decision on the basis on Model 4, as well as the perturbation impact on equity and
income returns.
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9 Conclusion

In this paper, I present a robust optimal life cycle consumption and investment strategy for an
uncertainty averse investor who cannot fully diversify her inflation and labor income risk. A
new approach is developed to calibrate the ambiguity aversion parameter which attempts to
fill in the gap between robust asset pricing and financial econometrics.

The impact of parameter uncertainty on the optimal asset allocation is heterogeneous,
depending on an investor’s age, risk aversion level, income stability as well as the instantaneous
state variables. Young investors are particularly sensitive to parameter uncertainty due to the
longer planing horizon.. The robust policy is particular in favor of long-term bond market
especially when inflation rate is likely to be underestimated.

There are major limitations of my model. First, throughout the paper, I do not set any
constraint on portfolio weights, hence borrowing from the future income and short selling are
allowed. These assumptions are necessary in order to obtain closed-form solution but they can
be unrealistic in reality. Therefore, a numerical solution with borrowing constraint bearing in

mind is an useful extending of this study. Second, in order to provide a closed form solution
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for the human capital function H, I assume away idiosyncratic risks and neutralize uncertainty

effect. Again, only numerical method can help to relax these restrictions.
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10 Appendix

10.1 Nominal bond pricing

In line with Cox et al. (1985), Sangvinatsos and Wachter (2005) and many other term structure
studies, I assume that bond prices are continuous functions of state variables X and of time t.
I omit time subscription for notation convenience. No arbitrage condition implies that P(¢,T)

satisfies
1
—KX Py + gtr (Pxxoxox)+ P, —rP = PxoyxA (40)

Assume that bond price is exponential affine in the X, (see (5)) and substitute this conjecture

bond price function to (40),
1
—PB(1) kX + §PB(T)T0}UXB(T) +P(=B'(1)X —A") —rP = PB(1)ToxA

and matching coefficients on X and the constants produce the following system of ordinary

differential equation for row vector B(7), 1 x m and the scalar A(7)

B(r) = — (k" +XNox)B(r) -4 (41)
A(r) =SB okoxB(r) — b~ B) ok (42)

The boundary condition is that B(0) = 0 and A(0) = 0. The ODE can be solved analytically,

B(r) = (k' + )\Ia;)_l lexp (— (k" + M oy) T) — Ioxa] 0 (43)
A(r) = /0 A(s)ds (44)

I define k® = Kk + o4 \;, where k@ is a lower triangular matrix.

10.2 Estimation Procedure

The estimation procedure is as follows. First, I estimation the term structure model using
MCSE method. Second, I use GMM method to estimation inflation and stock return processes.
(Peter mentioned to combine the variance covariance matriz of the two parts together, I have
not figured out how to do that.)

The term structure model estimation method I use combines in essence the method of
Hamilton and Wu (2012). I use three different yields to estimate the term structure, namely
71 = 1 year, 7o = 6 year and 73 = 3 year maturities. In line with Duffee (2002), I assume that
1 year and 10 year yield bonds are measured without error, and the other 3-year to maturity

bond is assumed to be measured with serially uncorrelated, mean-zero measurement error.
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Yield function with maturity 7;, with ¢ = 1,2, 3 is given by
Y =a(r) +b(r) " X,

Let Y7 ; denote the vector of perfectly observed yield at time ¢ and Y5, denotes the yield which

is observed imperfectly. More specifically

i 2 o o
(2x1) (2x1) 2%2 2x1

= + Xy + U
Yo, A By ' S| axy
(1x1) (1x1) (Ix1) (1x1)

where ¥, represents the variance of estimation error with u; ~ N (0, At). There are 13 unknown
parameters involved in the model, namely 1 in &y, 2 in 6, 4 in &, 3 in k%, 2 in A\¢ and 1 in X..

MCSE algorithm consists of three steps. First, I reconstruct the affine term structure
model to a vector autoregression (VAR) model of Y;", then estimate VAR model using OLS.
The coefficients obtained from VAR is called reduced-form parameters. Second step is to map
between structural parameters and reduced-form paymasters. Last step is solve minimum chi-

square criterion to obtain the structural parameters.

