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Abstract

We introduce a multi-factor stochastic volatility model based on the CIR /Heston stochastic volatility process.
In order to capture the Samuelson effect displayed by commodity futures contracts, we add expiry-dependent
exponential damping factors to their volatility coefficients. The model leads to stochastic correlation between
the returns of two futures contracts. The pricing of single underlying European options on futures contracts
is straightforward and can incorporate the volatility smile or skew observed in the market. We calculate the
joint characteristic function of two futures contracts in the model in analytic form and use it to price calendar
spread options. We then propose analytical expressions to obtain the copula and copula density directly
from the joint characteristic function of a pair of futures. These expressions are convenient to analyze the
term-structure of dependence between the two futures produced by the model. In an empirical application
we calibrate the model to volatility surfaces of vanilla options on WTI and provide evidence that the model
is able to produce the desired stylized facts in terms of volatility and dependence. In particular, we observe
that the returns of two futures are less dependent the greater the time-interval between their maturities is.
In analogy to the classic Samuelson volatility effect, we call this effect the Samuelson correlation effect.
Keywords: Multi-factor stochastic volatility, Futures curve modelling, Option pricing, Crude oil, Fourier
inversion methods

JEL: C02, G13

1. Introduction

Crude oil is by far the world’s most actively traded commodity. It is usually traded on exchanges in the
form of futures contracts. The two most important benchmark crudes are West Texas Intermediate (WTTI),
traded on the NYMEX, and Brent, traded on the ICE. In the S&P Goldman Sachs Commodity Index, WTI
has a weight of 24.71% and Brent a weight of 22.34%, for a combined total of almost half the index. Another
widely quoted index, Jim Rogers’ RICI, has weights of 21% for WTI and 14% for Brent. The crude oil
derivatives market is also the most liquid commodity derivatives market. Popular products are European,

American, Asian, and calendar spread options on futures contracts.
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An important empirical feature of crude oil markets is the absence of seasonality, which is in marked
contrast to, say, agricultural commodities markets. A second empirical feature is stochastic volatility of
futures contracts, which is clearly reflected in the oil volatility index (OVX), or “Oil VIX”, introduced on
the CBOE in July 2008. A third feature is known as the Samuelson effect (Samuelson, 1965; Bessembinder
et al., 1996; Brooks, 2012), i.e. the empirical observation that a given futures contract increases in volatility
as it approaches its maturity date. Finally, European and American options on futures tend to show a more
or less strongly pronounced volatility smile, the shape of which depends on the option’s maturity.

European and American options depend on the evolution of just one underlying futures contract. In
contrast to these, calendar spread options have a payoff that is calculated from the difference of two futures
contracts with different maturities. Therefore, a mathematical analysis and evaluation of calendar spread
options must be carried out in a framework that models the joint stochastic behaviour of several futures
contracts.

In this article, we propose a multi-factor stochastic volatility model for the crude oil futures curve. Like
the popular Clewlow and Strickland (1999b,a) models, the model is futures-based, not spot-based, which
means it can exactly match any given futures curve by accordingly specifying the futures’ initial values
without “using up” any of the other model parameters. The variance processes are based on the Cox et al.
(1985) and Heston (1993) stochastic variance process. However, in order to capture the Samuelson effect,
we add expiry dependent exponential damping factors. As in the Heston (1993) model, futures returns
and variances are correlated, so that volatility smiles of American and European options observed in the
market can be closely matched. The instantaneous correlation of the returns of two futures contracts is also
stochastic in our multi-factor model, since it is calculated from the stochastic variances.

Our first result is the calculation of the joint characteristic function of the log-returns of two futures con-
tracts in analytic form. Using this function, calendar spread option prices can be obtained via 1-dimensional
Fourier integration as shown by Caldana and Fusai (2013) or the 2-dimensional Fast Fourier Transform
(FFT) algorithm of Hurd and Zhou (2010). The fast speed of these algorithms is of great importance when
calibrating the model to these products.

Our second result is to describe the dependence structure of two futures prices in terms of copulas
obtained from the joint characteristic function of the model. In many studies, the measure chosen to describe
dependence is Pearson’s rho, which, however, depends on the marginal distributions. In our study, the use
of copulas completely insulates our analysis from the influence of the marginals. Then, via the copula,
dependence and concordance measures such as Spearman’s rho and Kendall’s tau are straightforward to
compute.

Copula functions can also be used to give a rigorous definition of the implied correlation of calendar spread
options. The traditional definition assumes a bivariate Black-Scholes-Merton model for the two underlyings,
which assumes in particular that the marginal distributions are log-normal. In contrast, here, using the

actual marginal distributions of the model, we consider the implied correlation for a given calendar spread



option price as the value of the correlation parameter in the bivariate Gaussian copula that reproduces this
price.

In an empirical section we calibrate the two-factor version of our model to market data from three different
dates. We show that the model can fit European and American option prices very closely. The model can
therefore be used by a price maker in a crude oil market to provide consistent and arbitrage free prices to
other market participants. Furthermore, we observe that, for a fixed time-horizon, the returns of two futures
become less dependent as the maturity of the second underlying futures contract increases and moves away
from that of the first underlying contract. In analogy to the classic Samuelson volatility effect, we call this
effect the Samuelson correlation effect.

A detailed exposition of commodity models is given by Clark (2014). One of the most important and still
widely used models is the Black (1976) futures model, which is set in the Black-Scholes-Merton framework.
Contracts with different maturities can have different volatilities in this model, but for each contract the
volatility is constant. Therefore, Black’s model doesn’t capture the Samuelson effect. Also, all contracts are
perfectly correlated in this model, since they are driven by the same Brownian motion.

Clewlow and Strickland (1999b,a) propose one-factor and multi-factor models of the entire futures curve
with deterministic time-dependent volatility functions. A popular specification for these functions is with
exponential damping factors. Since this specification still leads to log-normally distributed futures prices,
there is no volatility smile or skew in this model. In the one-factor model, the instantaneous returns of
contracts with different maturities are perfectly correlated; in the multi-factor model, however, these returns
are not perfectly, but deterministically correlated.

Stochastic volatility models have been proposed by Scott (1987, 1997), Hull and White (1987), Heston
(1993), Bakshi et al. (1997) and Schoebel and Zhu (1999) among others. Christoffersen et al. (2009) study
the stochastic correlation between the stock return and variance in a multi-factor version of the Heston
(1993) model. Duffie et al. (2000) define a general class of jump-diffusions, into which the model presented
in this paper fits. Trolle and Schwartz (2009) introduce a two-factor spot based model, with, in addition,
two stochastic volatility factors as well as two stochastic factors for the forward cost-of-carry. The main
focus of their study is on unspanned stochastic volatility of single-underlying options on futures contracts.

Spread options have been well studied in a two-factor Black-Scholes-Merton framework. Margrabe (1978)
gives an exact formula when the strike K equals zero, and Kirk (1995), Carmona and Durrleman (2003),
Bjerksund and Stensland (2011) and Venkatramanan and Alexander (2011) give approximation formulas
for any K. Caldana and Fusai (2013) have recently proposed a very fast one-dimensional Fourier method
that extends the approximation given by Bjerksund and Stensland (2011) to any model for which the joint
characteristic function is known.