Step 1 I estimate parameters of continuous time model using a discrete time econometrics

specification. The implied state variable can be derived from (6)
Xy =By (Y1, — A1) (45)
A discretization of (2) yields the discrete time model of state variables
Xipar = ux X + \/A_tzt+At with  px = exp(—kAt)

where At = % and z;,a; represents bivariate standard normal distribution. Both sides of

equation above multiply by B; and plus Ay, I get
Ay + BiXyyar = Ay + Biux By ' Bi Xy + BivV Atz a
which can be rewritten as a VAR model of Y7 ;

Yiciar = Ay — Biux By Ay + Bipux By, + BivV Atz a (46)
= Al + oY+ uit-{-At

where A} = A} — BiuxB;'Ay, ¢, = Biux By ! and Qf = BB At = U3 Y AU o n- Similarly

Yoo = A5+ ¢y +uy (47)
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with A5 = Ay — ByBy Ay, ¢, = ByBy' and Q5 = .8 At = u3,us,. Hence the reduced-form

parameter vector is

m = {vec [(A}, 61,)']  vech(@), vee [(43, 63,)] . 03}

where vec(X) collects the columns of the matrix X into a vector. If X is symmetric matrix,
vech(X) does the same but only use the elements below and including diagonal.
The reduced-form parameters can easily be obtained via OLS estimation with €} and €23
products of those OLS residuals:
NAt
Q= N (Vigar— A7 — 01 V10) (Viga— A — 61 Y10)

t=At
NAt

QG o= NN (Yo — A5 — o5, V1,)
t=At

where T represents to the number of observations from the historical sample data. Next I will

map the structural parameters to the

Step 2 Mapping between structural and reduced-form parameters can be done in four steps:
1. Estimation of ¥, is obtained analytically, Q5 = ¥2At.

2. Estimates of the 5 unknowns in x® and §, are found by numerically solving 5 equations

from following relation
B\B/A = O
B2B1T A = o8
3. Estimate of 4 unknowns in x can be obtained analytically via
px = Bytet By, with px = exp (—kAt) = N exp(—DAt)N~*

under the assumption that x can be diagonalized and kK = NDN !,

4. Numerically solve the remaining 3 unknowns dg, \g from equation A}, A3.

A1 — BluxBflAl = AT
AQ - BQBflAl - A;

Step 3 Let 0p stack all 13 structure parameters of the term structure model into a vector.

Next one can test the hypothesis that 7 = g(0p) using Wald statistics T'[7 — g(0p)]' R[7 — g(05)]
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which would have an asymptotic x?(13) distribution, in which R is a consistent estimate of the

8231; (g;f)] with L(7; X) the log likelihood for the entire sample.

The reduced-form equation (46) and (47) form 2 independent blocks. For i = 1,2

information matrix R = —%]E

Yie = Wi + uj, (48)

with uf, ~ N(0,€;). The information matrix R for the full system of reduced-from parameter

. R 0
R=|["" . (49)
0 Ry

where as shown in Neudecker and Magnus (1988),

is given by

(50)

i =

j < Q)@Y >
5D, ()™ ® (2)7)D,,

for Dy the N? x N(N + 1)/2 duplication matrix satisfying Dyvech(Q) = vec(Q2), and ¢
represents the dimension of {2 matrix.

Following Rothenberg (1973), the minimum-chi-square estimator 0 is the solution of

minT [ — 9(605)]' R [ - 9(03) 6

According to Hamilton and Wu (2012), the asymptotic distribution of fp is
VT (éB - 93) SN (0, [F’Rr]*l) (52)

where I' = %ZB) is the Jacobian matrix of g(fp) as a function of 0p.

Next, I estimation inflation and stock return process using GMM method. The discrete

time inflation return process is as follows

Aﬂ't_;'_At == (g(] + éTXt) At + v AtU;rth+At

Allpag

where Amiar = o Hence, there are 6 unknown parameters, 1 in &, 2 in &, 3 in o,. |

can generate six moment conditions based on inflation dynamics and state variable diffusion

process, namely

E [Amiar— (S + & XAt =

E [X; (Ampar — (S + T X)ALY)] =

E [(Amm — (G + XA = (o] aﬂ)At] -

E [(AXiar — (px — DXy) (Amrgar — (S0 + T X)AL)] — ojo- At =

o o o O
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Similarly, one generate five moment conditions based on the discrete time stock return model

Tst+At = (50 + 5TXt + 7]5) At + v AtO';ert_i_At

ASiiat
S

Let r514at = . Five moment conditions are

E [romrac— (Jo+ 08 X, +15) At] =
E [(roar — (6o + 0" Xe +n05) At) (AXerar — (px — 1)Xt — Atoyos]
I [(Ts,t+At (60 + 0" X + 1) At — Atog 05} -
E [(rsprar — (60 4+ 07 Xe 4+ n5) At) (Amrpar — (S0 + £ Xp)AL) — Atogoy]

|
o o o o

Denote 6, a vector of inflation process parameters and 0g a vector of stock process parameters.
. Y oaNT