The rest of the paper proceeds as follows. In Section 2 we define the proposed model and provide the
associated joint characteristic function. Section 3 deals with spread options and the structure of dependence

produced by the model. Section 4 presents an empirical analysis based on different market situations. Section



5 concludes.

2. A Model with Stochastic Volatility for Crude Oil Futures

2.1. The Financial Framework and the Model
We begin by giving a mathematical description of our model under the risk-neutral measure Q. Let n > 1
be an integer, and let By, ..., Bo, be Brownian motions under Q. Let T}, be the maturity of a given futures

contract. The futures price F(t,T,,) at time ¢,0 < t < T,,, is assumed to follow the stochastic differential
equation (SDE)

dF(t,T,) = F(t,Tm) e Tm =) [y (t)d B ( Tyn) = Fpo > 0. (1)

Jj=1
The processes v;,j = 1,...,n, are CIR/Heston square-root stochastic variance processes assumed to follow

the SDE
dvj(t) = K; (05 —v;(t)) dt + 04/ v;(t)dBpq;(t), vj(0) = vj0 > 0. (2)

For the correlations, we assume

and that otherwise the Brownian motions Bj, By, k # j, j 4+ n, are independent of each other. As we will see,
this assumption has as a consequence that the characteristic function factors into n separate expectations.

For fixed T,,, the futures log-price In F'(¢,T,,) follows the SDE
din F(t,T,,) = ( ~2(Tn =0 i (£)d By ( e~ 2N (Tm_t)vj(t)dt) , nF(0,T,) = F,o (4
Jj=1

Integrating (4) from time 0 up to a time T, T < T,,, gives

In F(T,Ty,) — In F(0,Ty,) Z/ *MT*thB —72/ e Tty (t)dt.  (5)

We define the log-return between times 0 and 7" of a futures contract with maturity 7}, as

F(T, Tm)> .

Xm(T):=1n <F(0,Tm)

In the following, the joint characteristic function ¢ of two log-returns X, (7T), Xo(7T') will play an important

role. For u = (uy,us) € C?, ¢ is given by

2
o(u) = ¢(u; T, Ty, Tp) = E? [exp (z > uka(T)> (6)
k=1

The joint characteristic function ® of the futures log-prices In F/(T,T7),In F(T,T5) is then given by

®(u) = exp <z Z uy In F(0, Tk)> -~ p(u). (7)

k=1



Note that futures prices in our model are not mean-reverting, and that the log-price In F'(¢,7T;,) at time ¢
and the log-return In F(T, T,,,) — In F(t,T,,) are independent random variables. In the following proposition,
we show how the joint characteristic function ¢ is given by a system of two ordinary differential equations

(ODE).

Proposition 1. The joint characteristic function ¢ at time T < Ty, Ty for the log-returns X1(T'), Xo(T) of

two futures contracts with maturities Ty, Ts is given by

where

fia(u,t) Zuke A3 (T = t) fi2(u,t) Zuke 22 (T — t)

. — A 1 )
qj(u,t) =ip; Jaj A fialu,t) =5 (1~ P [ (u,t) — §Zf$2(u7t)’

and the functions A; : (t,T) — A;(t,T) and B; : (t,T) — B;(t,T) satisfy the two differential equations

0A; 1
83
v + Kkj0;A;

with A;(T,T) = z—fJ 1(w,T), B;(T,T)=0.
The single characteristic function ¢1 at time T < Ty for the log-return X1(T) of a futures contract with

maturity T is given by setting us = 0 in the joint characteristic function.

The statement regarding the single characteristic function immediately follows from the definition of the
joint characteristic function. The joint characteristic function is calculated in Section 6.
In the next proposition, we show how this ODE system can be solved analytically. A closed form

expression for A; is found thanks to a computer algebra software and B; is proportional to the integral of

Aj on [0,T].

Proposition 2. Dropping the references to j, the function A : (t,T)— A(t,T) is given in closed form as

1 (M=(t) — MT ()Xo + X,Ut () Cp —2(MT ()Xo — X,UT (1)) (O3 — iCy)eM
V220 M+ ()Xo — X1U*(t)

A(t,T) =

1 (k= NMT() + (k+ MM () Xo — ((k — NUF () — 22U~ (£)) X3
T M+(t)Xo — X1U+(t) ’

with z = +/Cy + 1C3 and Cy,Cs, C3 constants with respect to t, defined as

2 2 2
Cr=p" . Zukef’\T’“, G = (Z upe” ’“) , C5= ~5 Zuke*Q’\Tk,
k=1 k=1




Xo = 2YUH(T) 4+ 42U (T),

X, =2YM™(T) -2 (z()\ + k) + 0\@%) M~(T),

Y =o0v2 <C2’1 —ierCy + e>‘TC’3) —z(k—=A—ipfi(T)o),

K+XA ov2.
, ize ,
A A

U\/§
o kz— =01 1 k4 A ov2. o,
U (t)U( 7 :l:2, N Ty iee .

The functions M and U are the confluent hypergeometric functions.

A description of M and U functions as well as useful properties for their implementation can be found in
Appendix A.

The models of Clewlow and Strickland (1999b,a) are useful benchmarks, so we give a description of them
and calculate their joint characteristic function. In the risk-neutral measure Q, the futures price F(¢,T,,) is
modelled with deterministic time-dependent volatility functions &, (¢, T,,):

dF(t,T,,) = F(t,Tnn) i 6;(t, Trn)dBj(t), (8)
j=1

where By, ..., B, are independent Brownian motions. A popular specification for the volatility functions is
65(t,Ty) 1= e Xm0, (9)

for fixed parameters oj,\; > 0, so that the volatility of a contract a long time away from its maturity is

damped by the exponential factor(s).

Proposition 3. In the Clewlow and Strickland model defined by (8) and (9), the joint characteristic function
¢ at time T < Ty, Ty for the log-returns X1 (T), X2(T') of two futures contracts with maturities Ty, Ts is given

by
¢(U) = ¢(u7 Ta T17 T2)

= H exp (—4J(62/\-7T -1) {i(uled)‘-’Tl + uge 2212 4 (uyem N 4 uzeiA-7T2)2} .
J

The single characteristic function ¢y at time T < Ty for the log-return of a futures contract with maturity

Ty is given by setlting us = 0 in the joint characteristic function.

We prove this result in Section 6.

This result can also be used to add non-stochastic volatility factors to the model by multiplying the joint
characteristic function of Proposition 1 with one or more factors from Proposition 3. Since each “Clewlow-
Strickland” factor depends on only two parameters A; and o;, it does not add a significant burden to the
calibration to market data, while allowing for increased flexibility when fitting the model to the observed

volatility term structure.



2.2. Pricing Vanilla Options

European options on futures contracts can be priced using the Fourier inversion technique as described in
Heston (1993) and Bakshi and Madan (2000), or the FFT algorithm of Carr and Madan (1999). Alternatively,
they can be priced by Monte Carlo simulation using discretizations of (1) (Euler scheme) or (4) (Log-Euler
scheme) and of (2).

Let K denote the strike and T" the maturity of a European call option on a futures contract F with
maturity T, > T, and let the single characteristic function ®; of the futures log-price In F\(T',T,,) be given
by ®;(u) = e FO0.Tm) ¢, (). In the general formulation of Bakshi and Madan (2000), the numbers

11 (= e ™K (u—i)
Il := -+ — R d 1
! 2+7r/0 { iudy (i) ] " (10)
o0 —iuln K
1T, ::1+1/ %{e : @1(“)] du, (11)
2wy 47

represent the probabilities of F' finishing in-the-money at time T in case the futures F' itself or a risk-
free bond is used as numéraire, respectively. The price C' of a European call option is then obtained
with the formula C = e="T (F(0,T1)II; — KIly). European put options can be priced via put-call parity
C—P=e"T(F(0,T}) - K).

American call and put options can be evaluated via Monte-Carlo simulation using the method of Longstaff
and Schwartz (2001). Alternatively, the early exercise premium can be approximated with the formula of
Barone-Adesi and Whaley (1987). Trolle and Schwartz (2009) address the issue of estimating European
prices from American prices. Chockalingam and Muthuraman (2011) study the problem of pricing American
options with stochastic volatility models, including the Heston model; quite possibly their method can be
adapted to the model presented here.

A typical WTI volatility surface displays high implied volatilities at the short end and low implied
volatilities at the long end. This is in line with the Samuelson effect. Furthermore, there is usually a

strongly pronounced smile at the short end, and a weak smile at the long end.

3. Calendar Spread Options and Analysis of Dependence

In this section we review the pricing of calendar spread options and the notion of implied correlation.
Then we introduce analytic results to obtain the copula function and its density from the joint characteristic

function.

3.1. Calendar Spread Options written on WTI futures

Calendar spread options (CSO) are very popular options in commodities markets. There are two types of
these options: calendar spread calls (CSC) and calendar spread puts (CSP). Like spread options in equities
derivatives markets, their payoff depends on the price difference of two underlying assets. A call spread option

on two equity shares S; and Sy gives the holder, at time T', the payoff max (51 (T) — S2(T) — K,0), and a



put the payoff max (K — (S1(T) — S2(T")),0). In the case of calendar spread options, the two underlyings
are two futures contracts on the same commodity, but with different maturities 77 and T5. Examples of
CSOs are the NYMEX calendar spread options on WTT crude oil. A WTI CSC (CSP) represents an option
to assume a long (short) position in the first expiring futures contract in the spread and a short (long)
position in the second contract. There are also so-called financial CSOs traded on the NYMEX, which are
cash settled. For pricing purposes we will not distinguish between these two settlement types in this paper.
There is usually very good liquidity on 1-month spreads (for which 75 — T} = 1 month), whereas options on
2,3,6 and 12-month spreads are less liquid.

Let two futures maturities 77,75, an option maturity 7', and a strike K (which is allowed to be negative)
be fixed. Then the payoffs of calendar spread call and put options, C'SC' and C'SP, are respectively given
by

CSC(T) = (F(T,Ty) — F(T,Ty) — K)", (12)

To evaluate such options with a pricing model, the discounted expectation of the payoff must be calculated
in the risk-neutral measure. Assuming a continuously-compounded risk-free interest rate r, we have at time

to = 0:
CSC(0,T,T1, Ty, K) = ¢ " E, {(F(T, Ty) — F(T,Ty) — K)*} , (14)
CSP(0,T,Ty, Ty, K) = ¢ TE, {(K — (F(T,Ty) — F(T, TQ)))ﬂ . (15)
Note that there is a model-independent put-call parity for calendar spread options:
CSC(0) —CSP(0) =e " (F(0,T1) — F(0,Ty) — K). (16)

Apart from Monte-Carlo simulation (where simulation of the CIR/Heston process is well-understood),
we are aware of three efficient methods to price spread options. The first two are suitable when the joint
characteristic function is available. The third one is more direct but needs the marginals and joint distribution
function of the underlying futures.

The formula of Bjerksund and Stensland (2011) for a joint Black-Scholes-Merton model is generalized by
Caldana and Fusai (2013) to models for which the joint characteristic function is known. Strictly speaking,
these methods give a lower bound for the spread option price. However, our tests lead us to agree with
the above authors that this lower bound is very close to the actual price (typically the first three digits
after the comma are the same), and we therefore regard this lower bound as the spread option’s price
itself. Furthermore, in case K = 0 the formula is exact (exchange option case). This method relies on a
one-dimensional Fourier inversion and appears to be the most suitable to our model and setup. We give
additional details on its implementation in Appendix B.

An alternative method that also works with the joint characteristic function of the log-returns has been

proposed by Hurd and Zhou (2010). In their paper, the transform of the calendar spread payoff function



with a strike of K = 1 is calculated analytically, and the price of the corresponding option is then deduced
from this result. This method needs a double integral to be evaluated numerically using the two-dimensional
Fast Fourier Transform (2d FFT).

Methods working with distribution functions instead of characteristic functions are also available to price
calendar spread options. The most direct approach is to evaluate a double integral of the payoff function
times the joint density of the two underlying futures contracts. However, we can write calendar spread option
prices as single integrals over the marginal and joint distribution functions. The calendar spread call and

put option prices are given, at t = 0 and for K > 0, by
+oo
CSC(0, K, T, Ty, T) = / (G2, T, Ty) — Glw, z + K, T,Th, Ty)) da, (17)
0
—+oo
CSP(O,T,Tl,TQ,K):/ (Gl((t-l-K,T,Tl)—G(l’,l’-l—K,T,Tl,TQ))diL', (18)
0

where G; and G5 are the marginal distribution functions of X; and X, respectively, and G is their joint
distribution function. The case K < 0 is treated as a calendar spread option written on the reverse spread
F(T,Ty) — F(T,Ty) with the opposite strike —K.

In our model, the distribution functions involved in (17) and (18) are not readily available. However, it
is possible to calculate G; and G5 from the joint characteristic function ¢ of (X7, X2) using direct inversion

formulas given by

ax +oo ) : T.T, T

Gl(.T, T, Tl) — 67 / e~ tu ¢(U +a, 07 : s 41y 2) du, (19)
27 J_ o a—1u
ax +o00 ) ia. T. T . T

G2 (SC, T, T2) — 67 / e tuz ¢(07 u +a, : s 41y 2) du, (20)
27 J_ o a—u

with a proper choice of the smoothing parameter a > 0. A detailed proof of these inversion results can be
found in Le Courtois and Walter (2015). The joint distribution function G can be recovered in a similar way

using a direct two-dimensional inversion formula.

Lemma 4.

a1xri1+asxe “+oo “+00 ) . . T T, T
G(x1, 20, T,T1,T2) = 672 / / e~ H(urz1tuszs) B(uy + Zalv'u2 + a2, = 1, 2)du1du2. (21)
47 oo J—so (a1 — iuy)(ag — iusg)

The proof of this expression follows along the same lines as the one for the univariate case given by Le
Courtois and Walter (2015). It is given in Section 6.

Inversion formulas (19),(20) and (21) are suitable for the use of FFT methods in one and two dimensions.
We refer to Appendix D and Appendix E for more details about the implementation of these formulas.