The GMM estimates Ogyrn = ((9,r, (95) alm to minimize a quadratic form of sample mean of

the moment conditions g(fcrnr) = = 3 fi (0amr), where fi(6carar) denotes a vector of errors

of moment conditions at time ¢. The long run covariance matrix is defined by

o0

S = Z E[fi(Oarn) fi—;(Ocrnr)] (53)

j=—00
I use Newey West method to estimate S with j = 12. Hence under the efficient GMM, the
estimate ¢ is asymptotically normal

VT (Ocnras — Ocring) ~ N(0, (d'S™1d)™) (54)

where d is the Jacobian matric of the population moments vector estimated by d(Ocara) =

d9(0cnin)
00crnr)

10.3 Proofs
10.3.1 Proof of Proposition 4.1

Model 1 is a standard life-cycle problem with consumption. Wachter (2010) provides a sys-
tematic overview of modern techniques on solving asset allocation problems. In this paper, I
use standard dynamic programming method by means of solving a HJB equation to obtain the
optimal decision. Define value function of Model 1 at time ¢ as JM! (W, 11, X,t). The HIJB
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equation of Model 1 reads as

M1 1 CN'™ o, gt
BJM = max{ (—) + M+ Iy (@ (=) + ) W = C]

Crar -1 —y \ I
1 1 1
+ éJ%%VW%TUTUQ: + JY M I, + iJﬁwnll_[Qa;aﬂ — JykX + §tr (J)A&J)T(JX)

JiWlz "o oy + Wa o Tox Jiyx + Hoflox iR} (55)
The first order condition for consumption equals to
_1
CM = (gt o (56)

Then, substitute the conjecture function (24) as well the the optimal consumption (56) back

to the equation. Function b! satisfies the following partial differential equation (PDE)

1 -2
0 = (—% +al (p—ur)+(r—m) —5yzlolow - - s—onon+(y—1) xT0T0n>
1 v le le ol
+bM1 1—~ + bi‘“ - bi{m 1— V’fX —yalolox +opox
L[ Y
_§tr { (—’y (b1 + S B Ox0x (57)

The PDE above is comparable to equation (36) of Sangvinatsos and Wachter (2005) expect
the additional term W%ﬁ which is generated from the optimal consumption decision CM!.

Their work shows that as long as the optimal portfolio z*

is affine in state variable X, the
PDE above can be solve explicitly in the absence of consumption, and the trial function is
exponentially quadratic in the state variable.

Conjecture the form of bM! as (25). Differ from Sangvinatsos and Wachter (2005) case,
however, when consumption is considered, the PDE above is no longer homothetic hence cannot
be solved explicitly by coefficients matching. Inspired by Wachter (2010) equation (49), the

inverse of trial function is approximately affine in log (bM 1)

1

pa = 0" — bl og (61 (58)

where b}'! = exp (E [ log(b"")]) and b)™ = b}"* (1 — log b}"!). This approximation technique

retrieves the PDE to a homothetic environment. The optimal portfolio obtained from the first

order condition on HJB equation can be expressed as

oM = a)"™ (1) +a)t (1) X (59)
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where

1 - -1 - 1 _
a' (1) = y (o'0) oo+ . N (070) ooy + 5 (o70) ' o axT (7)1
1 - 1 _
(1) = (7o) o+ 5 (') Yooy (T () + T (7))

Substituting the trial solution (25) to the PDE (57) and match the coefficients on X (-) X, X

and the constant term, the parameters I'M! and T'}! satisfy the following system of ODE
M) = (D) +T (1)) (=5 + (1= 7)o Toxal)
FMl FMI T FMI FMl T
1 (7')“‘2 (1) Loyt (7)"‘2 (1) L2l =) a o Ty
—y (=7 a0 oay" =0T (1) (60)
FMl FMl T
M (r)y = (1) [—b{m —k+ (1 =70 oxal + =2 (7) +2 r (1) OxOx
FMl FMl T
Hl@ - To oy — (1= ofioy] LDEID g2 oo
) ot (1) [0 oA 4 \oad 15T €T (61)

with the boundary condition that I'}! (0) = 0, T'}* (0) = 0 and T'’1 (0) = 0. The expression

for T3 is not required for the optimal portfolio and hence I do not provide.

10.3.2 Proof of Proposition 4.2

Denote JM2 (W, 11, X,t) an indirect utility function of Model 2. The robust HJB equation
with only one source of parameter uncertainty is a special case of (22) stated in Section 3.2,
with Y = 0 and 7, = 0. The solution technique is very similar to Model 1, expect that robust
HJB equation has an additional penalty function. Thanks to Maenhout (2004)’s trick (23), the
robust HJB equation still stays homothetic hence is friendly to the closed-form solution.

The robust solution can be obtained in three steps.

e Step 1. Replace the optimal consumption, the optimal affine portfolio choice and the
optimal distortion, obtained from the first order conditions respectively, back to the robust

HJB equation. The optimal portfolio takes the form

eM? = )" + a2 X with o} € R*, o’ € R*?

e Step 2. Substitute the conjecture for J*2 back to the PDE derived from Step 1. The

trail function of JM? takes the same form as (24)

gz % (%) e {% (%XTF{‘“ (r) X + TM2 (r) X + 7412 (7)) } (62)
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e Step 3. Eventually, the simplified PDE is an affine function of X' () X and X. The last

step is to match the coefficients of each polynomial order of the state variable.
D2 () = T () (@) ") — (1) 00} o  ee ol

2 (r)y = ¥ (r) (aé\“, ai\“) +(1—7)6 [aﬁeeTaajlm — aémaTeeTaaim}

The first part of ODE system repeats the corresponding ODE of Model 1 while replacing

the deterministic functions function a}’! and a{’* to a)’* anda}’? respectively.

Then substituting the explicit solution of J™? back to the first-order conditions, one can
arrive at Proposition 4.2. The expression of a}’? and a}’? can easily be obtained from

(27) via coefficients matching.

10.3.3 Proof of Proposition 4.3

The state variable under () measure follows the diffusion process
dX, = (—x2X, — oy o) dt + oxdZ? (63)

where K® = Kk + 04 \;. Assume that x© is diagonalizable, then there exists a diagonal matrix
D and a matrix N such that

k=NDN™!

Hence the explicit solution of X, , s >t is given by

hence
/ Xyds = / Nexp(—D (s —1t)) N ' X,ds — / / Nexp (=D (s —v)) N'oy Ndvds
¢ t ¢ Ji

+/ / Nexp (=D (s —v)) N loydZ%%ls
t t

The integration above contains three parts. The first two parts can be solve analytically. One

can reduce one level of integration of the third part by applying the Fubini rule. Then I get

u 1 1
/ X ds = Nf(dj,u—t),N'X;,— N <E (w—t) — - (di,u — t)Z) N~tox o
t

7 i

+ / f(diyu—s),04dZ8 (64)
t
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where d; represents the diagonal element of matrix D with {i = 1,2}, and f (d;,

The nominal income process under () measure is given by

o2
dY, = (g + ?y — ayp;/r)\o — ayp;)\lXt) Y,dt + Y}ayp;dZ?

Hence the explicit solution of nominal income stream at time wu is given by

u 0_2 1
Y, = Yiexp [/ (g + Ey — pr;)\o — §U§p;rpy) ds
t

— /t oypy M Xods + /t prJdZ?}

The explicit expression of Y, exp (— ftu rsds) is log normally distributed

u u 0.2 1
Vooww (= [ raas) =view{ [ (o4 2 oo~ gotno ) ds
t t

— (ayp;/\l +467) {Nf (diyu—t), N"'X; — N (dl (u—t)— 7

—I—/ fdi,u—s), a;dZ?] +/
t t

Taking the expectation of exponential of normal random variable

ER [Yu exp (— /t ’ rsdsﬂ

1 1
= Yexp {qu (u—1)+ pg, N (d_ (u—1t)— Ef (di,u — t)l) N~
1 u
—I—§/ Su(s)2u(s) ds + pm, N f (diyu —t), N_lXt}
¢

= Yiexp (M (u—t) + My (u—t) Xy)

where

o2 1
i = g4 5 = oupy Ao = 500, Py — 0o
pr, = oypyhi 8"

Suls) = fdu—s)0k +0,0)

7) =~ lexp (=di(u — 1)) -

1

(65)

1
—f(ds,u— t)i) N~ oo

nydz2f (o)

10';;/\0

The exponential term consists of four parts and are separated into two groups. The first

three parts together named M; is a scalar. The remaining part is state variable dependent.