For completeness, we note that the joint density g(.,T,7T7,T3) of X (T) = (X1(T), X2(T)) is given by

1 —+o0 —+oo ]
g(x1, 20, T, 11, To) = m/ / eﬂ(“wlﬂ‘”?)(b(ul,uQ,T, Ty, Ts)duy dus. (22)



The marginal densities g1(.,7,771) and go(., T, T>) of X1(T) and Xo(T'), respectively, are recovered as

1 [t ,
a1 =+ [ Rele " 0(u.0,1. 10, T)] du (23)
0
1 [T ,
go(w2, T, T3) = */ Re [e "2 ¢(0,u, T, Ty, T2)] du. (24)
™ Jo

3.2. Implied Correlation for Calendar Spread Options

Given the price of a CSQO, it is possible to extract an implied correlation reflecting the level of dependence
embedded in the given price. This implied correlation can be defined as the parameter of the Gaussian copula
that reproduces the observed price. It exists whenever the observed price is free of arbitrage. This copula-
based definition has the advantage that it disentangles the impact of the marginals on the price of a CSO
from the dependence structure.

For p € [-1,1], we denote by Cf the bivariate Gaussian copula with parameter p. Special cases are
CS 1y (ur,up) = CF (ug,ug) and O (uy,up) = C (ug,ug), for (uy,us) € [0,1]%, where C* and C~
are the usual upper and lower Fréchet-Hoeffding bounds. For definitions and general theory about copula
functions we refer to Nelsen (2006) and Mai and Scherer (2012).

When the chosen dependence structure is given by a Gaussian copula with correlation parameter p, and

its marginals are G and Gy, the price of the strike K calendar spread call option is denoted by C'SC“ and
is given by, for p €] — 1, +1],

o0
C’SCG(O,T,T1,T2,K,p) :efrT/ (Gl(x,T) —C'pG (Gl(z,T),GQ(:E+K,T))) dz, (25)
0
and, for p = +1

1
CSCY0,T,Ty, T, K, p = +1) = CSC{ (K) = e—’“T/ (G (u, T) = GTM(u, T) = K) " du,
0

+

1
CSCY0,T,Ty, Ty, K,p = —1) = CSCy (K) = e*TT/ (G (u,T) - GT'(1—u,T) - K) " du,
0

where CSCT and CSC~ denote the prices obtained for the calendar spread option when the chosen depen-
dence structures are respectively C* and C~.

The implied correlation p* is now defined as the value of the correlation parameter in (25) that reproduces
the observed market price. For a CSP, it is defined via put-call parity (16). One can easily show that for
any arbitrage-free price, p* exists and is unique. Note that implied correlation depends on both the strike
and the maturity of the CSO. By analogy with implied volatility, these phenomena are referred to as implied

correlation smile (or frown) and implied correlation term-structure.

3.8. Analysis of the Dependence Structure Between two Futures

We now turn to the analysis of the dependence between futures prices at a future time horizon in by our
model. As we have seen, it is possible to recover the marginal and joint density and distribution functions

from the joint characteristic function. Here we show how to obtain the copula function and its density.
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Let C(.,T) denote the copula function between the log-returns X (7') and X3 (T') of two futures contracts.
Note that, expressed as a copula (or a copula density), the dependence between the log-returns is the same
as the dependence between the prices themselves. For readability, we drop the explicit reference to 77 and

T5 in the expressions in the remainder of the section.

Proposition 5. The copula function C describing the dependence between X1(T) and Xo(T) and the cor-

responding copula density ¢ can be recovered, for (vi,v2) € [0,1]2, as

H.1G71 (1}1,T)+0.2G71 (’UQ,T)
O(Ul, V2, T) =

/ N / oo et G T TG e T g uy i, uy Fian T) (26)
1 2

(a1 — iul)(ag — iUQ)
+oo efz(ulGl (v1,T)4u2Gy (Uz,T))¢(u17 U, T)duldug

c(vy,v9,T) =22 —— ) 27
o) f_*;fe—wal1<vlvT>¢<u7o,T>duf_+;fe—w%“v%Tw(o,wT)du 0

where GT* and G5 ' are the inverse cumulative distribution functions of X1(T) and Xo(T).

We prove this result in Section 6.

The dependence structure created by the model between X;(T') and X5(T) is entirely described by the
copula function C(.,T). This copula function depends on the chosen time horizon T, and we therefore
have a term-structure of dependence that can be obtained from ¢. The indexing by T of the copula C'
should be understood as a time-horizon, since it describes, seen from ¢ = 0, the distribution of the random
vector (G1(X1(T),T),G2(X2(T),T)). The chosen model produces a term-structure of dependence (i.e. a
term-structure of copulas) which should not be confused with a time dependent copula.

Figure 1 plots the copula function and copula density between two futures prices obtained with the SV2F
model and parameters as given in Table 1. The chosen futures respective maturities are 77 = 0.25 years and

T5 = 0.75 years, and the chosen time horizon is T" = 0.25 years.

11



Figure 1: Copula function and copula density representing the dependence structure between F(T,Ty) and F(T,T2), for
T =Ty = 0.25 years and 1> = 0.75 years, obtained with SV2F model and parameters as given in Table 1.

K1 Ko 01 62 p1 P2 o1 oz vi(0) we(0) N A2
1.00 1.00 0.16 0.09 0.00 0.00 0.25 0.20 0.16 0.09 0.10 2.00

Table 1: Model parameters used to illustrate the dependence structure between two futures in Section 3.3.

To assess the dependence between X;(7') and Xo(7') with a single number instead of a function one can
rely on concordance and dependence measures. Two well-known concordance measures are Kendall’s tau
and Spearman’s rho. For (X;(T'), X2(T')) these measures are denoted by 7x (X1, X2, T) and pg(X1, X2, T),
respectively. Two well-known dependence measures are Schweizer-Wolf’s sigma and Hoeffding’s phi. For
(X1(T), X2(T)) these measures are denoted by ogw (X1, X2,T) and @5 (X7, X2, T), respectively. Concor-
dance and dependence measures can be expressed as double integrals on the unit square [0, 1]? of the copula of
(X1(T), X2(T)) and its density. We refer to Nelsen (2006) for statements of these expressions and properties

of these measures.

4. Calibration to Market Data and Empirical Considerations

In this section we consider empirical data for WTI. We calibrate the two factor version of our model

on different dates corresponding to different market situations. We then analyze the term-structure of
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dependence produced by the calibrated model and the implied correlations obtained when pricing calendar

spread options.

4.1. Data

We use three sets of WTI market data. Each data-set corresponds to a cross-section of futures and
options closing prices on a given date. We have chosen three dates as representatives of different market
situations. The first date is December 10, 2008; it reflects the financial crisis, as it was just months after
the default of Lehman Brothers. Implied volatilities of short-maturity WTI vanilla options were above 80%
and the OVX index rose above 90%. The second date is March 9, 2011 and corresponds to a market that is
recovering from the deepest states of the crisis. The third date is April 9, 2014 that can be seen as a “back
to normal” market situation, at least from the standpoint of market prices. Interest rates data and closing

prices for futures as well as vanilla options were obtained from Bloomberg and Datastream.

4.2. Calibration to Vanilla Options

Models considered in this paper, namely SV2F (two-factor version of the proposed stochastic volatility
model) and CS2F (two-factor version of the Clewlow-Strickland model), can be fitted to a cross-section
of observed vanilla options prices. For each data-set we calibrate these models by minimizing the sum of
squared errors between model and observed prices. For a given data-set, the calibrated model parameter set

0* is obtained as

Nt Ng
* = i K. T:.T::0) — OO (K. T.. T)))" 2
0 argrenelg;;m( 52 T3 T 0) = 09 (K5, T, 1)) (28)

where © is the set of feasible model parameters, N7 the number of maturities in the options set, N the
number of strikes for each maturity (without loss of generality we consider the same number of strikes
to be available for each maturity). O(.;6) denotes the option price obtained using the chosen model with
parameter # and O9%%(.) denotes the corresponding observed price. In the considered data-sets we work with
five maturities, ranging from two months to four years (hence Ny = 5), and seven strikes for each maturity,
that are specified in terms of moneyness with respect to the corresponding futures price. Specifically, these
strikes are 60%, 80%, 90%, 100%, 110%, 120% and 150% (hence Nx = 7).

Once the minimization programs have been solved, the quality of the obtained calibration can be measured

as mean absolute error (MAE) or root mean squared error (RMSE) on prices, which are calculated as

Nt Nk |O(KJ,T,,0*) — OObS(Kj7Ti)|

MAE=> %" NN ;

i=1 j=1
Np Nk 2
(O(K;, 15 6*) — 0°*(K;, Ti))
RMSE = ;; oo :

Table 2 presents, for each data-set, these error measures obtained with the calibrated models. Due to the

presence of implied volatility smiles along the strike-axis, the CS2F model is not able to closely match the
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observed prices. In contrast, the SV2F model can provide a proper fit to both the strike-structure and the
term-structure of implied volatilities. The error measures obtained with SV2F model appear to be around
half a volatility point for MAE and around three quarters of a point for RMSE, which can be regarded as

very good given the large strike and maturity spans of the option sets.

MAE MAE (ATM) RMSE

Date Price Vol. Price Vol. Price Vol.

CS2F Model

Dec. 2008 0.4607 0.0156 0.5205 0.0148 0.5827 0.0180
Mar. 2011  0.5394 0.0169 0.3941 0.0082 0.6803 0.0243
Apr. 2014 0.2884 0.0162 0.2644 0.0074 0.3616 0.0226

SV2F Model

Dec. 2008 0.1278 0.0052 0.1627 0.0062 0.1777 0.0066
Mar. 2011  0.2071 0.0056 0.2419 0.0056 0.2922 0.0078
Apr. 2014 0.1113 0.0043 0.0965 0.0026 0.1517 0.0059

Table 2: MAE and RMSE error measures, of prices and implied volatilities, for SV2F and CS2F models calibrated to vanilla
option prices. Left panel is for MAE on the whole matrix of options, central panel is for MAE on at-the-money options and

right panel is for RMSE on the whole matrix of options.

4.8. Results

Figure 2 plots, for each data-set, implied volatility corresponding to the market data and implied volatility
obtained with the SV2F model calibrated to vanilla option prices. Plots in the left column give evidence of
the implied volatility smile in our data-sets. It can also be noted that the convexity and skew (at-the-money
slope) of these smiles vary with maturity. This maturity effect is particularly present in the March 2011
data. Plots in the right column represent at-the-money volatility term-structure. They provide evidence
for the empirical Samuelson volatility effect in the market prices of at-the-money vanilla options. Figure 2
shows that our model, once calibrated to vanilla option prices, is able to properly reproduce the empirical
stylized facts for implied volatility, namely presence and maturity-dependency of the smile and Samuelson

effect.
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Figure 2: Implied volatilities corresponding to market quotes and obtained with SV2F model calibrated to vanilla options. Left

column: implied volatility smiles. Right column: at-the-money implied volatility term-structure.

Figure 3 plots, for the data-sets of December 2008 and March 2011, measures of concordance and de-
pendence between two futures prices produced by the calibrated SV2F model. This figure represents a type
of dependence term-structure that is of interest for WTI futures market participants. It corresponds to the
case where the time horizon and the first futures expiry are both held constant, while the difference between
futures expiries varies. We observe that, as the difference between expiries increases, the pair of futures
becomes less dependent which is in line with the intuition one can have a priori. We call this phenomenon
the Samuelson correlation effect. This phenomenon is a desirable feature for a model to be used by a price
maker quoting and trading a range of products written on WTI. The presented empirical applications show
it is properly reproduced by the proposed model.

Figure 4 plots, for the data-sets of December 2008 and March 2011, measures of concordance and depen-
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dence between two futures prices produced by the calibrated SV2F model. It corresponds to the case where
the time horizon varies while the difference between futures expiries is held constant. For the December 2008
case, the level of dependence between the futures is little affected by the time-horizon. For the March 2011
case, as the time-horizon increases, the pairs of futures with 6-month difference between their maturities
become more dependent. Here the intuition does not lead to a particular structure that is desirable, namely

increasing or decreasing as the time horizon varies.

Figure 3: Term-structure of concordance and dependence measures between F(T,T1) and F(T,T) produced by the SV2F
model calibrated market data. Left panel corresponds to December 2008 data and right panel corresponds to March 2011 data.
Time horizon T and first futures expiry 71 are fixed at 3 months, 75 — T ranges from 3 months to 1 year. Dependence measures

are 7 and gg (respectively, green and blue lines). Concordance measures are ogy and @y (respectively, red and black lines).

0B A 8 081 q

07t . 07F BRI ST GRS i BT
06F e T O T 0 ] 06
o5k : 1 05

04f ; : 1 04k

03 4 03k

02 4 02r B

01 - 01 B

Figure 4: Term-structure of concordance and dependence measures between F(T,T7) and F(T,T2) produced by the SV2F
model calibrated market data. Left panel corresponds to December 2008 data and right panel corresponds to March 2011 data.
Time horizon T" and first futures expiry 77 range from 3 months to 1 year. T% — 77 is held fixed at 6 months. Dependence
measures are T and pg (respectively, green and blue lines). Concordance measures are ogy and ® g (respectively, red and

black lines).

Figure 5 plots the implied correlation strike and maturity structures from spread option prices obtained
with the SV2F model calibrated to the data-sets of December 2008 and March 2011. The considered spread
options have fixed maturity and first futures expiry, while the difference between the two underlying futures

expiries varies. For each pair of underlying futures, the five strikes correspond to a set of shifts applied to the
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at-the-money spread F'(0,77) — F(0,T%). These shifts are —10, -5, —2.5,0,+2.5,4+5 and +10. We observe
that the obtained term-structures are decreasing. This observation is in line with the intuition and with
what is observed in Figure 3, i.e. with the Samuelson correlation effect. For the March 2011 case, the model
produces a non-constant strike structure of implied correlation. We observe that for larger strikes (out-of-
the-money call spread options) implied correlations are lower than at-the-money. Lower implied correlations
in turn correspond to higher option prices. For the December 2008 case, the model produces a rather flat
strike structure of implied correlation. Hence, in this case, the prices produced by the model are close to
prices that could have been produced using Gaussian copulas for the dependence between futures prices.
Figure 6 plots the implied correlation strike and maturity structures from spread option prices obtained
with the SV2F model calibrated to the data-sets of December 2008 and March 2011. The considered spread
options have maturity and first futures expiry that vary, while the difference between the two underlying
futures expiries is held constant. For each pair of underlying futures, the five strikes correspond to a set of
shifts applied to the at-the-money spread F'(0,77) — F'(0,7%). These shifts are the same as for Figure 5. We
observe that the obtained term-structures are decreasing. The obtained term-structure for December 2008
is rather flat which is consistent with the term-structure of concordance and dependence presented in Figure
4. For the March 2011 case, the implied correlation term-structure is increasing which is again consistent
with concordance and dependence measures in Figure 4. For the March 2011 case, the model produces a
non-constant strike structure of implied correlation. For the December 2008 case, the model produces a
rather flat strike structure of implied correlation. These strike structures are similar to those found in Figure