Integrating the expectation above over u arrives Proposition 4.3.
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10.3.4 Proof of Proposition 4.4

The complete version of the Hamilton-Jacobi-Bellman (HJB) equation (17) of the dynamic

optimization problem (13) is given by

1 =
szgif{l—fy(%> + i+ dw (" (u—r)+r) W —C+Y]

2

1 o 1
+ 5waW2JITUT0$ + JyY <g + %) + §JyyY2O'§

1 1
+ Jnllm, + §JHHH207}7,r — JykX + St (Jxxoxox)
JwyWYSL’TO'TpO'y + JWHWHZCTO'TO'H -+ WQ?TO'TO'XJWX

+ YHayp;UHJyn + YO'yp;ijYX + HUHUXJHX} (67)

Hence the right side of (67) except the first term represents the term D (Cy, x;) J (W, Y, 11, X 1)
of (17). The HJB equation of Model 1 is a special case of (67), under the condition that
Y = 0. Solution technique is the same as previous two models, expected the form of indirect
utility function. Under the assumption of Model 3, the indirect utility function denoting J?

must be a function of labor income.
JW, Y, I, X,t) = JM (W 4+ H (Y, X,t),11, X, t)

where H is the value of human capital for an investor at age t (See Proposition 4.3 for details)
under the condition of X = X = 0.1 Then I borrow the idea of Bodie et al. (1992) by assuming
a trial function of (31). The rest of the work repeats the solution procedure of Model 1.

The coefficients of an exponential affine function b3 (see (31)) has to satisfy following ODE

16The assumption that g—g = 0 is crucial for the closed form solution. It is stated in Munk and Sgrensen (2010)
that, human capital is relatively insensitive to the latent factors, hence it is valid to assume that H (Y, X,t) =
H (Y, X, t). Without this assumption, the state variable X appears in both function H and b3, If bM3 is still
assumed exponential, the HJIB equation of Model 3 will not be homothetic hence cannot be solved analytically.
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where a}® and al’® represents the coefficients of affine optimal portfolio 23, and can easily
obtained from (32).

10.3.5 Proof of Proposition 4.5

The solution procedure of Model 4 follows the same steps as solving for Model 2. Hence, I
show directly the explicit expression of the deterministic coefficients appeared in the indirect
utility function (33).

0(1—y)W?
)y = (1) (af™, a™) _—(W—l—H)Q a*ToTee’ gal (70)
0(1—~)W?2
M4y — M3 M4 M4 _—aM4T0_TeeTO_aM4
2 (7) 2()(0 1) (W+H) 0 1
01—~y W
_—(E/V—I—I;f [eprayH e'on (W+H)}e aal (71)

The expressions of each coefficient is comparable to the corresponding parameters in Model
3, but under a different affine function optimal portfolio. I ignore the scaler term T'}* as it is

not required in the optimal function function z*.
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10.3.6 Proof of Proposition 6.1

T .
Define ¢ = ( tgg ) . I write ¢ to denote an estimate. Hence the estimation error is defined
g+
as ?
-
e
L ouem | =sr (72)
Oypy €Y1 + 0y L —1|pyl[*v2
T
T ope 0 . .
where ' = and X = Assume the perturbation vector is
<’Y2> (prge va1_||Py||2>

jointly normal with mean zero and volatility Y
VT (=) ~ N(0,55) (73)
In other words, standardized error term square is chi-square distributed
T (b-v) =) (9-0) ~ ) (74
Suppose the critical value at « significance level as CV,,, then I can derive that

(6-w) @) (6 -v) < Do =2

The simplification of the constraint reaches Proposition 6.1.
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Figure 9: Risk Shifting 2?2 — 2M!. The figure shows the change of asset allocation (in
basis point) among different asset classes from an ambiguity neutral investor to an ambiguity

aversion investor under different risk aversion and different state variables scenarios.

The

difference between the two optimal strategies (z™! and 2*?) is named risk shifting. The figure
shows the risk shifting effect as a function of age. The state variable X7 is assumed equal to
zero. The other state variable X5 is zero at the first column and is set equal to 1 and -1 in
the other two column. The relation between state variables and interest rate or inflation rate
is described in Figure 10.
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Figure 10: Human capital, financial wealth and their ratio. Panel (a) plots the
value human capital, financial wealth and total wealth as a function of age. Human capital is
calculated on the basis of (29) with X; = X, = 0 and the initial nominal income Yy = 1. Income

0.2
volatility is set equal to o, = 0.08 and the expected return is assumed equal to g + 5+ = 0.1.
Initial wealth is set to Wy = 10 and is increasing with accumulative income over life cycle.
Panel (b) shows the human capital over financial wealth under different age cohorts.
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Figure 11: Robust Optimal Portfolio with Human Capital The figure presents the op-
timal asset allocation on different classes for investors with preferences of Model when both
labor and parameter uncertainty are concerned. State variable X; = 0 and state variable X_—1
for the first column and is 1 for the second column. The penalty parameter is assumed equal

to 6 = 1.
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Figure 12: Risk Shifting xM* — 23, The figure presents the risk shifting (in percentage)
effect for an investor with preferences moving from Model3 to Model 4. The state variable
X is assumed equal to zero. The other state variable X5 is zero at the first column and is set
equal to 1 and -1 in the other two column.
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