5 and the same comments apply.
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Figure 5: Implied correlations from spread option prices obtained with the SV2F model calibrated to market data of December
2008 and March 2011. The considered spread options have a maturity 7" and first underlying futures expiry 77 fixed at 3
months. Ty — 77, the difference between the underlying futures expiries, ranges from 3 months to 1 year. Left column: implied

correlation smiles. Right column: at-the-money implied correlation term-structure.
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Figure 6: Implied correlations from spread option prices obtained with the SV2F model calibrated to market data of December
2008 and March 2011. The considered spread options have a maturity 7' and first underlying futures expiry 73 varying from
3 months to 1 year. T — T}, the difference between the underlying futures expiries, is held fixed at 6 months. Left column:

implied correlation smiles. Right column: at-the-money implied correlation term-structure.

5. Conclusion

We propose a multi-factor stochastic volatility model for commodity futures contracts. In order to
capture the Samuelson effect displayed by commodity futures contracts, we add expiry-dependent exponential
damping factors to their volatility coefficients. The pricing of single underlying European options on futures
contracts is straightforward and can incorporate the volatility smile or skew observed in the market. We
calculate the joint characteristic function of two futures contracts in the model and use the one-dimensional
Fourier inversion method of Caldana and Fusai (2013) to price calendar spread options. Furthermore, we
analyze the term-structure of dependence between pairs of futures in the model. We do this by showing
how to obtain the copula and copula density functions directly from the joint characteristic function. When
calibrated to vanilla options, the model is found to be able to produce stylized facts such as Samuelson effect
and implied volatility smile as well as a decreasing term-structure of dependence and implied correlation

smile for spread options.
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6. Proofs

Proof. (Proposition 1)
We have

k=1
2 n T n
B fowp (i ud Y [ eI a5 30 [ e OO0
k=1 j=170 j=170
= EJ(U7T>7

where E; is a function of u and T given by

eXp( Z“k {/ e Tt fo (1)dB; (1) — ;/OT 62Aj(Tkt)Uj(t)dt}>]

that otherwise depends only on the j-th model parameters A;, x;,0;5,05,vj0, p;-

E;(u,T)=

We now calculate the function F;. Since we are considering a fixed value of j, we drop this subscript
in the following calculations. We also write B for B, +j, the Brownian motion driving the j-th variance
process. Then we can decompose B = B;, whose correlation with B = B4, is given in equation (3) by
(Bj, Bnyj) = pjdt = pdt, as B = pB + MB, where B is uncorrelated with B. Define the functions
f1, f2 and ¢ given by

2
t) _ Zuke_)\(Tk_t)» f2 ’LL t Zuke_z)\(Tk t)
k=1

ol t) = ip™ 2 (s t) = (= )R )~ Sifa ().

For simplicity, we write fi(¢) for fi(u,t), fa(t) for fa(u,t) and q(¢) for ¢(u,t) in the following,.

We first need an auxiliary result in order to calculate the characteristic function.

om——"—— [ novimazn = (o foo -2} <o [ now (29)

Proof. (Lemma 6)

Multiplying equation (2) by f1(¢) and then integrating from 0 to T gives

/ Fu(t)du(t / R0 — o(t))dt + o /0 RO BdB(1). (30)

Using Ito-integration by parts (see Qksendal (2003)), we also have

T B ; T Tv B
/0f1(t)dv(t)—[f1(t) ®lo /0 @O)df1(t) = [f1() /\/ Sr(@)o(t)dt. (31)

20



Equating the right hand sides of equations (30) and (31) gives
T B . T T
o [ hveiaBe = el -3 [ Awud - [ ose -
0 0 0

z[fl(t)v(t)}OT—nﬁ/Tfltdt—i- K=\ /Tflt
=[f1(t){v()—H w0 [

which proves the lemma. ]

We now calculate E(u,T).

2 T T
exp <z Zuk {/ e M=) y(t)dB(t) — %/ e_QA(Tk_t)v(t)dt}>]

1 0

T 1 T
=E |exp <z ; fit)\/v(t)dB(t) — 52/0 fa(t )U(t)dt>‘|

E(u,T) =

T

io [ (OVe@B() +zﬁ/ £ (OB _,Z/ £ )]

0

w/OTfl Wot)dB(t) — = 1—p )/0 (fl(t))2v(t)dt—§i/o f2(t)“(t)dt>]
==l (6 1o oo )] <22 [
_ %(1 pz)/OT (fr) o(t)dt — 5z’/o fa(t) (t)dt

= exp (ZZ {Kf(fl(o) - (1)) - fl(O)U(O)}) "E |exp (igfl(T)v(T) + /OT Q(t)v(t)dtﬂ :

The expectation in the last line can be computed using the Feynman-Kac theorem (see @ksendal (2003)).

=E |exp

=E |exp

/\/\

Define the function h given by

h(t,v) =E [exp <z§ F1(T)o(T) + /t q(s)v(s)dsﬂ .

Then h satisfies the PDE

O (1, 0) 4 (0 — 0ld)) 9 (0,0) + 20000 S 3 (1, 0) + aEo(D)h(t, ) =, (32)

with terminal condition h(T,v) = exp (2 fi(T)v(T)). We know from Duffie et al. (2000) that h has affine
form

h(t,v) = exp (A(t, T)v(t) + B(t,T)), (33)

with A(T,T) = i2 f1(T), B(T,T) = 0. Putting (33) in (32) gives

1
B+ A+ k(0 —v)A+ 50211142 +qu=0,
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and collecting the terms with and without v leads to the two ODEs

1
A — KA+ 502142 +q¢=0, (34)
B + kA = 0. (35)
This completes the proof of the proposition. O

Proof. (Proposition 3)

We calculate the joint characteristic function in the Clewlow and Strickland (1999a) model as follows.
¢(U) = ¢(u7 T7 Tlv TQ)

exp (l Z uka (T))
k=1

n

T
Z/ e Tt 5 ( _72/ 2N (Tt 52y
0

1
T 1 T
/ e*)\j(Tk*t)a-dej(t) _ 7/ o 2% (Tk=1) ;2 gy
0 2 0 J

J

Il
=
=
—
g
ol
~
Mw
S
I N

j=1 k=1
n 2 T 2
= Hexp (zZuk {— / 62Aj(Tkt)U]2dt}> E |exp (zZuk {/ 23 (T = t)a dB;(t )})]
j=1 k=1 0 k=1
n 2 02 T 2 2 T
= J exp Zzuk [ASQAj(Tkt)] exp | — <Z uge i (Tk—t) >
j=1 k=1 J 0 Aj k=1 0
n 0_2
:Hexp 4; (62)\]T 1){ (U1672)\ T 4 uqe 2\ T2)+(U16 A;Th + uqe )\TQ)Q}
j=1 ’
This completes the proof of the proposition. O

Proof. (Lemma 4)

The proof to obtain this expression is the same, mutatis mutandis, as the proof in the univariate case
provided in Le Courtois and Walter (2015). For ease of reading, we drop the explicit dependencies on T', T}
and Ts. Let a; > 0 and as > 0 be fixed and h be the function defined by

o Ty
h(zq,22) = e_(“1$1+“2””2)G(a:1,x2) = e_(‘“’”ﬁ'”“)/ / g(s1, 82)ds1dss.

Now let A be the two-dimensional Fourier Transform of h. We have

“+oo +oo
A(UlaUQ) :/ / 61(u1z1+u2z2)h(1‘1,ZZ?Q)dl‘ldl'g

“+oo +oo o 1

/ / 1 (urw14usxs) < (alz1+azmz)/ / 9(51; 82)d81d$2> dxlde
“+oo “+o0

/ / / / eilurzituzas) —(a1z1+azw2) (81,82)d51d82dx1dx2
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Noting that —oco < 81 < 1 < 400 and —o0 < 89 < Ty < +00, the expression of A becomes

+oo —+o0 “+oo +oo )
A(ulvuz) :/ / / / el(ulxl+u2z2)67(alxl+a2x2)g(31,Sg)dl‘ldaigdsldSQ

s2
+o0o +o0o +oo  ptoo

= / / g(s1,82) </ / e’(“1x1+“2$2)e(a1x1+a2z2)d:c1dx2> ds1dss.
—00 —o00 So s1

The double integral between parentheses can be computed as

+oo  ptoo e—(a1—iuy)xy +o0 e~ (az—iuz)xs +o0
/ / ez(uwl+u2w2)e—(a1w1+azwz)dx1d$2 _ - .

—(a1 — zul) —(a2 — iUQ)

Note that |e’(“1*i“1)11‘ — 0 when x; goes to +o0o and |e*(“2*i“2)w2’ — 0 when x5 goes to 400, so that

+oco +o0 e—(al—iul)sl e—(az—iug)sz
A(ur, uz) / / g(s1,82) | —————— | | ——F——— ) ds1ds2
—(a1 —iuq) —(as — ius)
+oo +oo
= / / g(s1,s2)e Z((u1+w1)81+(uz+wz)82)d81d82
(a1 — ZU1)((12 — dug)

~ ¢(ur +iay, ug + ias)

B (a1 — iul)(ag — iUQ) '

we obtain

The function h can be written as the two-dimensional inverse Fourier Transform of A:

Y G(uy +iay, us +ias)
h - —i(urzi+uzrs) ) durd
(.’1,'17 .1'2) A2 /_ /_ € (al — ’Z:Ul)((IQ — ZUQ) upauz,

and G is then easily obtained as

+oo  pt+oo ; ;
G(xl x2) _ ed1%1+a2z2 / / —i(ur e +uzes) ¢(u1 “+ a1, Uz + ZGQ)
, e

e

duqd
472 oo s (a1 —iuqy)(ag — fusg) tdtz,

which concludes the proof. O

Proof. (Proposition 5)
Sklar’s Theorem allows one to write the copula function of a pair of random variables from its joint

distribution function as, for (vy,ve) € [0, 1],
C(’Ul,'UQ,T) = G (Gfl(vl, ) G2 (’Ug, )7T) .

The expression for the copula function in Proposition 5 follows by using Lemma 4, which expresses the
joint distribution function in terms of the joint characteristic function ¢. Assuming C(.,7T) is absolutely
continuous, we can write its copula density, for (v1,v9) € [0, 1]?, as

g(Gl_l(vlvT)v Ggl(UQaT)aT)
91(GT (v, T), T)ga (G5 (v, T),T)

C(’Ul, Va2, T) =

Again, the expression for the copula density in Proposition 5 follows by using expressions (22), (23) and (24)
that express the joint and marginal densities of (X7 (7T'), X2(T")) in terms of the joint characteristic function

o. O
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Appendix A. Kummer’s functions

The functions M and U are the confluent hypergeometric functions. The function M is also known as
1F1, and the function U as Tricomi’s function. Given, a,b,z € C, Kummer’s equation is

0w

ow
zﬁJr(b— z2)—=— —aw = 0. (A.1)

0z

A way to obtain M(a,b, z) is by means of the series expansion

> 2" 1
(abz-l—f—z Hj1b+]_1)) (A.2)

And U(a,b, z) is obtained from M as

™ < M (a,b,z) _Zle(1+a—b,2—b,z))
sin (7b) \T'(1 +a — b)T'() T'(a)'(2-10) ’

Ula,b,z) = (A.3)

where I' denotes the Gamma function extended to the complex plane. These results and additional properties
of Kummer’s functions (e.g. integral representations) can be found in Chap. 13 of Abramovitz and Stegun
(1972). A detailed analysis of how to implement Kummer’s functions is given by Pearson (2009). A suitable

way to implement the complex Gamma function is the Lanczos (1964) approximation.

Appendix B. The Caldana and Fusai method for pricing calendar spread options.

Let &7 (u) = ®(u) be the joint characteristic function of the logarithms In F(T,Ty),In F(T,T5) of two
futures prices as given in the main manuscript. Following Caldana and Fusai (2013), the price of the calendar

spread option call with maturity 7" and strike K is given in terms of a Fourier inversion formula as

e—O0k—rT oo +
CSC(0,K,T.,171,T,) = (/ e R (v; 6, a)d’y) , (B.1)
™ 0
where
v 5 ei(’y—ié) In(®7(0,—ic))
T(’y» ,O[)— Z(’Y—Zd)
(@7 ((y —46) — i, —a(y — i) — Dr (v — 0, —a(y —i6) — i) — K®p (y — id, —a(y — i9))]
and
F(OvTQ)
=\ = In(F(0, T K).
= Fon) + K" n(F(0,72) + K)

The parameter § controls an exponential decay term as in Carr and Madan (1999).
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Appendix C. FFT Methods

An FFT algorithm allows the efficient computation of Discrete Fourier Transforms (DFT) of vectors and
matrices. Here we will discuss Matlab and Numerical Recipes in C++ functions but other numerical analysis
tools, such as Mathematica and R, are of course also suitable.

Matlab functions:

In one dimension, the Matlab routines fft and ifft work with vectors and implement the following

sums, respectively:

N N
—1)(k— 1 —(n—1)(k—
2(k) = Y XWX ) = 5 D alkywy D (C1)
n=1 k=1

where Wy = e~ is a Nth root of unity.

In two dimensions, the Matlab routines ££ft2 and ifft2 work with matrices and implement the following

sums, respectively:

N N
x(ky, ko) = Z Z (n1,ns) W][\Em71)(k171)+(n271)(k271)] (C.2)

X(TLl,TLQ

na=1
1 N N
2 Z Z kth W [(n1—=1)(k1—1)+(n2—1)(k2—1)] (C.3)

where Wy = e~~~ is an Nth root of unity.

Numerical Recipes in C++ functions:

In one dimension, the function fourl works with vectors and implements the following sums when

choosing isign = 1 and —1, respectively:

N-1 N-1
H(n) =Y h(k)W, h(k) =Y Hn)Wy"™* (C.4)
k=0 n=0

where Wy = ¢’& is a Nth root of unity.
In two dimensions, the function fourn works with matrices and implements the following sums when
choosing isign = 1 and —1, respectively:

N—-1 N—

H

ok, ko)W ki tnzka (C.5)

M

nlanQ

k1

h(ky, k2) = Z

Il
»—IO
2??"

M

Il
»—lo

nl,ng)Wg("lkﬁmkz) (CG)

||M

where Wy = e is an Nth root of unity (note that Wiy is not the same as in Matlab).
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Appendix D. Marginal CDF and PDF

We are first interested in the marginal CDF and PDF of X;(T).

Let N be the chosen number of points on the grid (e.g. N = 512) and let 3, = (k1 — %) h with
k1 =0,...,N—1. his the chosen distance between points in the initial domain. The grid in x is centered on
zy = 0. In the transformed domain we work with w = 5% that represents angular frequency (u represents

2 ™
frequency or inverse wavelength). N is also the chosen number of points on the grid in w with w,, =
(m — %) swithn; =0,..., N—1. s = W is the distance between points in the transformed domain. The

grid in the transformed domain is centered on wy = 0.

At a point zy,, choosing the rectangle rule on the grid in w, the PDF g; is approximated as

+o00 ) N—-1
gi(ax,,T) = / e~ (= F) (20,0, T)dw o s Y e~ 2 (= F)(=8)hg om0, 0,T)  (D.1)
—o0 TL1:O
N— 2
N z ™
Tz Z B(2mw,, ,0,T)e™ M~ (D.2)

where the powers of —1 appear when rearranging terms and noting that €™ = (—1)? for ¢ € Z. When N is
a power of 2, the obtained expression is suitable for FFT algorithms at hand. For zq,...,zxy_1, the sums

can be computed by calling just once the FFT function on the vector
[(=1)"¢(27wn,),n1 =0,...,N —1].

In Matlab it corresponds to the £ft routine and in Numerical Recipes to the function fourl with isign= —1.

Other approximations can be obtained using different numerical integration rules (e.g. trapezoidal, Simpson).

With the same grids and notations, at a point z,, the CDF G is written, with a > 0,
1 1 +oo ) ary +oo ] a.0.T
Gi(ok,, T) = 5 — 5= e~ Mclu :/ [ Mdu. (D.3)

a— 1

2 2m J_ w 27 J_
A proper choice for the value of a (e.g. a = 3) will permit a smoothing of the singularity at « = 0 of the
integrand in the initial CDF inversion result. At a point zy,, choosing the rectangle rule on the grid in w,

the CDF G can now be approximated as

N-1 ;
o(2mw, —Ha,O,T) i CNY (ke — Nsh
G ,T) ~ ek 1 2m(ni—5 ) (k1% )s , D4
1(7g,, T) =~ e*his ZO s - (D.4)
ny=
= o (27w, + ia, 0, T) 2
N —i2r
~~ 0Tk, ki— 5 i kT, D5
¢ s( Z: a — 127wy, (D-5)

The powers of —1 appear once again for the reason already mentioned. With N a power of 2, the obtained
expression is suitable for FFT algorithms and the needed sums on the z-grid are computed by calling just
once the FFT function on the vector

Wwn, + i
{(_1)m¢w1+w,m:0w,N_1
a — 12mWy,
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In Matlab it corresponds to the £ft routine and in Numerical Recipes to the function fourl with isign= —1.

Once G; has been implemented, it is rather easy to implement the inverse CDF Gl_1 either with a

numerical root search or by doing a reverse interpolation on the pair of vectors

([]}0, e ,.Z‘N_l] 5 [G1($0)7 .. .,Gl(xN_l)]) .

Appendix E. Joint CDF and PDF

Let N be again the chosen number of points on the one-dimensional grids in z; and x5 (e.g. N = 512)
and let zy, = (k1 — %) h and zp, = (k2 — %) h with k1,ks =0,..., N —1. h is the chosen distance between

points in the initial domain. The grid is centered on (az N %> = (0,0). In the transformed domain we

work with v = g1 and w = 52. N is also the chosen number of points on the one-dimensional grids in v and
w with v,, = (n1 — %) s and wy, = (n2 — g) s with ny,no =0,...,N—1. s = ﬁ is the distance between

points in the transformed domain. The grid in the transformed domain is centered on (’U N, WK ) = (0,0).
At a point (2, ,Zk,), choosing the two-dimensional rectangle rule on the grid in (v,w), the joint PDF g is

approximated as

+oo +oo )
9(Tky s Thy, T) = / / e~ 2 vz +w) (90, 2w, T)dvdw, (E.1)

N—1 N-1
~ 3 Y 62, 2w, T)e 2l F) (- 3)+ (=) (k- F)lon - (p9)

n1 =0 na =0

1
—i27

N—-1 N-1
~ (D) NN ()M g2y, , 2wy, T)e(Mi k) TR (E.3)
’I’L1:O’I’L2:0

With N a power of 2, the obtained expression is suitable for FFT algorithms in 2D and the needed sums

on the (z1,z2)-grid are computed by calling just once the FFT function on the matrix
[(=1)" 2270y, , 27wy, T),n1,n2 =0,..., N — 1]

In Matlab it corresponds to the ££t2 routine and in Numerical Recipes to the function fourn with isign=

—1.

With the same grids and notations, at a point (xg, , Z, ), the joint CDF G can be written, with a1, as > 0,

1Tk +a2Ty, +oo  ptoo . ¢(U1 + tay,us + tas T)
G T)=—p— —ilueny FuaTiy) ’ " duyd E.4
(i 2y, T) 42 [oo [m ‘ (a1 — tuy)(az — iug) e (B4

Here again, a proper choice for the value of a; and ay (e.g. a3 = as = 3) will permit a smoothing of the

singularity of the integrand on the axis u; = 0 and ue = 0 in the initial joint CDF inversion result.
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At a point (2, , 2k, ), choosing the two-dimensional rectangle rule on the grid in (v,w), the joint CDF G

is approximated as

“+00 “+o00 . .
G(xkl s Ly s T) — 1Tk Ta2Thy / / efi27r(va:k1 +wry,) ¢(27TU + ay, 21w +'Za23 T) d’Ud(.d, (E5)
oo J—oo (a1 — i27v)(ag — i27w)

N—1 N—1 . .
~ e%1%ky Ta2Thy 82 Z Z ¢(27T’Un1'+ ay, 27rwn2 '+ 1az, T) €7i27r[(n1f%)(k17%)+(n2*%)(k2*%)]5h7 (EG)
= (a1 — 1270y, ) (ag — 127w, )
N-1 N-1 . )
_ 27Uy, + ia1, 27wy, + taz, T) —i2n
~ ala:k1+a2mk2 2 71 ki+ko—N 71 ni1+ns d)( 1 ) 2 ) (n1k1+n2k2) e E7
‘ s(=1) Z Z (=1) (a1 — 270y, ) (ag — 127w, ) ¢ (E.7)

n1=0n9=0
With N a power of 2, the obtained expression is suitable for FFT algorithms in 2D and the needed sums

on the (z1, z2)-grid are computed by calling just once the FFT function on the matrix

O(2mvy,, +iaq, 2wy, + ias, T)
(a1 — 1270y, ) (ag — 27wy, )

|:(_1)n1,n2 ,nl,ngzO,...,N—l

In Matlab it corresponds to the ££t2 routine and in Numerical Recipes to the function fourn with isign=

—1.
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